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Chapter 1 ii

Introduction

Two of the best known of Hecke’s achievements are his theory of L-functions with grossen-
charakter, which are Dirichlet series which can be represented by Euler products, and his theory of the
Euler products, associated to automorphic forms on G L(2). Since a grossencharakter is an automorphic
form on GL(1) one is tempted to ask if the Euler products associated to automorphic forms on GL(2)
play a role in the theory of numbers similar to that played by the L-functions with grossencharakter.
In particular do they bear the same relation to the Artin L-functions associated to two-dimensional
representations of a Galois group as the Hecke L-functions bear to the Artin L-functions associated
to one-dimensional representations? Although we cannot answer the question definitively one of the
principal purposes of these notes is to provide some evidence that the answer is affirmative.

The evidence is presented in §12. It come from reexamining, along lines suggested by a recent
paper of Weil, the original work of Hecke. Anything novel in our reexamination comes from our point
of view which is the theory of group representations. Unfortunately the facts which we need from the
representation theory of GL(2) do not seem to be in the literature so we have to review, in Chapter I,
the representation theory of GL(2, F') when F' is a local field. §7 is an exceptional paragraph. It is not
used in the Hecke theory but in the chapter on automorphic forms and quaternion algebras.

Chapter I is long and tedious but there is nothing hard in it. Nonetheless it is necessary and
anyone who really wants to understand L-