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O. Introduction

In this paper | want to consider not just the L-functions introduced by Artin [1] but the more
general functions introduced by Weil [15]. To define these one needs the notion of a Weil group as
described in [3]. This notion will be explained in the first paragraph. For now a rough idea will suffice.
If £ is a global field, that is an algebraic number field of finite degree over the rationals or a function
field over a finite field, C'rz will be the idéle class group of E. If E is a local field, that is the completion
of a global field at some place [16], archimedean or nonarchimedean, Cr will be the multiplicative
group of E. If K/E is a finite Galois extension the Weil group Wi is an extension of &(K/E), the
Galois group of K/E, by Ck. Itis a locally compact topological group.

If £ C £ C K and K/FE is finite and Galois W,z may be regarded as a subgroup of Wy /. It
is closed and of finite index. If £ C K C L there is a continuous map of Wy, onto W, g. Thus any
representation of Wi, may be regarded as a representation of Wr, 5. In particular the representations
p1 of Wi g and ps of W, /g will be called equivalent if there is a Galois extension L/FE containing
K, /F and K,/ F such that p; and p, determine equivalent representations of W1, - This allows us to
refer to equivalence classes of representations of the Weil group of E' without mentioning any particular
extension field K.

In this paper a representation of Wy, is understood to be a continuous representation p in
the group of invertible linear transformations of a finite-dimensional complex vector space which
is such that p(w) is diagonalizable, that is semisimple, for all w in Wg, 5. Any one-dimensional
representation of Wy, can be obtained by inflating a one-dimensional representation of Wg = CEg.
Thus equivalence classes of one-dimensional representations of the Weil group of E correspond to
quasi-characters of C'g, that is, to continuous homomorphisms of Cf into C*.

Suppose F is a local field. There is a standard way of associating to each equivalence class w
of one-dimensional representations a meromorphic function L(s,w). Suppose w corresponds to the
quasi-character xg. If E' is nonarchimedean and wg is a generator of the prime ideal Pg of O, the
ring of integers in E, we set

1

I —
(59 = T wn) el

if xz is unramified. Otherwise we set L(s,w) = 1. If E = R and
xe(z) = (sgnz)™ |z|"
with m equal to 0 or 1 we set

L(s.w) = n—} (s+rm) T (w) ,

2
If E = Cand z € E then, for us, |z| will be the square of the ordinary absolute value. If
xe(2) = |z["2"2"

where m and n are integers such that m + n > 0, mn = 0, then

L(s,w) -9 (27r)—(s+r+m+n) F(S +r4+m+ n)
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It is not difficult to verify, and we shall do so later, that it is possible, in just one way, to define
L(s,w) for all equivalence classes so that it has the given form when w is one-dimensional, so that

L(s,w1 ® wz) = L(s,w1) L(s,ws)

so that if £ is a separable extension of E and w is the equivalence class of the representation of the Weil
group of E induced from a representation of the Weil group of E’ in the class © then L(s,w) = L(s, 9).

Now take E to be a global field and w an equivalence class of representations of the Weil group of
E. 1t will be seen later how, for each place v, w determines an equivalence class w,, of representations
of the Weil group of the corresponding local field F,. The product

Hv L(s,w,)

which is taken over all places, including the archimedean ones, will converge if the real part of s is
sufficiently large. The function it defines can be continued to a function L(s,w) meromorphic in the
whole complex plane. This is the Artin L-function associated to w. It is fairly well-known that if @ is
the class contragredient to w there is a functional equation connecting L(s,w) and L(1 — s,w).

The factor appearing in the functional equation can be described in terms of the local data. To see
how this is done we consider separable extensions E of the fixed local field F'. If U is a non-trivial
additive character of ' let ¢;,  be the non-trivial additive character of £’ defined by

Ye/r(z) = Yr(SE/Fr)

where Sg/px is the trace of x. We want to associate to every quasi-character xx of C'rz and every non-
trivial additive character 15 of E a non-zero complex number A(xg, % ). If E is nonarchimedean, if
P’ is the conductor of x g, and if " is the largest ideal on which v is trivial choose any ~ with
Opy = PR+ and set

Jue e (2) X' (@)da
e 0 (2) X&' (@)dal

A(xe,YE) = xe(7)

The right side does not depend on ~. If E = R,
xe(z) = (sgnz)™ [z|"
with m equal to 0 or 1, and g (z) = €274 then
A(xe,¥r) = (i sgnu)™ |u]",

If E =C, wc(z) — pdmi Re(wz), and
xc(z) = [z]"2zmz"

withm +n >0, mn = 0then
A(xc, ve) =" xe(w).
The bulk of this paper is taken up with a proof of the following theorem.

Theorem A
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Suppose F' is a given local field and i) a given non-trivial additive character of I'. It is possible
in exactly one way to assign to each separable extension E of F' a complex number \(E/F,{r) and to
each equivalence class w of representations of the Weil group of E a complex number e(w, Vg /) such
that

(i) Ifw corresponds to the quasi-character x g then
e(w,Ye/r) = AXE, YE/F)

(i)
e(w1 ®wa, Yp/r) = (w1, Ye/r) e(wa, YE/F).

(iii) Ifw is the equivalence class of the representation of the Weil group of I’ induced from a represen-
tation of the Weil group of E in the class 0 then

e(w,¥r) = ME/F, ¢p)"™ £(0,¢5/r).

a3, will denote the quasi-character x — |z|% of C'r as well as the corresponding equivalence
class of representations. Set

1
e(s,w,p) =¢ (aSF 2 Quw, ¢F> .
The left side will be the product of a non-zero constant and an exponential function.

Now take F' to be a global field and w to be an equivalence class of representations of the Weil group
of F'. Let A be the adéle group of F' and let ) be a non-trivial character of A/F'. For each place v let
1, be the restriction of ¢)r to F,. 1, is non-trivial for each v and almost all the functions (s, wy, ¥)
are identically 1 so that we can form the product

Hv e(s,wu, P).

Its value will be independent of ¢z and will be written (s, w).
Theorem B

The functional equation of the L-function associated to w is

L(s,w) =¢(s,w) L(1 — s,w).

This theorem is a rather easy consequence of the first theorem together with the functional equa-
tions of the Hecke L-functions.

For archimedean fields the first theorem says very little. For nonarchimedean fields it can be
reformulated as a collection of identities for Gaussian sums. Four of these identities which we formulate
as our four main lemmas are basic. All the others can be deduced from them by simple group-theoretic
arguments. Unfortunately the only way at present that | can prove the four basic identities is by long
and involved, although rather elementary, computations. However Theorem A promises to be of such
importance for the theory of automorphic forms and group representations that we can hope that
eventually a more conceptual proof of it will be found. The first and the second, which is the most
difficult, of the four main lemmas are due to Dwork [6]. | am extremely grateful to him not only for
sending me a copy of the dissertation of Lakkis [9] in which a proof of these two lemmas is given but
also for the interest he has shown in this paper.
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Chapter One.

Weil Groups

The Weil groups have many properties, most of which will be used at some point in the paper. It
is impossible to describe all of them without some prolixity. To reduce the prolixity to a minimum |
shall introduce these groups in the language of categories.

Consider the collection of sequences
S:c2La e

of topogical groups where A is a homeomorphism of C' with the kernel of ¢ and p induces a homeo-
morphism of G/AC with &. Suppose

S0y 2L G e,

is another such sequence. Two continuous homomorphisms ¢ and ¢ from G to G; which take C' into
C1 will be called equivalent if there is a ¢ in Cy such that ¥(g) = cp(g)c™! for all g in G. S will
be the category whose objects are the sequences S and Homg, (S, S1) will be the collection of these
equivalence classes. S will be the category whose objects are the sequences S for which C is locally
compact and abelian and & is finite; if S and S; belongto S

Homgs(S,S;) = Homg, (S, Sq).

Let P; be the functor from S to the category of locally compact abelian groups which takes .S to C and
let P, be the functor from S to the category of finite groups which takes S to &. We have to introduce
one more category S; o. The objects of S; will be the sequences on S for which G¢, the commutator
subgroup of G, is closed. Moreover the elements of Homg, (S, S1) will be the equivalence classes in
Homgs(S, S1) all of whose members determine homeomorphisms of G with a closed subgroup fo finite
index in G75.

If S'isin S; let V/(.S) be the topological group G/G¢. If ® € Homg, (S, S1) let ¢ be a homeomor-
phism in the class ® and let G = o(G). Composing the map G, /G¢ — G/G° given by the transfer
with the map G/G~ — G//G¢ determined by the inverse of  we obtain amap ®, : V(S;) — V(9)
which depends only on ®. The map S — V/(S) becomes a contravariant functor from S; to the
category of locally compact abelian groups. If S is the sequence

C—G— 06

the transfer from G to C determines a homomorphism 7 from G /G to the group of G-invariant
elements in C'. 7 will sometimes be regarded as a map from G to this subgroup.

The category & will consist of all pairs K/F where F' is a global or local field and K is a finite
Galois extension of F'. Hom(K/F, L/FE) will be a certain collection of isomorphisms of K with a
subfield of L under which F' corresponds to a subfield of E. If the fields are of the same type, that is all
global or all local we demand that E be finite and separable over the image of F'. If F'is global and E
is local we demand that E be finite and separable over the closure of the image of F'. | want to turn the
map which associates to each K/ F the group C into a contravariant functor which I will denote by
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C*. Ifp: K/F — L/F and F and E are of the same type let K; be the image of K in L and let o+
be the composition of Ny, ,x, with the inverse of ¢. If F'is global and £ is local let K7 be the closure in
L of the image of K. As usual C'x, may be considered a subgroup of the group of ideles of K. ¢~ is
the composition of Ny, x, with the projection of the group of idéles onto C’.

If K is given let £ be the subcategory of £ whose objects are the extensions with the larger field
equal to K and whose maps are equal to the identity on K. Let C, be the functor on £ which takes
K/F to Cp. If Fis given let £ have as objects the extensions with the smaller field equal to F. Its
maps are to equal the identity on F'.

A Weil group is a contravariant functor W from £ to S with the following properties:
(i) PLoW isC*.
(il) P,oW isthe functor® : L/F — &(L/F).

(ili) If o € &(L/F) € Hom(L/F, L/F) and g is any element of Wy, ,, the middle group of the
sequence W (L/F), whose image in &(L/F) is p then the map h — ghg~1! is in the class p,,.

(iv) The restriction of W to £X takes values in S;. Moreover, if K/ F belongs to £X

T:WK/F/WIC(/F—>CF

is a homeomorphism. Finally, if ¢ : K/F — K/E is the identity on K and ® = ¢, then the

diagram
c ., c
WK/F/WK/F R WK/E/WK/E
T T
CF — CE
Po*

is commutative and if1y : F//F — K/ F is the imbedding, 1y isT.

Since the functorial properties of the Weil group are not all discussed by Artin and Tate, we should
review their construction of the Weil group pointing out, when necessary, how the functorial properties
arise. There is associated to each K/F a fundamental class ax,r in H*(&(K/F), Ck). The group
W (K/F)isany extension of (K /F') by Cx associated to this element. We have to show, at least, that
if o : K/F — L/FE the diagram

1 e | ve

can be completed to a commutative diagram by inserting ¢ : W ,g — Wg/p. The map ¢c-
commutes with the action of &(L/E) on Cr, and Ck so that ¢ exists if and only if oc- (o /) is the
restriction ¢ (g, r) of px/r to &(L/E). If this is so, the collection of equivalence classes to which
© may belong is a principal homogeneous space of H'(&(L/E), Ck). In particular, if this group is
trivial, as it is when g is an injection, the class of ¢ is uniquely determined.

An examination of the definition of the fundamental class and shows that it is canonical. In other
words, if ¢ is an isomorphism of K and L and of F'and E, then ¢}, (ak/r) = ¢ 'ar/p = o= (ar/E).
If K = L and ¢ is the identity on K, the relation oy (akx/r) = ar/p = wc-(ar /) is one of the
basic properties of the fundamental class. Thus in these two cases ¢ exists and its class is unique.
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Now take K to be global and L local. Suppose at first that K is contained in L, that its closure is
L, and that ' = K N E. Then, by the very definition of ax,r, vg(akx/r) = vc-(ar/g). More
generally, if K is the image of K in L, and F} the image of F'in E, we can write ¢ as @1 p2¢s Where
Y3 K/F — Kl/Fl, Y2 : Kl/Fl — Kl/Kl N E, and ©1 Kl/Kl NE — L/E @3 and 9/52
exist. If the closure of K is L then ¢ and therefore ¥ = 30> also exist. The class of ¢ is uniquely
determined.

Artin and Tate show that Wf(/F is a closed subgroup of W, and that 7 is a homeomorphism

of WK/F/Wf(/F and Cr. Granted this, it is easy to see that the restriction of W to ¢X takes values in
S1. Suppose we have the collection of fields in the diagram with L and K normal over F and L and
K’ normal over F’. Let «, 3, and v be the imbeddingsa : L/F — L/K, 3:L/F' — L/K', v:

L/F — LJF".
\

K/

e

F/
F

We have shown the existence of &, 3 and 7. Itis clear that DB(WL/K,) is contained in a(Wp /). Thus
we have a natural map

T UB(Wr k) [VB(WY ) — @(Wr k) /(W] )
Let us verify that the diagram
W k/Wi  r — aﬂ(WL/K’)/ﬁﬁ(WE/K’) L’a(WL/K)/a(WIC(/K) — WL/K/WE/K
7 I 7

Ngi )k
Cy Ck (A)

L

K

is commutative. To see this let W7,k be the disjoint union

Then we can choose A, g5, 1 <i<r, 1<j<ssothat W, is the disjoint union

U U, cxan

and ﬁﬁ(h;) = a(h;). Using these coset representatives to compute the transfer one immediately verifies
the assertion. We should also observe that the transitivity of the transfer implies the commutativity of
the diagram

Wkip/Wip  — Wi/p /Wi g
Tl l

Cr — Cpr
Por
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if @ is the class of an imbedding @ where ¢ is an imbedding K/F — K/F".

We have still not defined ¢y for all . However we have defined it when ¢ is an isomorphism of
the two larger fields or when the second large field is the closure of the first. Moreover the definition is
such that the third condition and all parts of the fourth condition except the last are satisfied. The last
condition of (iv) can be made a definition without violating (i) and (ii). What we do now is show that
there is one and only one way of extending the definition of ¢y to all ¢ without violating conditions
(i) or (ii) and the functorial property.

Suppose FF C K C L, K/F and L/F are Galois, and v is the imbedding L/F — L/K. It
is observed in Artin and Tate that there is one and only class of maps {6} which make the following
diagram commutative

1 — Wrk /Wi xk — QZJ\WL/K/QZJ\WE/K — WL/F/leIf/K — WL/F/{Z]\WL/K —1
Tl N7 !
| Ox Wi /p ——— &(K/F) —— 1.

The homomorphism on the right is that deduced from
Wip/Wryx = 6(L/F)/6(L/K) ~ &(K/F).

Let ¢, 4, and v be imbeddings ¢ : K/F — L/F, pn: K/K — L/K, v: K/F — K/K. Then
Yop=pov,sothatvou = po qp Moreover v o [i is the composmon ofthemap 7 : WL/K — Ok
and the imbedding of C in W, . Thus the kernel of ¢ contains ¢W£/K sothat p o ¢ restricted to

WL/K/WL/K must be 7 and the only possible choice for ¢ is, apart from equivalence, 6. To see that
this choice does not violate the second condition observe that the restriction of 7 to Cy, will be Ny /x

and that QZ is the identity on C..

Denote the map ¢ : Wi, p — W, r by 01,k and the map 7: Wg/p — Ck by T p. Itis clear
that TK/F o 01,k is the transfer from WL/F/WL/F to QpWL/K/QpWE/K followed by the transfer from
¢WL/K/¢WL/K to sz’L = CF. By the transitivity of the transfer 7 ,p o 01,/ = 71/F. It follows
immediately that if / C K C L C L’ and all extensions are Galois the map 0, and 6,011, are
in the same class.

Suppose that ¢ is an imbedding K/F — K’/F’ and choose L so that K’ C L and L/F is Galois.
Lety: K'/F' — L/F', u:K/F — L/F, v:L/F — L/F’beimbeddings. Thenyop=vopu
sothatfiov = potp. Ifa: L/F — L/K, :L/F — L/K' are the imbeddings then the kernel of
1Z is ﬁBWE/K, which is contained in awg/K the kernel of . Thus there is only one way to define ¢ so
thatiov =(po J The diagram

<)

Wik /WE A, Wie /BWE Wit
v )

WL/F//V\BWIS/K/ —>I/VL/F/aWE/1KL> Wk/F
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will be commutative. Since Jo B = 7/Kk and io@ = Tk diagram (A) shows that & has the required
effect on C'k.

To define ¢y in general, we observe that every ¢ is the composition of isomorphisms, imbeddings
of fields of the same type, and amap K/F — K'/F' where K is global, K’ is local, K’ is the closure
of K,and F = F’ N K. Of course the identity

(po)w = Yweow

must be verified. | omit the verification which is easy enough. The uniqueness of the Weil groups in
the sense of Artin and Tate implies that the functor W is unique up to isomorphism.

The sequence
S(n,C) : GL(n,C) % GL(n,C) — 1

belongsto S;. If S : C — G — & belongs to S; then
Homsg, (S, S(n,C))

is the set of equivalence classes of n-dimensional complex representations of GG. Let ,,(.S) be the set
of all ® in Homg, (.5, S(n,C)) such that, for each ¢ € ®, p(g) is semi-simple for all g in G. §,,(S)
is a contravariant functor of S and so is Q(S) = [J,—, 2,(S). On the category S, it can be turned
into a covariant functor. If ¢ : S — Sy, if & € Q(S5), and if ¢ € ®, let ¢ associate to ¢ the matrix
representations corresponding to the induced representation Ind(Gy,¥(G), ¢ o ¢~ 1). It follows from

the transitivity of the induction process that €2 is a covariant functor of ;.
To be complete a further observation must be made.

Lemma 1.1 Suppose H is a subgroup of finite index in G and p is a finite-dimensional complex
representation of H such that p(L) is semi-simple for all h in H. If

o =Ind(G,H,p)

then o(g) is semi-simple for all g.

H contains a subgroup H; which is normal and of finite index in GG, namely, the group of elements
acting trivially on H\G. To show that a non-singular matrix is semi-simple one has only to show that
some power of it is semi-simple. Since 0" (g) = o(¢™) and g™ belongs to H; for some n we need only
show that o(g) is semi-simple for g in H;. In that case o(g) is equivalentto >/, ®p(gigg; ') if G is
the disjoint union

Ui:l Hg;

Suppose L/F and K/F belong to £ and ¢ € Homg, (L/F,K/F). Since the maps of the
class @y all take Wi/ p onto Wy, the associated map Q(W (L/F)) — Q(W (K/F)) is injective.
Moreover it is independent of ¢. If L, /F and Lo/ F belong to £ there is an extension K /F and maps
¢1 € Homg, (L1 /F,K/F), @3 € Homg, (Ly/F,K/F). wy in QW (L1/F)) and wy in Q(W (Ly/F))
have the same image in Q(W (K/F)) for one such K if and only if they have the same image for all
such K. If this is so we say that w; and ws are equivalent. The collection of equivalence classes will
be denoted by Q(F'). Its members are referred to as equivalence classes of representations of the Weil
group of F'.
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Let F be the category whose objects are local and global fields. If F' and E are of the same type
Homz(F, E) consists of all isomorphisms of F' with a subfield of E over which E' is separable. If
F is global and E is local Homz(F, E) consists of all isomorphisms of F' with a subfield of E over
whose closure E is separable. (F') is clearly a covariant functor on F. Let Fy, and Fj,. be the
subcategories consisting of the global and local fields respectively. Suppose F' and E are of the same
type and ¢ € Homz(F, E). If w € Q(E) choose K so that w belongs to Q(W(K/E)). We may
assume that there is an L/F and an isomorphism v from L onto K which agrees with ¢ on F'. Then
Yw : Wi, g — Wi, p isan injection. Let 6 be the equivalence class of the representation

o = Ind(Wy,r, ¥w(Wk/E), po @Z’Jvl)

with p in w. | claim that 4 is independent of K and depends only on w and . To see this it is enough
to show thatif L C L', L’/F is Galois, ¢ is an isomorphism from L’ to K’ which agrees with ¢) on L,
and p’ is a representation of Wi r inw the class of

O', = Ind(WL//F7 w{N(WK’/E)a Pl © wi)v_l)

is also ©. Suppose y is a map from Wy ;i to Wi, associated to the imbedding K/E — K'/E and
v is a map from Wy, to Wy, associated to the imbedding L/F — L'/F. We may suppose that
thw o p = v oy,. The kernel of y is WIC{,/K if, for simplicity of notation, Wy, is regarded as a
subgroup of Wy, and that of v is W, ;. Moreover ¢y, (Wi, i) = Wi, ;. Take p’ = po p. Then
o acts on the space V' of functions f on Wy, satisfying f(vw) = p(1y," (h)) f(w) for v in ¥, (Wi /).
Let V'’ be the analogous space on which ¢’ acts. Then

V' ={fov|feV}]

The assertion follows. Thus 2(F') is a contravariant functor on F,, and Fiq..

After this laborious and clumsy introduction we can set to work and prove the two theorems. The
first step is to reformulate Theorem A.
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Chapter Two.

The Main Theorem

It will be convenient in this paragraph and at various later times to regard Wy, i as a subgroup of
Wgpif FCECK.IfFFCFECLC K weshall also occasionally take Wy, to be WK/E/WIC(/L.

If K/F is finite and Galois, P(K/F') will be the set of extensions E'/E with F C E C E' C K
and P, (K /F) will be the set of extensions in P (K /F') with the lower field equal to .

Theorem 2.1

Suppose K is a Galois extension of the local field F' and 1 is a given non-trivial additive character
of F'. There is exactly one function A\(E/ F,{r) defined on P,(K/F') with the following two properties

(i)
NF/F,vp) = 1.

(i) IfEy,...,E,., Ei,...,E! arefields lying between F and K, if xg,, 1 <i < r, isaquasi-character
of Cg,, ifXE]/., 1 < j <s, is a quasi-character ofCEg, and if

@;:1 Ind(Wk/F, WK/EH XEl)

is equivalent to
@5=1 Ind(Wk/r, Wk/p/, XE/)

then B
Hi:l A(XE: Ve, ) P)NE/F, Yr)

is equal to
szl A(XE]/. ) QpE;/F))\(E;/F’ Vr).

A function satisfying the conditions of this theorem will be called a A-function. It is clear that
the function A\(E/F, ¢r) of Theorem A when restricted to P, (K /F') becomes a A-function. Thus the
uniqueness in this theorem implies at least part of the uniqueness of Theorem A. To show how this
theorem implies all of Theorem A we have to anticipate some simple results which will be proved in
paragraph 4.

First of all a A-function can never take on the value 0. Moreover, if ' C K C L the A-function
on P,(K/F) is just the restriction to P, (K/F') of the A-function on P,(L/F). Thus A\(E/F, ¢r) is
defined independently of K. Finally if E C E' C E”

)\(_E’//E'7 q/)E) — )\(EH/E/, Q/JE’/E)A(E//E, ¢E)[E”:El]~

We also have to use a form of Brauer’s theorem [4]. If GG is a finite group there are nilpotent
subgroups MNVy, ..., N,,, one-dimensional representations xi, ..., x.» of Ny,..., N, respectively, and
integers n1, ..., n,, such that the trivial representation of Gz is equivalent to

@;11 nilnd(G7 Ni7 Xl)



Chapter 2 13

The meaning of this when some of the n; are negative is clear
Lemma 2.2

Suppose F' is a global or local field and p is a representation of Wy ,r. There are intermediate
fields E, . .., E,, such that &(K/E;) is nilpotent for 1 < i < m, one-dimensional representations xg,
of Wk g,, and integers ny, ... ,n,,, such that p is equivalent to

®i2y nInd(Wx p, Wi /g, XE:)-

Theorem 2.1 and Lemma 2.2 together imply the uniqueness of Theorem A. Before proving the
lemma we must establish a simple and well-known fact.

Lemma 2.3
Suppose H is a subgroup of finite index in the group G. Suppose T is a representation of G, o a
representation of H, and p the restriction of T to H. Then

7® Ind(G,H,0) ~Ind(G,H, p ® o).

Let 7 acton V and o on W. Then Ind(G, H, o) acts on X, the space of all functions f on G with
values in W satisfying

f(hg) = a(h) f(9)
while Ind(G, H, p ® o) acts on Y, the space of all functions f on G with values in V' ® W satisfying

f(hg) = (p(h) @ a(h)) f(g).

Clearly, V ® X and Y have the same dimension. The map of V' ® X to Y which sends v ® f to the
function

f'(g) =7(g)ve flg)

is G-invariant. If it were not an isomorphism there would be a basis vy, ...,v, of V and functions
f1, ..., fn which are not all zero such that

X, m(9)v @ fi(g) =0.

This is clearly impossible.

To prove Lemma 2.2 we take the group G of Brauer’s theorem to be & (K /F). Let F; be the fixed
field of N; and let p; be the tensor product of y;, which we may regard as a representation of Wi /r,
and the restriction of p to Wx,r,. Then

p~p®@1~& nInd(Wk/p,, i)

This together with the transitivity of the induction process shows that in proving the lemma we may
suppose that &(K/F) is nilpotent.

We prove the lemma, with this extra condition, by induction on [K : F|. We use the symbol w to
denote an orbit in the set of quasi-characters of Cx under the action of & (K /F'). The restriction of p
to Ck is the direct sum of one-dimensional representations. If p acts on V' let V, be the space spanned
by the vectors transforming under C'x according to a quasi-character in w. V' is the direct sum of the
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spaces V., which are each invariant under Wy, . For our purposes we may suppose that V' =V, for
some w. Choose x x in this w and let V;, be the space of vectors transforming under C according to
Xk - Let E be the fixed field of the isotrophy group of xx. Vp is invariant under Wy . Let o be the
representation of Wy, in V4. Itis well-known that

p =~ Ind(Wk,r, Wk/E,0)-

To see this one has only to verify that the space X on which the representation on the right acts and V'
have the same dimension and that the map

F=2 e w79 I9)

of X into V which is clearly Wy, p-invariant has no kernel. It is easy enough to do this.

If £ = F the assertion of the lemma follows by induction. If E = F choose L containing F' so
that i/ L is cyclic of prime degree and L/ F' is Galois. Then p(W/,) is an abelian group and Wi is
contained in the kernel of p. Thus p may be regarded as a representation of Wy, ;. The assertion now
follows from the induction assumption and the concluding remarks of the previous paragraph.

Now take a local field £/ and a representation p of Wi, . Choose intermediate fields
Ey, ..., En, one-dimensional representations x g, of Wi g,, and integers ny, . .., ny, so that

p =~ @2 n; Ind(Wk /g, Wk/E,, XE:)-

If w is the class of p set

5(w,¢E) = Hm

i=

AAKXES Ve, p)ME/E, VE)}"™.

Theorem 2.1 shows that the right side is independent of the way in which p is written as a sum of
induced representations. The first and second conditions of Theorem A are clearly satisfied. If p is the
representation above and o the representation

Ind(Wkr, Wk/E, p)
then
o~ @y n;Ind(Wgr, Wk /g, XE; )-

Thus if ' is the class of o

e(@,vr) = [ {AKE, Ve ) ME/F,fr) 1™

while N
e(w,¥E/F) = Hi:l {Axe, Ve, F) ME/EYp/p) ™.

The third property follows from the relations

dimw =%", n;[E;: F]

)

and
MNE;/Fobp) = NEi/E, Yg/p) NE/F, ) B E)
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Chapter Three.

The Lemmas of Induction
In this paragraph we prove two simple but very useful lemmas.
Lemma 3.1

Suppose K is a Galois extension of the local field F'. Suppose the subset 2 of P(K/F') has the
following four properties.

(i) Forall E,withF C EC K, E/E € .
(iiy IfE"/E" and E'/ E belong to 2 so does E"' / E.
(iii) If L/E belongs to P(K/F) and L/ E is cyclic of prime degree then L/ E belongs to 2.

(iv) Supposethat L/E inP(K/F) is a Galois extension. LetG = &(L/E). Suppose G = H - C where
H # {1}, HNC = {1}, and C is a non-trivial abelian normal subgroup of G which is contained in
every non-trivial normal subgroup of G. If E' is the fixed field of H and if every E" /E in P,(L/E)
for which [E" : E] < [E' : E'] isin2 sois E'/E. Then2 is all of P(K/F).

It is convenient to prove another lemma first.
Lemma 3.2
Suppose K is a Galois extension of the local field F' and F’ % E C K. Suppose that the only normal

subfield of K containing E is K itself and that there are no fields between F' and E. LetG = &(K/F)
and let E be the fixed field of H. Let C be a minimal non-trivial abelian normal subgroup of G. Then
G = HC, HNC = {1} and C is contained in every non-trivial normal subgroup of G. In particular
if H = {1}, G = C is abelian of prime order.

H is contained in no subgroup besides itself and G contains no normal subgroup but {1}. Thus
if H is normal it is {1} and G has no proper subgroups and is consequently cyclic of prime order.
Suppose H is not normal. Since G is solvable it does contain a minimal non-trivial abelian normal
subgroup C' Since C'is not contained in H, H % HCand G = HC' Since H N C'is a normal subgroup

of Gitis {1}. If D is a non-trivial normal subgroup of G which does not contain C then DN C = {1}
and D is contained in the centralizer Z of C. Then DC' is also and Z must meet H non-trivially. But
Z N H is a normal subgroup of G. This is a contradiction and the lemma is proved.

The first lemma is certainly true if [K : F] = 1. Suppose [K : F] > 1 and the lemma is valid
for all pairs [K’ : F'] with [K’ : F'| < [K : F]. If the Galois extension L/E belongs to P(K/F') then
2ANP(L/F) satisfies the condition of the lemma with K replaced by L and F' by E. Thus, by induction,
if [L:E]<[K:F], P(L/E)C2 Inparticular if E//E is not in & then E = F and the only normal
subfield of K containing E’ is K itself. If 2 is not P(K/F') then amongst all extensions which are not
in & choose one E/F for which [E : F] is minimal. Because of (ii) there are no fields between F and
E. Lemma 3.2, together with (iii) and (iv), show that £/ F is in 2. This is a contradiction.

There is a variant of Lemma 3.1 which we shall have occasion to use.
Lemma 3.3

Suppose K is a Galois extension of the local field F'. Suppose the subset 2 of P,(K/F’) has the
following properties.
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(i) F/F €.
(if) If L/F is normal and L % K thenP,(L/F) C 2.

(iliy IfF C E C E' C K and E/F belong to & then E’/ F belong to 2.

(iv) IfL/F in Po(K/F) is cyclic of prime degree then L/ F € 2.

(v) Suppose that L/F in P,(K/F) is Galois and G = &(L/F). Suppose G = HC where H #
{1}, HN C = {1}, and C is a non-trivial abelian normal subgroup of G which is contained in every

non-trivial normal subgroup. If E is the fixed field of H and if every E'/F in P,(L/F') for which
[E':F|<|E:FlisinAsoisE/F.

Then A is P (K/F).

Again if 2 is not P,(K/F) there is an E/F not in 2 for which [E : F] is minimal. Certainly
[E : F] > 1. By (ii) and (iii), E is contained in no proper normal subfield of K and there are no fields
between E and F. Lemma 3.2 together with (iv) and (v) lead to the contradiction that £/ F is in 2.
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Chapter Four.

The Lemma of Uniqueness

Suppose K/F is a finite Galois extension of the local field F' and v{r is a non-trivial additive
character of F. A function E/F — X(E/F, 1) on P, (K /F') will be called a weak A-function if the
following two conditions are satisfied.

() A(F/F, Up) = 1.

(iiy IfFEy, ..., E., Ef, ..., E.arefields lying between F and K, if u;, 1 < i < r,is a one-dimensional
representation of &(K/E;), if v;, 1 < j < s, is a one-dimensional representation of &(K/LE%),
and if .

@i:1 Ind(&(K/F), 8(K/E;), pi)

is equivalent to

D, WdGK/F), 6(K/E), 1)

then .
Hi:l A(xe,, Ve, F)ME/F, ¥r)
is equal to
Hj.:l A(xe; YEF)ME]/F, ¥p)
if xg, is the character of Cg, corresponding to y; and XE! is the character of CEJ/_ corresponding
to v;.

Supposing that a weak A-function is given on P, (K /F'), we shall establish some of its properties.
Lemma 4.1

(i) If L/F inP,(K/F) is normal the restriction of \(-,v¥r) to P,(L/F) is a weak \-function.
(i) If E/F belongstoP,(K/F)and A\(E/F, ) # 0 the function on P, (K/E) defined by

ME'/E, g/r) = AE'/F, ) NE/F, )~ LEE]

is a weak \-function.

Any one-dimensional representation  of &(L/E) may be inflated to a one-dimensional
representation, again called y, of &(K/FE) and

Ind(&(K/F), 6(K/E), p)

is just the inflation to & (K /F") of
Ind(6 (L/F), &(L/E), p).

The first part of the lemma follows immediately from this observation.

As for the second part, the relation
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isclear. Iffields E;, 1 < <, E;, 1 < j < s, lying between E and K and representations y; and v;
are given as prescribed and if

P, md(S(K/E), 6(K/B), ) = p

is equivalent to

D, Wd(OK/E), SK/E), 1) =0
then

@::1 Ind(&(K/F), 8(K/E;, 1)

&)

J=

is equivalent to
| Ind(&(K/F), 8(K/E}), v;)

so that i,
1_[7;:1 A(XE: YE,/F) AMEL/F, YF) (A)

is equal to

H;Zl A(xg, Yer/r) ME/F, YF). (B)

Since p and ¢ have the same dimension

Yo [Ei Bl =% [E; : E]

so that . 5 /
II, aE/F )PP =TT NE/F, )P

j=1

Dividing (A) by the left side of this equation and (B) by the right and observing that the results are
equal we obtain the relation needed to prove the lemma.

If K/F is abelian S(K/F) will be the set of characters of Cr which are 1 on Nk, pCr.
Lemma 4.2

If K/F is abelian

MK/F, V) = H A(pr, Yr).

nr€S(K/F)

pr determines a one-dimensional representation of &(K/F') which we also denote by up. The
lemma is an immediate consequence of the equivalence of

Ind(6(K/F), 8(K/K), 1)

and
@up €S(K/F) Ind(&(K/F), 6(K/F), ur).

Lemma 4.3

Suppose K/ F' is normal and G = &(K/F). Suppose G = HC where HNC = {1} and C is a
non-trivial abelian normal subgroup. Let E be the fixed field of H and L that of C'. LetT' be a set of



Chapter 4 19

representatives of the orbits of S(K /L) under the action of G. If ;. € T let B, be the isotropy group of
pandletB, = &(K/L,). Then[L, : F] < [E : F] and

NE/F, gp) =] . AW v, /r) MLu/F, ¥r).

peT

Here (K/L,) = &(K/L) - (6(K/L,) N &(K/E)) and 1’ is the character of C,,, associated to the
character of 8(K/L,) : g — p(g1) if

9=9192, 91 € G(K/L), gs€ G(K/L,)NG(K/E),

We may as well denote the given character of &(K/L,,) by ;i also. To prove the lemma we show
that
Ind(6(K/F),8(K/E), 1) =0¢

is equivalent to
!
D, ., md(G(K/F), 6(K/Ly), ).
Since T has at least two elements it will follow that

[E : F] = dim Ind(6(K/F), 8(K/E), 1)

is greater than
(L, : F] =dimInd(6(K/F),&(K/L,), u').

The representation o acts on the space of functions on H\G. If v € S(K /L), that is, is a character
of C, lety, (he) = v(c)ifh € H, c¢e€ C. Theset

v [ v e S(E/L)}
is a basis for the functions on H\G. If x € T' let S, be its orbit; then
Vp = ZVGSV,C/I/]V

is invariant and irreducible under G. Moreover, if g belongs to &(K/L,,)

U(g)¢;L = M/(g)¢u-

Since
dim V,, = [6(K/F),8(K/L,)]

the Frobenius reciprocity theorem implies that the restriction of o to V,, is equivalent to
Ind(® (K/F), &(K/L,), 1).

Lemma 4.2 is of course a special case of Lemma 4.3.
Lemma 4.4

M E/F, ¥ ) is different from 0 for all E/F in P, (K/F).
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The lemmais clear if [K : F'] = 1. We prove it by induction on [K : F]. Let & be the set of E/F'
in P, (K/F) for which A(E/F, ¢¥r) # 0. We may apply Lemma 3.3. The first condition of that lemma
is clearly satisfied. The second follows from the induction assumption and the first part of Lemma 4.1;
the third from the induction assumption and the second part of Lemma 4.1. The fourth and fifth follow
from Lemmas 4.2 and 4.3 respectively. We of course use the fact that A(x g, ¥ ), which is basically a
Gaussian sum when E is non-archimedean, is never zero.

For every E'/E in P(K/F) we can define A\(E’'/E, vy, r) to be

)‘(E//Fv ¢F) )‘(E/Fv ¢F)_[E,:E]'

Lemma 4.5

IfE"/E" and E'/ E belong to P(K/F) then
)\(E,//E’ ¢E/F) — )\(E/,/E/,QbE//F))\(E,/E’ ¢E/F)E,,:E/].

Indeed ”
NE"|E,ppr) = ME" | Fy,pp) NE/F,¢p) E"E]

which equals

(NE" [F,pp) NE' [ F,pp) B E N INE JF, ) B F) N(E/F,ypp)~E P}
and this in turn equals
NE"|E g p) NE'E g p)FE
Lemma 4.6

If A\ (-, ) and A2(-, ¥ ) are two weak \-functions on P, (K /F’) then

M(E'/E,Yp ) = X(E'/E, g/r)

forall E'/E in P(K/F).

We apply Lemma 3.1 to the collection & of all pairs E'/E in P(K/F) for which the equality is
valid. The first condition of that lemma is clearly satisfied. The second is a consequence of the previous
lemma. The third and fourth are consequences of Lemmas 4.2 and 4.3 respectively.

Since a A-function is also a weak A-function the uniqueness of Theorem 2.1 is now proved.
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Chapter Five.

A Property of A-Functions
It follows immediately from the definition that if ¢/, (z) = ¥ g(Bx) then

A(xe,Vg) = xe(B)A(XE VE)-

Associated to any equivalence class w of representations of the Weil group of the field F' is a one-
dimensional representation or, what is the same, a quasi-character of Cr. It is denoted detw and is
obtained by taking the determinant of any representation in w. Suppose p is in the class w and p is a
representation of Wy, . To find the value of the quasi-character detw at 3 choose w in Wy, so that
T /pw = (3. Then calculate det(p(w)) which equals detw(3).

If ' C E C K the map 7 = 7, can be effected in two stages. We first transfer WK/F/WIC(/F
into WK/E/Wf(/E; then we transfer WK/E/Wf(/E into Ck. If Wi g is the disjoint union

,
LJi:1 Wk pwi
and if w;w = u;(w)w; () then the transfer of w in WK/E/WIC(/E is the coset to which v’ = []\_; u;(w)
belongs.
Suppose o is a representation of Wy, and
p=Ind(Wk,r, Wk/g,0)-
p acts on a certain space V' of functions on Wy, and if V; is the collection of functions in VV which
vanish outside of W, pw; then
v=@B .

=1
We decompose the matrix of p(w) into corresponding blocks p;;(w). p;;(w) is 0 unless j = j(i) when
pji(w) = o(ug, (w)). This makes it clear that if ., is the representation of Wi, induced from the
trivial representation of Wx /g

det(p(w)) = det(LE/F(w))dim"det(a(w/))
or, if 8 is the class of o, .

detw(3) = {det 15/ (8)} ™ {det 6(8)}.
Lemma 5.1

Suppose F is a local field and E/F' — \(E/F,+r) and w — €(w, g,/ r) satisfy the conditions
of Theorem A for the character p. Let . (z) = ¢p(Bz) with 3 in Cp. IfFE/F — A(E/F, ) and
w — (w, Y / ) satisfy the conditions of Theorem A for i, then

and
5(w7¢,E/F) = detw(ﬂ) E(wﬂ/}E/F)'

Because of the uniqueness all one has to do is verify that the expressions on the right satisfy the
conditions of the theorem for the character .. This can now be done immediately.
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Chapter Six.

A Filtration of the Weil Group

In this paragraph | want to reformulate various facts found in Serre’s book [12] as assertions about
a filtration of the Weil group. Although some of the lemmas to follow will be used to prove the four
main lemmas, the introduction of the filtration itself is not really necessary. It serves merely to unite in
a form which is easily remembered the separate lemmas of which we will actually be in need.

Let K be a finite Galois extension of the non-archimedean local field ' and let G = &(K/F'). Let
Or be the ring of integers in F' and let pr be the maximal ideal of Op. If i > —1 is an integer let G;
be the subgroup of G consisting of those elements which act trivially on Op/p}“. Ifu> —1isareal
number and ¢ is the smallest integer greater than or equal to u set G, = G;. Finally if u > —1 set

r/r(u) :/0 [Goilz(;t]dt-

The integrand is not defined at -1 but that is of no consequence. g/, is clearly a piecewise linear,
continuous, and increasing map of [—1, co) onto itself. The inverse function* Y/ r Will have the same
properties.

We take from Serre’s book the following lemma.
Lemma 6.1
IfF C L C KandL/F isnormal then o /p = ¢r/r © 9x/r and Vi = Y/, 0 YL/ p.

The circle denotes composition not multiplication. This lemma allows us to define v/ r and Y/ ¢
for any finite separable extension E/F' by choosing a Galois extension L of F' which contains £ and
setting

YE/F = PL/FoYVL/E
YE/F =9L/EOYL/F

because if L’ is another such extension we can choose a Galois extension K containing both L and I/
and

YL/F© ¢L/E =YL/FC¥PK/L° ¢K/L o ¢L/E = ¥YK/F° ¢K/E =YL /F° ¢L//E
YL/E° ¢L/F =YL/E°¥PK/L° ¢K/L o ¢L/F = YK/E © 1/)K/F =YL /E©° ¢L//F-
Of course Y, r is the inverse of v /.
Lemma 6.2

If E C E' C E"” and E"/E is finite and separable, v/ /p = 0p//p o ¢pr /g and Ypr g =
¢E~/Ef o ¢E//E-

* In this chapter v, does not appear as an additive character. Nonetheless, there is a regrettable
conflict of notation.
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Each of these relations can be obtained from the other by taking inverses; we verify the second
¢E~/Ef o 1/)E'/E = YL/E"© ¢L/E* CYL/E© ?/)L/E = YL/E"© ¢L/E = ¢E~/E~

It will be necessary for us to know the values of these functions in a few special cases.
Lemma 6.3

(i) If K/F is Galois and unramified x| (u) = u.
(i) If K/F is cyclic of prime degree ¢ and if G = G while Gy, = {1} where t is a non-negative
integer then

Vi/r(u) =u u<t
—t+lu—1t) u>t

These assertions follow immediately from the definitions.
Lemma 6.4

Suppose K/ F is Galois and G = & (K /F) isa product HC where H # {1}, HNC = {1},and C
is a non-trivial abelian normal subgroup of G which is contained in every non-trivial normal subgroup.

(i) If K/F is tamely ramified so that G; = {1} then Gy, = C'is a cyclic group of prime order ¢
and [G : Go] = [H : 1] divides ¢ — 1. If E is the fixed field of H, v p/r(u) = u foru < 0 and
VYp/p(uw) = fuforu > 0.

(i) If K/F iswildly ramified there isan integert > 1suchthatC = Gy = ... = Gy whileG1; = {1}.
[Go : G4] divides [G; : 1] — 1 and every element of C' has order p or 1. If E is the fixed field of H
and L that of C

Y p(uw) =u u <0
:[GoZGl]u u>0

while

t
VYe/p(u) =u u < 7[(;0 il

t t t
= Goay TG <“_ [GO:G1]> EETEYen

We observed in the third paragraph that C' must be its own centralizer. Gy cannot be {1}. Thus
C C Gy. Incase (i) Gy is abelian and thus Gg = C. In both cases if £ is a prime dividing the order
of C' the set of elements in C of order £ or 1 is a non-trivial normal subgroup of G and thus C itself.
In case (i) C'is cyclic and thus of prime order ¢. Moreover, H which is isomorphic to G/G is abelian
and, if h € H, {c € Clhc = ch} is a normal subgroup of G and hence {1} or C. If h # 1 it must be 1.
Consequently each orbit of H in C'— {1} has [H : 1] elements and [H : 1] divides ¢ — 1.

In case (ii) G1 is a non-trivial normal subgroup and hence contains C. GG; and C are both p-groups.
The centralizer of (G1 in C'is not trivial. As a normal subgroup of GG it contains C. Therefore itis C and
(1 is contained in C' which is its own centralizer. Since each G, ¢ > 1, is a normal subgroup of G, it is
either C or {1}. Thus there is an integer ¢ > 1 such that G; = G; = C while Gy = {1}. Ifi > O isan
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integer let U’ be the group of units of O which are congruent to 1 modulo pittlet Uf((_l) = Ck,and
if U > —1 is any real number let ¢ be the smallest integer greater than or equal to u and set U} = U}<.
If 6, is the map of G;/G4; into p%/pﬁjl and 6, the map of Go/G; into UY /U introduced in Serre
then, for g in Gy and h in C,

0:(ghg™") = o(9)' O (h).

If h # 1, ghg~! = hifand only if 6y(g)! = 1 and then g belongs to the centralizer of C, that is to Gj.
Again C' — {1} is broken up into orbits, each with [Gj, : G1] elements and [G( : G1] divides [G; : 1] — 1.
Observe that ¢ must be prime to [Gj : G1].

It follows immediately from the definitions that H, = H N G,. In case (i) Hy will be {1} and
i /p(u) will be identically u. Thus ¥g/r = ¥k /p and, from the definition, Y /p(u) = vifu <0
while ¢ g /p(u) = [Go : 1u ifu > 0. In case (i), o x/p(u) = vifu < 0and

u u

Yr/e(u) = [Ho : 1] - [Go : G1]

if u > 0 while Y p(u) =uifu < 0and

Vi r(u) = [Go : Gilu 0<u<

The lemma follows.
Lemma 6.5

For every separable extension E'/E the function g /g Is convex, and if u is an integer so is

All we have to do is prove that the assertion is true for all E'/E in P(K/F) if F is an arbitrary
non-archimedean local field and K an arbitrary Galois extension of it. To do this we just combine the
previous three lemmas with Lemma 3.1. We are going to use the same method to prove the following
lemma.

Lemma 6.6

For every separable extension E’ /| E and any u > —1

Vg

e(u u
Ngiyp (Ug’’ )) CUg.

We have to verify that the set ® of all E'/E in P(K/F') for which the assertion is true satisfies the
conditions of Lemma 3.1. There is no problem with the first two.
Lemma 6.7

E'/E belongs to & if and only if for every integern > —1

wE’En) n
NE’/E (UE’ / ( >gUE
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and “ ()41

If £’/ E belongs to & choose ¢ > 0 so that g/ /g(n + ) = g g(n) + 1. The smallest integer
greater than or equal ton + e is at least n + 1 so

No /s <U1E/)F//E(n)+1> c Ug+5 C Ug-ﬁ-l.

Conversely suppose the conditions of the lemma are satisfied and n < u < n + 1. Since Y/ /g(n) is
an integer the smallest integer greater than or equal to ¢z ) (u) is at least ¢/ (n) + 1. Thus

Np/p (Ug/E//E(U)) C Np o (UEF//E(TLH-I) C Ug—l—l = UL
Lemma 6.8

If L/ E is Galois then, for every integern > —1,

and o m(m)4L
Ni/p (ULL/E ) cuntt,

The assertion is clear if n = —1. A proof for the case n > 0 and L/ E totally ramified is given in Serre’s
book. Since that proof works equally well for all L/ E we take the lemma as proved.
Lemma 6.9

Suppose K/ F'is Galois and G = &(K/F'). Suppose G = HC where H # {1}, H N C = {1},
and C' is a non-trivial abelian normal subgroup of GG which is contained in every non-trivial normal
subgroup of G. If E is the fixed field of H

for all v > —1.

Let L be the fixed field of C. If K/F is tamely ramified K/E and L/F' are unramified so that
YE/p =Yg and Up = Cp NUE, Up = Crp N U7 for every v > —1. If a belongs to C'g, then delete
Nk /o = Ng/pa. Since K/ L is Galois

Npsr (Up27") € Cr 0 Ny (U7 ™) € CpnUE = U

If K/ F is not tamely ramified
[Go:G1]ln—m

p% :Eﬂpk
ifn>1and0 < m < [Gy : G1]. Thus
Uy =GpnUY
if -1 <v<0and
Uy = CpnUCocly
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if v > 0 or, more briefly,
Uy = CpnUL/»

forall v > —1. In the same way we find

UL =Cpnuytr®

forall v > —1. Since K/L is normal
Ng/r (UEE/F(u)> C CrN Nk (UI%K/F(U)) CCrnUyt™ — U,

Lemma 6.6 now follows immediately.
Lemma 6.10

(@) Suppose K/F isGaloisandG = &(K/F). Supposet > —1 isaninteger suchthatG = G; # Gyy1.
Then g /p(u) = u foru < t. Moreover Ny, defines an isomorphism of C /U}. with Cr/U}
and if —1 < u < t the inverse image of U /U% is Ui /U%.. However the map of C /UL into
Cr /UL defined by the norm is not surjective.

(b) Suppose K/F' is Galois and G = &(K/F). Suppose s > —1 is an integer and G = G,. If
FCFECK, ¢Yg/p(u) =uforu < sand Ng,r defines an isomorphism of Cg /U, and Cr /U..
If =1 < wu < s the inverse image of U} /U3 isUL /U3
If t = —1 the assertions of part (a) are clear. If ¢ > 0, K/F is totally ramified. The relation

Y /r(u) = ufor u < tis an immediate consequence of the definition. Since the extension is totally
ramified Ny, defines an isomorphism of Ugl/UIO{ and Ugl/UIEl. It follows from Proposition V.9 of
Serre’s book that if 0 < n < t the associated map U /U™ — UR /Ut is an isomorphism but

that the map UL /UL — UL /UL has a non-trivial cokernel. The first part of the lemma is an
immediate consequence of these facts.

To prove part (b) we first observe that there is at > s such that G = G; # G¢y1. It then
follows from part (a) that the map Nx,r determines an isomorphism of Ck U} and Cp /U3 under
which Uj /Uj. and U} /Uy correspond if —1 < u < s. Let E be the fixed field of H. We have
Hs = HNGs = H, so that Nk, determines on isomorphism of Ck U} and Cg/U} under which
Uk /U and Ug /U3, correspond if —1 < u < s. Moreover if u < s, ¢ p(u) = Yg/p(u) = u so that
Yg,r(u) = u. Part (b) follows from these observations and the relation Nx/r = Ng/p Nk /.

If E is any non-archimedean local field and v > —1
U = Ny<uUp.

If a belongs to C'g; set
vgp(a) = sup{u|a € Ug}.
Then vg (1) = oo, but vg(a) is finite if o # 1 and o belongs to U5,

If ' C L C K, 7x/p,/r Will be any of the maps Wy ,r — Wy, associated to the imbedding
L/F — K/F. We abbreviate 7x /p p/p 10 Ti/p. If w belongs to Wi, p, o(w) is the image of w in
&(K/F),and E is the fixed field of o(w), we set

v r(w) = op/r(VE(Tk/E(W)).
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Note that we regard Wy, g as a subgroup of Wy p. If v > —1 let

v

kp ={w|vi/r(w) = v}

We shall show that W}’(/F is a normal subgroup of Wi, . These groups provide a filtration of the Weil
group, some of whose properties are established in the following lemmas.

Lemma 6.11

Ifo € (K/F)andt =sup{u|o € G}, setvg p(0) = @i /p(t). Then
v r(0) = max{vg,p(w) |o(w) = o}.

If o = 1 both sides are infinite and the assertion is clear. If o # 1 let E be the fixed field of o. If

O'(’w) =0, w belongs to WK/E and UK/F(U)) = QOE/F(’UK/E(U))) Also UK/F(O') = QOE/F(UK/E(U))
Consequently it is sufficient to prove the lemma when F' = E. The set

S ={rg/r(w)|o(w) =0}

is a coset of Ng/r(Ck) in Cr and Cr is generated by Ng,r(Ck) together with any element of
S. Moreover s = max{vp(3)|B € S} is the largest integer such that S N U} is not empty. Since
G = Gy # G4 the preceding lemma shows that s =t = @i/ p(t).

Lemma 6.12
(a) For all w and wy in WK/Fu/UK/F(w) = ’UK/F(U)_I) ande/F(wlwwl_l) = ’UK/F(U))
(b) IfFF C F C K and w belong to W, then

vg/r(w) = pr/r(vr/E(W)).

(C) For all w in WK/Fa TK/F(w) C U;K/F(W).
The first two assertions follow immediately from the definitions and the basic properties of the
Weil group. | prove only the third. Let me first observe thatif /' C £ C K and w C Wk, then
TK/F(w) = NE/F(TK/E(w))'

To see this, choose a set of representatives wy, . .., w, for the cosets of Cx in Wy, and then a set of
representatives vi, ..., v, for the cosets of Wy g in Wi, p. Let wyw = a;wj;) With a; in Cg; then

r

K E(W) = H‘:1 a;.

)

However v;w;w = vja;v; 'vjw;(; so that
s T -1 s —1
TK/F(’U)) = Hj:l Hi:l ’Ujaﬂ}j = Hj:l UjTK/E(’U))Uj = NE/F(TK/E(w))

In particular, if E is the fixed field of o(w), 7x/p(w) is contained UgE/F(UK/F(w)) and 7/ p(w) is
contained in
NE/F (UgE/F('UK/F(w))) C U;‘K/F(w)'
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Lemma 6.13

Ifu and v belong to Wi then

v/ (uw) > min{vg )/ p(u), vig/rp(v)}-

Let o = o(u) and let 7 = o(v). Because of the second assertion of the previous lemma we may
assume that o and 7 generate & (K /F'). Let E be the fixed field of o7. If

t = {min (Vg /r(vi/r(0)), Vr/F (VK P(T))}

and G = 6(K/F) then G = G; # G4+1. According to Lemma 6.11, if

§= min{vK/F(u)v UK/F(U)}a
then ¢ > ¥/ (s) which, by Lemma 6.10, is therefore equal to s. Since 7x/p(uv) =
Tk /F (W) TR F(V), Ti/F(uv) lies in Ug. On the other hand

i/ F(w) = Ng,p(Tr/p(uv))

so that, by Lemma 6.10 again, 7x, 5 (uv) belongs to U, and
vg/r(uv) > op/r(s) = s.

Thus the sets WI"Q/F, x > —1, give a filtration of Wy, by a collection of normal subgroups. The

next sequence of lemmas show that the filtration is quite analogous to the upper filtration of the Galois
groups.
Lemma 6.14

Foreachx > —1 the map 7,1/ r takes G}Q/F into Gf/F.

If w belongs to Wy, p letw = 7k 1/ p(w). We must show that
v p(0) 2 vgyp(w).
Leto = o(w) and let & = o(w). If E is the fixed field of o then E = E N L is the fixed field of . Since

UL/F(w) = @E/F(UL/E(QD))
and
UK/F(w) = SOE/F(UK/E(U)))
we may suppose E = F. Since 7/ p(w) = 71,/p (@), Lemma6.12 implies that 7,/ (w) liesin U;K/F(w).
Thus
v p (W) = vp(T/p(W)) > v/ r(W).

Of course Wg,p is Cr and, ifv > —1, Wg/F = Up.

Lemma 6.15
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Foreachv > —1, 7x/r maps Wy, onto Ug..

Since v1 < vy implies W}’{?/F - W}Q/F it is enough to prove the lemma when v = n is an integer.
The lemma is clear if [K : F] = 1; so we proceed by induction on [K : F]. If [K : F] > 1, choose an
intermediate normal extension L so that [L : F'] = fisaprime. Let G = &(L/F). Lemma 6.12 implies
that o)
v )
Wit = Wiy N Wi .

There is an integer ¢ > —1 such that G = G; and G ;1 = {1}. Itis shown in Chapter V of Serre’s book
thatifn >t
Nyse (UL) = U

By induction

iy (Wi ™) = v,

Since TK/F(w) = NL/F(TK/L(w)) ifwisin WK/L:
Tx/F(Wip) = Ur

if n > t. Suppose & generates G. Then Vi r(@) = t. By Herbrand’s theorem there isa o in &(K/F)
with v/ p (o) = t whose restriction to L is 7. By Lemma 6.11 there is a w in Wy, such that o = o(w)
and v/ p(w) = t. Then 7/ p(w) lies in U}, but not in Ny ,»(C1). From Serre’s book again

|:U1€-v : NL/F U;‘}L/F(t):| =/

so that U}, is generated by 75/ (w) and NL/F(U#/F(”) and hence is contained in the image of W7 ..
To complete the proof of the lemma we have only to observe that Lemma 6.10 implies that

Up = Uk Neye (U77)

ifn <t
Lemma 6.16

Suppose FF C L C K and L/F and K/F' are Galois. Then, for eachv > —1, T p /p Maps
WIU{/F onto WE/F.

If [L : F] = 1 this is just the previous lemma so we proceed by induction on [L : F]. We
have to show that if w belongs to Wy, there is a w in Wy ,r such that w = TK/RL/F(’U)) and
vi/p(w) > v p(W). LetT = o(w) and let E be the fixed field of 7. If E' # F then, by the induction
assumption, there is a w in Wk p such that 7, 7 ; &(w) = w and vy 5 (w) = vy 7(W). By Lemma
6.12, vg/p(w) = vr/p(W). Moreover, we may assume that 7, 7 ; 7 is the restriction to Wy, 7 of
TK/F,L/F-

Suppose E = F. Then vy,r(W) = vp(r,p(W)). Choose wy in Wy, so that 7/ (wy) =
TL/F(E) and ’UK/F(’wl) > ’UF(TL/F(E)). Let w, = TK/F,L/F(wl) and set © = Eflw. Certainly
v (W) > vy p(w). Moreover, 7 /p(u) = 1. Let ¥ C Ly C L where L;/F is cyclic of prime
order. If u does not belong to W/, the group Cr is generated by Ny, ,r(Cr,) and 1, (), which is
impossible since TL/F(ﬂ) = 1. Thus u belongs to Wz, and, as observed, there is a v in Wy, such
that TK/F,L/F(U) = TK/Ll,L/Ll (u) = . Then TK/F7L/F(’LL’LU1) = .
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Chapter Seven.

Consequences of Stickelberger's Result

Davenport and Hasse [5] have shown that Stickelberger’s arithmetic characterization of Gaussian
sums over afinite field can be used to establish identities between these Gaussian sums. After reviewing
Stickelberger’s result we shall prove the identities of Davenport and Hasse together with some more
complicated identities. However for the proof of Stickelberger’s result itself, | refer to Davenport and
Hasse.

273

If Z =e™» and a belongs to GF'(p) the meaning of Z% is clear. If « is any finite field and S is the
absolute trace of « let ¥ be the character of x defined by ¢° (o) = Z5(@) |f y,. is any character of k*
and 1, is any non-trivial additive character of x we will take the Gaussian sum 7(,, ¥ ) to be

-3 xS @)l

We abbreviate 7 (., ¥?) to 7(xx).

Let £, be the field obtained by adjoining the n'" roots of unity to the rational numbers. If o = Z —1
then in €, the ideal (p) equals (ww?~1). If ¢ = p/ and « has q elements then in &,_; the ideal (p) is a
product pp’. .. where the residue fields of pp’, . .. are isomorphic to . In £,,_1)

(p) = (pp’.. )77

with B = (p,w), P’ = (p/,w), and so on. The residue fields of B, ', ... are also isomorphic to k.
Choose one of these prime ideals, say 3. Once an isomorphism of the residue field with & is chosen
the map of the (¢ — 1)* roots of unity to the residue field defines an isomorphism of x* and the
group of (¢ — 1)*® roots of unity. Then x, can be regarded as a character of the latter group. Choose
a = a(x., PB) with 0 < a < ¢ — 1 so that . (¢) = ¢ for all (¢ — 1)*" roots of unity. Write

a:a0+a1p+...+af_1pf_1 0< a; <p.
Not all of the o; can be equal to p — 1. Set

O'(Oé =aptar+...+ar 1

Y(a=aplog!. . ap_q!

The following lemma is Stickelberger’s arithmetical characterization of 7( ;).
Lemma 7.1

(@) 7(x«) lies int,,_1y and is an algebraic integer.

(b) Ifx. = 1thenT(x,.) = 1butifx, # 1 the absolute value of 7(x,) and all its conjugates is ,/q.

(c) Every prime divisor of 7(x.) in¥,,_1) is a divisor of p.

(d) If 3 is a non-zero element of the prime field then the automorphism Z — Z° of g1y overt, 1
sends 7(xx) 10 X (3) T(Xx)-
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(e) IfB is a prime divisor of p in €,,_1) and o = a(xx,p) the multiplicative congruence

T(Xk) = (mod" )

is valid.

(f) Suppose ¢ is a prime dividing ¢ — 1 and x.. = x/.x\ where the order of x/, is a power of { and
that of X'/ is prime to ¢. If {* is the exact power of ¢ dividing ¢ — 1 and \ = (o — 1 where (, is a
primitive ¢“-th root of unity then

T(Xx) = 7(x)) (modA).

Before stating the identities for Gaussian sums which are implied by this lemma, | shall prove a
few elementary lemmas.

Lemma 7.2
Suppose0 < a < pf — 1 and

a:ao+a1p+...—i—af_1pf_1 0< a; <p.

Suppose also that 0 < jop < j1 < ... < j, = f and set

— . . . Js+1—Js—1
55—0535+0535+1p+---+0635+171p + X

Ifo=5""}B.andy =[] B.! then

First of all, I remark once and for all thatif n > 1,0 < u < p" — 1, and v = u(modp™) then
v = u(mod*p). Thusif 0 <u <p®—1landv >0

(u~+ vp™)! = (vp™)! szl (w+vp") = ul(vp™)! (mod*p).

Alsoifv >0

przl(’up” +w)=(v+1)p"! (mod*p)
and, by induction,
(vp™) =o!(p™)Y  (mod*p).
In particular p(* V! = p!(p™)? = (—p) (p™!)?. Apply induction to obtain

p"—1

p"!'=(-p)» T (mod'p).

From the relations

R & (s iy _ (. ap—1 p—1 7t — 1
p=IIa-2)= (= [ T
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and )
7' —1
Z -1

=1+Z+...+2Z" =i (mod*p).
We conclude that

p=@p-D(-=w)P = - ! (modp).

The lemma itself is clear if » = f so we proceed by induction downward from f. Suppose
r < f, js+2 — js = t > 1, and the lemma is valid for the sequence jo, j1,-.-,Js+1 — 1, js+1,--- Jr- TO
prove it for the given sequence we have only to show that if

— t—2
T = ajs + ajs‘i‘l p + tt + aj5+1—2 p

andy = ;.. , 1 then

vty w:v-&-ypt*l
= od*p).
zly! — (x+ypt=t)! (mod’p)
But t—1
_ p’T T —1
oY T =) = (—p)Y 7T (mod*p)
and -1
(z+ t—l)lz ll(t—ll)y: Iyl (—p) T d)*
x+yp ) =zaxWyl(p )Y = 2lyl(—p) (mod)"p).
Lemma 7.3

Suppose By, . . ., Br—1 and~y, . . . ,v-—1 are non-negative integers all of which are less than or equal
to g — 1. Suppose that ¢ = p’ is a prime power and

r—1

>, Bty <2¢" -1

Suppose also that §;,0 < i <r — 1, are given such that0 < §; < g — 1,

r—1 .
> bt <q -1
=0

and

r—1 r—1

. Bt =) dig' (modg —1).

(@) leZ";S (Bi +7i)q" < q"~! and if v is the number of k, 1 < k < r, for which
Siso (Bi +7i) > q" then 1
r—
Zi:o (Bi +7vi —0i) =v(g—1).
(b) 'fZZ";S (Bi +7i)¢" > q" — 1 and if v is the number of k, 1 < k < r, for which
1# Zf:_ol (Bi +v:)d" > ¢ then

Z::_;(ﬁz +7 — ;) =v(g—1).
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Observe immediately that if 1 < k <r,then 0 < 81 + vx—1 <2(¢—1)and

k—1 k—1

Yo Bitd <200-1) Y di=2d"-1).

If r = 1then Gy + v = dp + €(q — 1) with e equal to 0 or 1. If ¢ = 0 we are in case (a) and v = 0 while
Bo+ 7 — 6 = 0. If e =1 we are in case (b); here v = 1 and By + 70 — dp = g — 1. Suppose then
that r > 2and thatif 5),...,0._1,%,---s7-—a, 04,--.,0._o,and v/ are given as in the lemma (with r
replaced by r — 1) then

S B A =g - 1),

We establish part (a) first. In this case

Z:; (Bi +7i)¢" = Z::_Ol 8iq’

and
2

r—2 . r— .
. ot — ) r—1
> Bird =) g +eq

0
withe = §,_1 — 8,1 — v-_1. If £ were negative the left side of the equation would be negative; if ¢

were greater than 1 the left side would be greater than 2(¢"~! — 1). Since neither of these possibilities
occureisOor 1.

Suppose first that ¢ = 0. If Y7_2 8i¢" < ¢"~' — 1 choose 3, = Bi, 7 = v, 0 < i < r —2.
Then ¢ = 9;, 0 < i < r —2,and v/ = v. The assertion of the lemma follows in this case. If
I;géiqi =q¢ ! —1thend; = q—1,0<i <r—2 Then By + v = ¢— 1(modq) and, as a
consequence, By + 79 = ¢ — 1. We show by inductionthat 3; + v, = ¢—1, 0 < ¢ < r — 2. If thisis so

for ¢ < j then
r—2 r—2

Do, Bitad =" (a—1)d"
Hence 3; + v; = ¢ — 1(modg) and 3; + v; = ¢ — 1. It follows immediately that » = 0 and
S o (Bi+ v — 8;) = 0.
Now suppose that e = 1. If

r—2

Do Bitad =2 1)

theng, =v,=q¢q—1, 0<i<r—2 dg=q—2,andj; =¢—1, 1 <i<r—2 Thusv=r —1and

S (Bt ) =14 (=1 (a1~ 1=(~1)(g1),

Suppose then that
r—2 .
Do Bitad <2d 1),

From the relation
r—2 2

‘ N LN r—1
Do Bitd =) S+ 1+ 1)
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We conclude that Z:;g 8;¢* < ¢"~' — 1. Then for some m, with0 < m <r—2, 6,, < ¢ —1. We
choose the minimal value for m.

=2 5 NP m r=2 i r—1 _
Do Bt g = Em+ D™+ g+ (¢ 1),

Thusif g, = G;, 7. =i, 0<i<r—2,thend, =0, i <m, 9], =0, +1,andd, =0;, m <i <r—2.
Arguing by congruences as before we see that §; + v, = ¢ — 1 for ¢ < m. Thus

k—1

> Bt =d"~1

for k < m. However 3,, + v, # q — 1 and thus 3, +,, + 1 is prime to g. Moreover ifr —1 > k > m

1+ Z (B +7)6 = (B + m +1)g™ (mod g™ *1).

Thus it is greater than or equal to ¢* if and only if it is greater than or equal to ¢* + 1. It follows that
v = v + m and that

S it 00 = —mla =)+ Y (B -8 =vlg— 1)+ 1.

Since B,_1 + vr—1 — 0,1 = —1 the assertion of the lemma follows.
Now let us treat part (b). In this case

1

Z:Ol(ﬂz +7i)q' = Z::_O 8iq" + (¢" — 1)

and -
1+ “(Bi+)g = = 0 +ed !

withe =6,_1 — 08,1 — V-1 +¢q AgaineisOorl. If 3=y, =q—1for0 <i<r—2thene =1
andd;, =q—1for0<i<r—2. Alsov =rand

S B =00 = (r = 1) (g = 1)+ Bt + s — Frmr = (g~ ).

Having taken care of this case, we suppose that

Z::_j(ﬂi +79)¢ < 2(¢" = 1).

Firsttakee = 0. If 6o = 0then 1 + Gy + 0 = 0 (mod q) and [y + v = g — 1. Thus one of them is
less than ¢ — 1. By symmetry we may suppose itis 5. Let 8, = Bo+ 1, 5, = 3;, 1 <i <r —2,and
Yi=", 0<i<r—2 Sincedy =0

r—2 i r—1 r—1
Yo i <q T —a<g T -1

and d! =6;, 0<i¢<r—1.Alsov = v/ + 1 so that
3

r— r—2
Zi:;(ﬂri‘%—&)Zzizo(ﬂg-i-'yg—é;)—1+q=u(q—1)
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asrequired. If 5o > Otake 3, = f;and | =;, 0 <i <r—2.Thend =dp—1, §, =0;, 1 <i<r—2.

Alsoifk <r—1
k—1

Z (Bi +7:)q" = 6o — 1 # —1(mod q)

and the left-hand side is greater than or equal to ¢* if and only if it is greater than or equal to ¢* — 1. It
follows that v = / + 1. Consequently

r—1

Zi:o

Ife=1takey, =~ and 3. =f3;, 0<i<r—2. Thend, =4d;, 0<i<r—2andv =r"+ 1so that

(ﬂi‘i"}/i_éi):Z::_j(ﬁz{—i_’}/z{_éz{)_1+q:l/(q_1)'

ZI;;(ﬂz + v — 51) = y’(q - 1) + (ﬂ’r—l + Yr—1 — 57._1) = y(q — 1)

Lemma 7.4

Suppose 3; and ~; are two periodic sequences of integers with period r. That is (; 1, = (3; and
Yitr = v; forall i inZ. Suppose 0 < 3; < q—1, 0 <~,; < q— 1 foralli and that none of the numbers

r—1 .
€k = Zizo (Bitk + Yitr)q'

is divisible by ¢" — 1. Let
r—1 i 7‘—16 i da" 1
Zizo(ﬁri-%)q :Zi:[) iq" (modg" —1)

with0 < §; < ¢g—1and Z;;()l 8;q" < q" — 1. If u is the number of ¢, 1 < k < r, which are greater
than or equal to " — 1 then

Z: (Bi +7vi = 0;) = plg — 1).

Since 9 < 2(¢" — 1) and is not divisible by ¢" — 1 it is less than 2(¢" — 1). Thus all we need do
is show that the p of this lemma is equal to the v of the preceding lemma. Observe first of all that
e;>q" —1lifandonlyife; > ¢".

Supposecy < ¢". If1 <k <r

ZT l(ﬂﬂr%)q <q"

so that
r—1 —k _ r—k
E _ Bt vi)g < q k.

Thus, if x> ¢,

r—k—1

q" < Z 5z+k +%irk) 4"+ Z (Bisre + i)’

7" ’“Z B+ vi)g +a "
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and
k—1

> Bt = 4"
Conversely if1 < k < rand

Zk l(ﬂﬂr%)q > q",
then

r—1

2 ico

(Bik +Yirr)d' > Z ﬂz+k + Yirr)q'
=q" ’“Z B+ i)d > d"

Thus . = v in this case.

Now supposeeg > q¢". If 1 < k <r

k—1

ZT 1(5z+%)q >q" —Z (Bi +7:)d" > q" —2(¢" — 1).

k—1

> Bt =d" 1
then

r—1 r—k—1

o Bitk +Yitr) ¢ > Z Bk + Yitk) g+ Z (Bisr + i)’

=q " Zizo (Bi +7i)a" +aq " Zi:k (Bi +)d’
>q M =) +q 7 —2+2¢7"

i

Thus e > ¢" — 1 and hence ¢, > ¢". Conversely ife, > ¢",

q " Z 51 +7i)q = Z::_k(ﬂwrk +Yirk)q'

r—k—1

> T _ A . )
>q Zi:o (Bitr + vitr)a
>q —2(¢"F - 1)

— qr _ 2qr—k +9.

Thus

and again u = v.
Lemma 7.5
Suppose q = p’ is a prime power, ¢ is a positive integer, and (¢,q) = 1. Let fm = 1 (mod ¢) and

if x is any integer let o(x), with 0 < p(z) < g, be the remainder of x upon division by q. If0 < 3 < ¢
and if(x) = p(x)!

Hk . ﬂikiz)) = 1(mod"p).
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If ¢ = (1 + ug with ¢, > 0and u > 0 then /% = Ef(mod*p). Moreover
=1 P((B—k)m) _ fyra-t (B - k)m) =1 P((B—k)m)
Hk:o Y(—km) {Hk:o PY(—km) } {Hk=é1 (—km) }

and
/—1 /—1

[T, wt-km =11, " =TI, w(3-®m).

Thus it is enough to prove the lemma with ¢ replaced by ¢;. In other words we may suppose that
0 < ¢ < q. The case £ = 1 is trivial and we exclude it from the following discussion. Finally we
suppose that 0 < m < gq.

Letq—1 =rl+swith0 < rand 0 < s < £. Arrange the integers from 0 to ¢ — 1 into the following
array.

0 1 2 . . . . . . R |
l [+1 [+2 . . . . . . C20—-1
B—1+1
B
r—1)1 (r—1DIl+1 -0 . rl-1
( U ) q
rl rl+1 . . . . .rl+s

Since £ does not divide ¢, ¢ + s = ¢ — 1 does not lie in the last column. Also ¢ — £ lies in the column
following that in which r¢ + s lies.

We replace each number j in the above array by ¢(jm). The resulting array, which is written
out below, has some special features which must be explained. The first column is explained by the
observation z¢m = x(modq). The other entries, apart from those at the foot of each column, are
explained by the observation that, when 1 < j and z¢ + j lies in the first array, o(z + mj) > r while
0 < ¢(myj) +x < q+ rsothat p(x + mj) = ¢(mj) + z. The position of ¢ — 1 is explained by the
relation m(q — ¢) = —m{ = ¢ — 1(mod q). The other entries at the feet of the columns are explained by
the observation that if 1 < j < ¢ — 1then p(jm) > r > 1whilem(q — k) =m(qg—¥¢)+m{l — k) =
o((—k)m)—1(modgq) ifl <k </{—1.

0 m . . . . . . . o((l—1)m)
l m+1 . . . . . . el =1)ym)+1
e((B—1+1)m)
p(Bm)
r;l m—l—:/”—l g—1 . (p((l—2—'s)m)—1

r m+r . . . . e(l—=1)m) -1
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Suppose first of all that 5 < ¢ — 1. Then the numbers ¢((3 — k)m), 0 < k < ¢ — 1 constitute
the first 3 + 1 together with the last £ — § — 1 numbers in the array. (The order of the numbers in the
array is the order in which they appear when the array is read as though it were a printed page.) The
numbers p(—km), 1 < k < £ — 1, are the last £ — 1 numbers of the array, that is, the numbers after
q — 1. Cancelling in the product of the lemma the terms in numerator and denominator corresponding
to the last £ — 3 — 1 terms of the array, we obtain

[T S0 T ot s

as required.

Now take 5 > ¢ — 1. Then the numbers 3,3 — 1,...,3 — (¢ — 1) occur as indicated in the first
array. In particular there is exactly one in each column. The numerator in the product of the lemma
is the product of the factorials of the corresponding elements of the second array. The denominator is
the product of the factorials of the elements appearing after ¢ — 1. As indicated ¢ is the element lying
above ¢ — 1. Thus t is larger than any element appearing in a column other than that of £. The product
of the lemma is ¢! times the product of the factorials of the other elements on the broken line divided
by the factorials of the elements at the foot of the column in which they lie. Thus it equals ¢! divided
by the product of all the elements below the broken line except those which lie directly below ¢. But ¢!
is the product of all numbers in the second array except those which lie below ¢t. Thus the quotient is
the product of all numbers which lie above or on the broken line, that is,

s B
] = o — B Al *
szl p(jm) = szl Jjm =m" B! (mod"p)
as required.

Lemma 7.6

Suppose that ¢ = p’ isa prime power, that ¢ is a positive integer dividing ¢ —1, that0 < oy < q—1,
that (¢, 1) = 1, and that
st qE -1
g — 7 q— 1 .

Then oy is an integer and 0 < oy < q¢ — 1. Moreover if

= +71q+ . +y_1¢!

with0 <, <qg—1for0<i</{—1then
/-1 -1 . q—l
Zj:o 7= o + Ej:l J- ¢

and
-1

aq =1 jq_ll *
14 Hj:o vl =oq! szl ( 7 > (mod™p).

Certainly 0 < as < ¢° — 1; moreover

1
o =14+q+...+¢" =0 (mods)
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so that ap isaninteger. Letay = ml + kwithm > 0and 0 < k < fandfor0 < j </ let
(L—=1—=5)k=1i;+6;¢

withd; > 0and 0 <i; < . Clearlyi;—; = 0,—1 = 0. Also ({ — 1)k ={¢—k+{(k—1)sothatiy = {—k

and §p = k — 1. If j > 1then (5]'—1 — (5])6 =k+ (2] — ij—l)- Since —/¢ < ij — ij—l <fand 0 < k< ¥

the right-hand side is greater than —¢ and less than 2¢ so that 9;_; —d; isOor 1. Ifitis1thenk+7; > ¢

andi; > £ — k. IfitisOtheni; =i; 1 —k </ — k. Recalling that iy = ¢ — k we see that

S:{jHS]Sg—l and 5j—1_5j:1}:{j’0§j<€ and ij>€—k}}.

We shall prove that

’yo:m-i-’io +k‘—(50

(¢—1)
¢

and
(¢—1)
!/

Since (k,¢) = 1 the numbers i; are distinct and it will follow immediately that

v; =m+ 1, +5j—1_5j 1<5 <4

{—1 =1 qg—1 =1 qg-—1
ijofyj = (m€+k)+zjzoj = +Zj:1 i
Moreover we will have

0—1

L O I A (|

Recall that k£ — 69 = 1. Dividing the first term by

. ()

oI, (i)

The product of the last two terms is

we obtain

-1

szg_k <m+1+j(q;1)>’

If1<n<mand0<j</¢—1thennl—j < a; < ¢so that the product of /™ and the first of these
two expressions is multiplicatively congruent to

H:) Hrzl (nt — j) = (ml)!




Chapter 7 40

Moreover, if ¢ —k < j</{—1,then0< (m+1){—j < (m+1){— (¢{ —k) = a1 < qand the second
of these expressions upon multiplication by /* becomes multiplicatively congruent to

-1

[T, (=i =TI _, tne+j).

The relations together imply the second identity of the lemma.

To verify that the v;, 0 < j < £, have the form asserted, we start with the relation

, _
¢ =1 ml4+k -1 ¢gik
T ¢ _Z]_:quJij:O v

The second term is equal to

£-1 =1\ g¢—1 B -2 N
ijo{<zizoq> — k}+k_k+zj:0(£—1—j)q A=k,
Thus

1

ap = <m+(€—1)k-q%£1+k>+2j;l (m—l—(ﬁ—l—j)k-%) ¢
= (m—i—i(y%—i—k—éo) +ij <m+z‘j-q;€1+6j_1—5j>.
Moreover m < 2% so that
0§m+i0'%+k‘—50<5‘%+1:q

and ) )
Ogm—l—ij-qT—i—&j_l—&j<€-q7+1:q.

The required relations follow immediately.

Now we can state and prove the promised identities for Gaussian sums. Each of these will amount
to an assertion that a certain number in €,,_1) is 1. To prove this we will show first that the number is
invariant under all automorphisms of £,,_) over £,_1) and thus lies in £,_;. The only prime ideals
occurring in the factorization of the number, which is not a priorian algebraic integer, into prime ideals
will be divisors of p. We show that every conjugate of the number has absolute value 1 and that it is
multiplicatively congruent to 1 modulo every divisor of p. It will follow that it is a root of unity in €_;
and hence a (¢ — 1)th root of unity if ¢ is odd and a 2(¢ — 1)th root of unity if ¢ is even. If ¢ is odd the
multiplicative congruences imply that the number is 1. If ¢ is even they imply that the number is +1.
To show that it is actually 1 some supplementary discussion will be necessary.

Stickelberger’s result is directly applicable only to the normalized Gaussian sum 7(x,). We shall
have to use the obvious relation 7(x., V.) = X« (8)7(xx) if ¥ () = ¥ (Ba). If k is an extension of
and v, is given, we set

Y/a(@) = Ya(Sk/a(a))
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for avin k. If X is given x,,, is the character defined by
X2 (@) = XA (Nig/a ().

Lemma 7.7

If k is a finite extension of the finite field and x, and v, are given then
T(Xee /2 U yn) = 4700, n) J .
since x,./x(3) = xx(8)!"* it will be enough to show that

T(xuyn) = {7000 .

Set
_ {r0a)ye
T(XE/A) .

Let A have ¢ = p’ elements and let x have p* = ¢/. It follows immediately from Lemma 7.1 that
the absolute value of 1 and all its conjugates is 1, that it lies in £,,s_,), that it is invariant under all

automorphisms of ¢,,s_1) over £,;_;, and that its only prime factors are divisors of p. The mapping

af—1

B — N,/ B sends fto 37a—T . Thusif a = a(xx,p) and P divides p

f—1
q
a(Xk/ap) = 1 a=a+ag+...+oq

f—1

Applying Lemmas 7.1 and 7.2, we see that

[e%

() = —p (mod'P)

and
wla

T(Xk/a) = ) (mod™P).

Consequently

p=1 (mod™P).
Thus = 1ifgisodd and = +1if g iseven. If x, = 1 then x,,, = 1 and, from part (b) of Lemma
7.1, wis 1. If ¢ = 2 then x, = 1. Suppose then q is even and greater than 2. If y, is not identically 1
choose a prime r dividing the order of x. Set x» = x)xA where the order of x/, is a power of r and
the order of x/y is prime to . The analogous decomposition of ., is X;/)\X/r:/)\' Of course x, and
X«/x have the same order. Define 1/ and " in the obvious way. According to part (f) of Lemma 7.1

pw=p" (modr).

Since r does not divide 2 this implies that . = x””. Thus one can show by induction on the number of
primes dividing the order of y, that ;. = 1.

Lemma 7.8
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Suppose X is a finite field with q elements, « is a finite extension of \, and [k : \| = f. Suppose
¢ is a prime and the order of ¢ modulo ¢ is f. LetT be a set of representatives for the orbits of the
non-trivial characters of x* of order ¢ under the action of &(x/)\) and let x be a character of \*. If i,
is any non-trivial character of A

@) ]

T T(,U/mq/]/-c/)\) = T(X)\ﬂ/])\) Hl (Xm//\ M, ¢m//\)'

.
M € 1 €T

Since the isotropy group of each point in 7' is trivial

SCN | T OESNON | RSN CIAE)

and we may content ourselves with showing that

700 T L. 7)) =700) ]

T T(Xﬁ/z\ HH)'

M €T js

Of course (%) is the value of  at the element of the prime field corresponding to ¢‘. Let u be the
quotient of the right side by the left. The characters of x* of order / are the characters p*, 0 < k < /,
defined by
F-1
q

Since the order of ¢ modulo Zis f, if T = {uk|k € A} every non-trivial character of order ¢ is
representable as 411" with 0 < i < fand k € A. n(q'k) is the remainder of ¢k upon division by
¢. Thus as we already saw, T" has £ elements. Lemma 7.1 again shows that x and all its conjugates

have absolute value 1 and that 4 is invariant under all automorphisms of &,,s _1) over £,;_;.

Let o = a(xx,p) and let B = a(x4,p). Then la= B+ v(qg— 1) withv > 0. If0 < k < £ let

f—1 f—1 .
q
alp, ) =k- === %

with 0 < 4% < ¢ — 1. In particular, 1§ is the residue of & - % modulo ¢. Moreover if k; = ¢’k
(modulo ¢) then

F-1 .
(i, B) =3 Wi o

It is understood that if j + ¢ > £ then fyﬁ{i = yfii_g. Thus if ¢(x) is the remainder of = upon division
by ¢,

F-1
{7} ke A, 0§j<f}={<p<k-q 7 >10<k<€}.

Certainly

F—1
q
a(Xuyr b P) = T otk (mod (¢f — 1)).

Let0 < k' < fandletv + k =k’ (mod¥). Since, by definition, o = 5 4+ v(q — 1)

F -1 -1 -1 F -1
q otk _q P

g1 ] ¢ g1 7 (mod(g’ —1)).
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Since 0 < 3 < ¢ — 1 the right side is non-negative and at most ¢ — 2. Thusiit is a(Xn/a uk B, Let
L =3 o
a(Xr/x the, B) = o 014
with 0 < 6;? < ¢ — 1. Thus &% is the residue of

-1 F -1
q P4

14 q—1 14

modulo g. Since x,, is invariant under automorphisms of /A
k _ f=1 5’f1 J
a(X/-c/)\ :U’/-wm) - ijo i+i 4

if k1 = ¢*k (mod ¢). Since the residue of q Lo modulo g is o,

f_ f_
{ayu{stlo<j<ts, keA}:{go<q ; 1-qfl+kq ; 1) \O§k<€}.

Since x (£°) = £%* (mod*P) the number 1 is multiplicatively congruent modulo B to the quotient

of o -
ww
T DD DA
ol Tlrea ITj=o 0! hea =0
by
e D S
. 7"
B! erA H] O»yfl keA j—0
Since o1 o1
- kY 0 — k g
Z]_O (a—i_’y]) g = =0 (5] a,

q—
Since ; ;
¢ -1 0 g’ -1
q_l Oé"‘Oé(l,LR,(B) q_l )
the number
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is (¢ — 1) times the number of k£, 0 < k < ¢, such that

F -1 F—-1 ¢ —-12p8
q q q

+k- = —+(k+
q—la 14 q—1 ¢ ( V)

The number of such & is v because v < ¢ and

F -1 -1
q B q f f
=+ (- —>1 —1=
01 €+( v+v) ;7 =1+a q
while ; ; ; ;
¢ -1p ¢ -1 ¢ -1 ¢ -1
-+ -1 {—1 =q’ -1
1 U= = <+ (1) — q
Thus

If f/m =1 (mod q)

and

It follows immediately from Lemma 7.5 that

f—1 f-1
¢ o erA Hj:O 5;?! =p erA Hj:O ﬁ!

Thus = 1ifgisodd and u = £1if g is even. If x, = 1 the number p is clearly 1. This time too,
one can apply part (f) of Lemma 7.1 and induction on the number of primes dividing the order of x,
to show that u = 1 if g is even.

Lemma 7.9

Let X be a finite field with q elements and let x be a finite extension of A\ with [k : \] = ¢ where ¢
is a prime dividing ¢ — 1. Suppose x is a character of \* whose restriction to the ¢th roots of unity is
not trivial and x,, is a character of x* such that x*. = x,. /- IFT is the set of non-trivial characters of \*

of order ¢
x0T ) ] (x, ¥a) = T(Xws /)

-
HAET

If o € &(k/\) define x7 by x%(a) = X,i(of’il). Since X7\ = Xw/xs X2t = xuynand X tisa
character of order /. If y2~! = 1 for some o # 1 then itis 1 for all o and y,(a) = lifaisa (¢ — 1)th

K

power, that is, if N,/ () = 1. Consequently there is a character v of \* such that x,. = v,,5. Then
uﬁ =y and x, is trivial on the /th roots of unity, contrary to assumption. Thus

X7 o # 1} = {peyn | ur € T
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If 3 € \*and 3 = N, /»(v) then

xe(B) =[] %" =206 I, X0 0 =28 T, m (),

o#l

because 1) (3) = /2 (7), and it will be enough to show that

a0 00) T i) = m(x0)-

HXET

Let o be the quotient of the left side by the right. Thus x is a number in £,,_1) and the only
primes appearing in the factorization of . are divisors of p. Since x,,» is not identically 1 neither is x;.
Thus the absolute value of i and all its conjugates is 1. Let « = a(xx,p) and let 8 = a(xx,P) where
P divides p. Then

¢
-1
08 = al (mod(q* — 1)).
Since ¢ divides % we can write
¢ ¢
¢ -1 a . ¢-1
8= 2. ,
q—1 ¢ 14

Since the restriction of y to the /th roots of unity is not trivial, « - ‘%1 # 0 (mod (¢ — 1)). Thus ¢ does
not divide c. Forall 7 > 0

T@f)ZTWQ-

Moreover
i at -1 « at —1 - ¢ -1 o , ¢ —1
p = | t—1 — —j¢" -1
a(m,%> 17 7 + (g )q T o7 =)
-1 -1 -1
_ 4 a, [q il
q—1 /¢ q—1 l

o(xl ) = 7 (mod(g —1)).

Both sides of this congruence are non-negative and less than ¢ — 1. Thus it is an equality and we can

£_ . i . .
assume that § = quf - 7+ The set T consists of the characters pwh, 1< j <£—1,defined by

o, B) =7 (4 1)

Under the automorphism z — 2™ of k,(,c_1) over k,._; the number 4 is multiplied by
X=1(m) xa(m) [1,.,er #a(m) which is 1 because m belongs to A. Let

ﬂz%—i—%q#—...—i—w_lqe_l
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with0 <~; <g—1. Then

e . 1
7(Xk) = 7—1 (mod™P), e= Z 0 Vis
H]:O J I
and
-1 , 0o =1 g—1
7\ — * [ L=
@m0 [ 76) = AT G0, (mod"), &' =a+d i

Lemma 7.6 implies immediately that © = 1 (mod™B). Thus u = 1if ¢ is odd and . = +1 if ¢ is even.
If ¢ is a prime divisor of ¢ — 1 different from ¢, we write x as x xs where the order of x/ is a power
of ¢/ and the order of x¥ is prime to ¢. In a similar fashion we write x,. as x/.x/.. The pair x4 and x/.
also satisfy the conditions of the lemma. The final assertion of Lemma 7.1 shows that, if ;/’ is defined
in the same way as i, 1 = /. Arguing by induction we see that it is enough to verify that ;» = 1 when
the order of x, is a power of £. Applying the last part of Lemma 7.1, again we see that there is a prime
q dividing £ such that

T(xa) =7(xs) =7(1y) =1 (modq).

Since x(¢) is an ¢“th root of unity for some w,
xA(¢) =1 (modq).

Thus i =1 (mod¢) and p = 1.
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Chapter Eight.

A Lemma of Lamprecht

Let F' be a non-archimedean local field and let ¢ be a non-trivial character of F'. n = n(yp) is
the largest integer such that v is trivial on P.". If x r is a quasi-character of Cr, m = m(xr) is the
smallest non-negative integer such that x is trivial on Uz'. If v in CF is such that yOp = }?Jr” set

N fUF Vr <%> X;ﬂl(a)da
Ay(xF,YF;Y) = UUF U <%> X;ﬂl(a)da"

Then
A(xr,vr) = xr(7)A1(XF, YF, 7).

As suggested by Hasse [8], we shall, in the proofs, of the main lemmas, make extensive use of the
following lemma which is central to the paper [10] of Lamprecht.

Lemma 8.1

(@) Ifm =m(xr) = 2d with d integral and positive there is a unit 3 in O such that

Oz

(e <7> =xr(l+x)
for all z in L. For any such j3
) — By -1
A1(xF,¥F;Y) = YF 5 ) Xr (B).

(b) Ifm =m(xr) = 2d + 1 with d integral and positive there is a unit 3 in O such that, for all z in
d+1
F 1l

YF (%) = xr(1+x).

For any such 3, Ai(xr,¥r;7) is equal to

B\ 4 foF/pF YF (‘WT:C) X' (14 0z)dz
Yr <_> Xr (B) . ——
7 UOF/PF YF <T> XF (l-l-(;x)dx‘
if50p = P

Let m = 2d + € with e = 0 in case (a) and € = 1 in case (b). The function ¥ <%> , x€0F, y€

<€ can be regarded as a function on

Or /PE x PE/BH.
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For fixed x it is a character of PL /P which is trivial if and only if x € ¢ and for fixed y it is a

character of O /P% which is trivial if and only if y € P2, Thus it defines a duality of Or /3% and
PLE /P, The existence of a 3 such that

yr(1+2) = ¥r (%)

for 2 in L follows immediately from the relation
xr(l+z)xr(14+y)=xr(l+z+y)

which is valid for 2 in LS. The number 3 must be a unit because y (1 + z) is different from 1 for
some z in PP

In case (a)

is equal to

/ st (%) () { /qB e (@) dx}da.

The main integral is 1 or 0 according as o — 3 does or does not lie in §p%. Thus this expression is equal

to
Yr <§> Xz (B8) [Ur : UL

The first part of the lemma follows.

d
F

In case (b)

is equal to

/UF/U;“ Yr <%> Xr'(a) {[3?1 YF <@> dx}da.

The inner integral is 0 unless a — G lies in Plii when it is 1. Thus this expression is equal to

1)
Yr (g) Xp (B) [Up : UE™! /OF/‘BF Yr (%) Xp' (14 dz)dz.

The second part of the lemma follows.

The number 3 is only determined modulo $3%.. When applying the lemma we shall, after choosing
0, set

B -
Ao(XF,YF;y) = YF <; XFl(ﬁ)
and then define As(x#, ¥ r;7y), which will be 1 when m is even, by the equation,

Ai(xr,¥r;y) = Ao(XF, YY) As(XF, YF; ).
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When we need to make the relation between /5 and  explicit we write 5 as 3(xr). To be of any use
to us this lemma must be supplemented by some other observations.

If K is a finite Galois extension of F’ any quasi-character xr of Cr determines a one-dimensional
representation of Wy, whose restriction to C'x is a quasi-character x i, 0f Cx. The character xx/p
may be defined directly by

Xi/r(a) = Xr(Ng/ra).

More generally, if £ is any finite separable extension of F' we define xg,r by

Xe/r(@) = Xr(Ng/pa).
To apply the lemma of Lamprecht we shall need to know, in some special cases, the relation between
B(xr)and B(xg/r).

Suppose m is a positive integer and m = 2d + € where ¢ is 0 or 1 and d is a positive integer. Let
m/ = Yg/p(m—1)+1and letm’ = 2d’ + <" where ¢’ is 0 or 1 and d’ is a positive integer.* Since v, p
is convex
m—1

1 1 1
YE/F <T> < svYg/rp(m—1)+ 5 VYe/r(0) = 3 (m'—1)<d +¢

and
d +e =vg/p(u)

with u > mT‘l Since the least integer greater than T”T‘l isd + ¢, Lemma 6.6 implies that
Ng,p (Ug’+€’) < UE < Udte,
In other words, if € L <" then

Np/p(1+z)— 1€ Pete.

Lemma 6.6 also implies that

ifz € P2 Ifz e PLH and y € P’ then

Ngyp(l+2z+y)—1=Ng/p(l1+2)Ng/F <1 + 7 > -1

is congruent to

modulo P7. Thus if z € L and y € PLT" so that zy € P2’ then
Ng/r(l+x+y)—1=Ng/p(l+z+y+ay) —1 (modPg).

The right side is
Ng/p(1+2)Ng/p(14+y) — 1,

* We are here dealing not with an additive character, but with the function of Chapter 6!
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which equals

{Ngr(1+2) =1} +{Ng/pr(1 +y) = 1} + {{(Ng/r(1 +2) — 1) (Ng/r(1+y) — 1)}

and this is congruent to
{Ng/p(1+2) =1} + {Ng/p(1 +y) — 1}
modulo ‘B’%. Thus the map

is a homomorphism from ‘,B‘,ZE/JFE//‘B@/ to BLTe /P, If E C E' we canreplace F by E, E by E', m by
m/, and m’ by g /p(m’ — 1) + 1, and define P/ g. Since Y/ /p =Yg /g 0 g r and

the relation
Pgp = Pg/roPr/p
is valid.
Ifn = n(yp) and n’ = n(yg,r), choose v in Cr so that ypOp = PET" and v in Cg so that
veOr = By +7° | apologize again for the unfortunate conflict of notation. Y/ is on the one hand

a function on {u € R|u > —1} and on the other a character of E. However, warned one again, the
reader should not be too inconvenienced by the conflict. Define

Pj g Op/B% — Op/%Y

x P, P ()
¢F< ]i//FF(y)> :¢E/F< E/F ?/)

YE

by the relation

It will often be necessary to keep in mind the dependence of PE/F on vr and vg. Then we shall write

PE/F(QC) = PE/F(ﬂf;’YE,VF).
It is clear that

Pgp(@;vevr) = Pgryp(Pg p(T76,7F)i Y, VE)-

Lemma 8.2

Let K/ F be abelian and let G = & (K /F'). Suppose there is an integer t such that G = G; while
Giy1 = {1}. Supposem >t + 1 and m > 1 and ~r is chosen. If ur belongs to S(K/F), the set of
characters of Cr /Nk rCk, then m > m(ur) so that for some o(ur) in Or

pr(l+2) =9Yp <M>

YF

for all x in ‘13353“5. The element v may be taken equal to vr and ifPI*(/F(ﬂ) = PI*(/F(ﬂ; Yr,YF) then

Niyr(Pieyp(8) =[] (B+ a(ur)) (mod i)

HF
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forall 3in Op.

Ift = —1then n(yr) = n(¢k,r) and m’ = m so that yx may be taken equal to yx. If t > 0 the
extension is ramified. Let ‘Bif/F be the different of K/ F. Then

n(Yr/r) = [K : FIn(Yr) + 6k /p-

By definition
Yp(m—1)=t4+[K: F](m —t—1).

By Proposition 4 of paragraph 1V.2 of Serre’s book dx/p = ([K : F] — 1)(t +1). Thus
m* +n(Yr/p) = [K: F](m+n(yp))

and we can again take vx = vyp.

Since m(pp) =t + 1 we have m > m(up) and

pr(l+z+y)=pr(l+x)pr(l+y)

for x and y in ‘,B?,“. Thus the existence of a(ur) is assured. The last assertion of the lemma will be
proved by induction. We will need to know that if 2 = y(mod B ) then

Nk px = Nig/py(mod Pg).

When proving this we may suppose that Ox = B’ with r < d" and that £ belongs to Og. Then

— X

If » > d there is nothing to prove. Suppose r < d. If ' —r = 9 k/r(u) and s is the smallest integer
greater than or equal to u the right side belongs to &]3‘}”. Since the derivative of ¢, r is at least one
everywhere ¢i /p(u + 1) > d'. But

m' —1

d >
D)

1 1 -1
=3 VYi/p(m—1) + B VYi/r(0) > Y/r <mT> .

Thus uw +r > mT‘landerrzd.

Suppose FF C L C K and L/F is cyclic of prime order. Let H = &(K /L) and let G = &(L/F).
Certainly H = H, while H;, = {1}. Since ¢ ,p(t) = ¥/ (t) = t, we have ¥, ,p(t) = t and, by
Herbrand’s theorem,

G,=G =HG'/H =G/H =G.

Moreover t + 1 = v/ p(t + &) with § > 0 so that
G =G =HG™W/H = H/H = {1}.

Finally, ¢r,/p(m —1) +1 >t + 1 so that L/ F and K /L, with m replaced by v,/ (m — 1) + 1, satisfy
the conditions of the lemma. S(L/F) is a subgroup of S(K/F). If ur and vg belong to S(K/F) then
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pr/r = vp,p if and only if ur and v belong to the same coset of S(L/F). Take S to be a set of
representatives for these cosets; then

S(K/L) =A{pr/r |nr | pr € S}

We take a(puprvr) = a(pr) + a(vr) if pp belongs to S and vg belongs to S(L/F). If ur belongs to S
we take a(ur,,r) to be PL*/F(O‘(NF))- If the lemmais valid for K /L and L/F then

NK/F(PI*(/F(ﬁ)) = NL/F(NK/L(PI*(/L( z/F(ﬁ)))

which is congruent modulo P to

Neye (T1, _o(Pise(8)+ Piye(alur)))

or
[, o tNu/w(PLyp(8+ alur)}.

This is congruent modulo P¢ to

HuFES Hypes(L/p){ﬂ +a(pr) +a(vr)}

which equals

HuFGS(K/F){ﬁ + a(pr)}-

Thus it is enough to prove the lemma when K/ F'is cyclic of prime order. In this case more precise
information is needed and the assertion of the lemma will follow immediately from it.

Lemma 8.3
If K/ F is unramified and m > 1 we may take PI*(/F(ﬂ) =f.
According to paragraph V.2 of Serre’s book

Ngyr(1+y) — 1= Sk/r(y) (mod Pg)

ify € PL+' Thus Py r(y) = Sk, r(y) and
T Py /ry T
vr (—K/F ) — Yp (—y) |
YF YF

Suppose K/ F is abelian, totally ramified, and [K : F] = /¢ is an odd prime. If d > t + 1 we may
take Py, (8) = f.
The relation

Lemma 8.4

m =t+14+lm—-1—t)=lm—(t+1)(¢—1)
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implies that m’ = m (mod 2), ¢’ = ¢, and

— l—1
d =1td+ (e—t—l):d—i—T(m—t—l).
Since
-1
T(m—t—l)Zm—t—lZd—i—s
we have
d'+¢ >2(d+¢e)>m.
Moreover

Q(d/+5,)+5K/F > m'+5K/F
l - l
so that by Lemma 5 of paragraph V.3 of Serre’s book

Ng/p(1+x) — 1= Sk p(r) (modPx')

if 2 € PL . The lemma follows.
Let p be the characteristic of O /B .
Lemma 8.5

Suppose K/ F' is abelian, totally ramified, and [K : F'| = ¢ is an odd prime. Supposet+1 < m <
2t + 1. Choose a non-trivial character ;1 in S(K/F'). We may choose o = o) so that aOp = By,
ifm=1t+1+wv,sothata = Ni,rpay for some a;y in Ok, and so that

axr
ur(1-+2) = v (22
F
for x in‘B%.. Here s is the least integer greater than or equal to % If ( is a (p — 1)th root of unity in F
there is a unique integer j with 1 < 5 < p — 1 such that { — j lies in 3. Set H% = ufp. We may take
a(u%) to be Ca. If 3 belongs to O we can find a 3, in Ok such that 8 = Ng 31 (mod BL). Then

e/ p(0) = 5= By - (mod B).

purp(l4+z) =Yg <%>

for z in ‘B3, then, necessarily, «Or = P7. Choose §; in Ok suchthat 6,0k = P andsetd = N o1,
Set o = wd where w is yet to be chosen. We must have

pr(l+z) =9Yr <w—5x>
YF

if z € P%. This equation determines the unit w modulo P% if » = ¢t — s. Since any unit is a norm
modulo 3. we may suppose w = Ng pwi. Take aq = wedy. (1 exists for a similar reason.
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The number ¢ — j must lie in pOp. But K/F is wildly ramified, because 2t +1 >m > 1, { =p
and p = Sk /(1) so that, by paragraph V.3 of Serre’s book, p belongs to B} if u is the greatest integer
in

t+1
5

However d + ¢ > ssothatd + ¢ +u >t + 1 and, if = belongs to PE=, (¢ — j) lies in P&, Thus

Ur <M> =pr(1+((—jz) =1

YF

; (t+1) >

and .
pp(L+a) = pp(l+a) = ¢r <ﬂ> = p <<O‘—x>
TF TF

Since
23+5K/F S t+1+(5K/F

l - L
The lemmas of paragraph V.3 of Serre’s book imply that

=t4+1.

Ni/p(1+3) =14 Sg/p(2) + Ngyp(z) (mod PE)
if z belongs to ‘B3, and then
1= pr(Ng/p(1+2)) = pr(l + Sk/p(x) + Ng/p()).
As we observed d + ¢ > s. Moreover d + ¢ < t + 1 so that

d 0
CHEFTORIF S g e

and Sy, r(z) and Nk, p(z) belong to PE if 2 belongs to P& . Thus, for such z,

op <QNI;;F(95)> — yp <_O‘SK/F(J3)>.

YF

Again
2 d, ! 1)
(d'+¢€") +0k/F S

so that
Ng/p(1+x) — 1= Sk p(v) + Ng/p(z) (mod PBE)

if 2 € P Moreover
l—1
d’—i—s’zd—i—s—i—T(m—t—l)Zd—i—s

so that Nk, (z) and hence Sk () belong to ‘Bifra. Thus
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But $,z/a belongs to L+~ and

d+e —v=d+e+ v—v>d+e

so that

(o (%) — ¥r <ﬂSK/F(I)r;/BNK/F(x)>

which equals
Biz

BSk/rp(x) —aS o a -
or K/F K/F( ) — Yr/r ((5_ﬂ> _)

TF (€51 TF

as required.
Lemma 8.6

Suppose K/ F is a wildly ramified quadratic extension,m >t +1,and m =t + 1 + v. Let ur be
the non-trivial character in S(K/F'). If 3 belongs to O there is a 3, in Ok and a é in U} such that
B = 6Ny 1 (mod PE). We can choose a = a(pur) so that

pp(1 4 2) = ¥p (O‘i“”)
YF

if x is in ‘B3 and so that o = N /PO for some o in Ok . Here s has the same meaning as before.
Thus, if r is the integral part of %, t 4+ 1 = r + s. With these choices

prad

aq

v (8) =8 — (modpg’) .

If 3 = 0 the existence of § and f3 is clear. Otherwise we can find a 3; such that Ng,r31/8 is in
UL.. We choose § accordingly. If m = ¢+ 1+ v and

adx

pr(1+ ) = ¥ (—)

YF

for z in P% then Opa = PL.. Choose 7y in Ok so that O = P and setn = Ny pnr. Seta = wn
where w is yet to be chosen. We must have

pr(l+2) = U (“’”‘”")
YF

if z € P%.. This equation determines the unit w modulo 7. Since any unit is a norm modulo % we
may suppose w = Ng pwi. Take a; = w1,

Since the extension is quadratic

Ng/p(14+2) =14 Sk p(x) + Ng/r(2x).
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Since

3+5K/F _ S+t+1 > g
2 2 -

both Sk, r(x) and Nk /p(x) are in B3 if 2 belongs to P and

. <a5N;<;F(x)> — ¥ <—a55K/F(x)>.

VF

We have m’ =2m — (t+1)and d' =m —s,sothatd + ¢’ =m —randd + ¢ —v =s. Thusifx

belongs to PL+’

BNk r(z) = adNg/p <%1x> (mod PE)

and (1x/aq lies in P5.. Consequently

P
v (—ﬁ K”“”) — Yxr <<ﬁ—mo‘—5> i)
YF a1 ) VF

as required.
Lemma 8.7

If K/ F is a tamely ramified quadratic extension and m > 2 we may take P;; / #(B) = 8.

Noticethatt +1 =1sothatm >t + 1. Inthiscasem’ =2m -1, d =m—1,and d’ +¢< = m.
If 2z € pdte
Ng/p(1+x) =1+ Sk p(v) + Ng/p(x)
is congruent to
modulo ‘B’%%. The lemma follows.

To complete the proof of Lemma 8.2 we have to show that if K/ F is cyclic of prime order

Ni/e(Prp(8) =] (8 +a(ur)) (mod Pf).

pr€S(K/F)

We consider the cases discussed in the previous lemmas one by one. If the extension is unramified we
may take all the numbers «(ux) to be 0. The congruences then reduce to the identity 5" = ". The
same is true if K/ F is cyclic of odd order and d > t + 1 or K/ F'is quadratic and ¢t = 0. If K/F'is cyclic
ofodd order fand t + 1 < m < 2t + 1 the right side becomes

/Bﬁ . 50/—1.
If 5= 0(mod ‘,B%) both sides are congruent to 0 modulo S]ijﬁ. Suppose 3 does not belong to ‘B‘;@ and
ﬂOF = ‘,]31}? Then ﬁlOK = gﬁp?{ and
(6%
NK/F (ﬁ - b —>
Qg
is congruent to

{— . .
ﬂ@ _ﬂaé—l _’_Zi:i(_l)zﬂﬁEz <%>
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modulo ‘13‘;2. If z € K then E(z) is the ith elementary symmetric function of = and its conjugates.
Moreover 3;a/(a; belongs to ‘,13%_1) =) fp_1>i>1

=1 (v—u)+(—-1)(t+1) - (—1)(v+t+1)

7 7 — fu.

The right side is

Lgl)m—puZd—ﬁu.

The argument of paragraph V.3 of Serre’s book shows that
(% _
Ng/r <5 - b a_1> =B — Ba’"! (mod Pir).

For a wildly ramified quadratic extension we use the notation of Lemma 8.6. The right side of the
congruence may be taken to be 32 + Bad. The identity is again non-trivial only if 30r = % with
u < d. Then the left side may be taken to be

8% = 365k F (%) + 6%aNk rb

which is congruent to

B2+ aBs — 8258k, p <%>

modulo P¢. Since
v—u+t+1 _m
2 2

we have

B82Sy p <%> =0 (mod P).

Suppose x r is a quasi-character of Cr, m = m(xr), and 8 = B(xr). If, as sometimes happens,
m' = m(XK/F) we can take 5(XK/F) = P[*(/F(ﬁ)'

Lemma 8.8

Suppose K/F' is Galois and G = &(K/F). Suppose s > 0 is an integer and G° = {1}. If
m = m(xr)andm > s then

m' =g p(m—1)+1=m(Yg/r).
It follows from paragraph V.6 of Serre’s book that
P v v
NK/F(UKK/F( =up

if v > 5. Thus x/p is trivial on Uy if u > g /p(m — 1) but is not trivial on Ul ifu= Y /p(m—1).
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We can now collect together, with one or two additional comments, the previous results in a form
which will be useful in the proof of the first main lemma. We use the same notation.

Lemma 8.9
Suppose K/ F is a cyclic extension of prime order ¢, xr is a quasi-character of Cr, m(xr) >
t+1, m(xr) > 1, and m(xx/r) — 1 = Yr/r(m(xr) — 1).

(@) If K/F is unramified we may take 3(xx,r) = B(xr) and B(urxr) = B(xr) for all ur in
S(K/F).

(b) If¢is odd and d > t + 1 we may take 3(xx/r) = B(xr) and B(prxr) = B(xr) for all prp in
S(K/F).

(c) Iftisoddandt+ 1 < m < 2t + 1 and ur is a given non-trivial character in S(K/F) we may
choose o = a(ur) = Nk pay asin Lemma 8.5 and 3 = 3(xr) = Ng/pf1 for some 3y in Uk.

Then we may choose
(6%
B(xr/r) =B — B o

(07

and
5(#%)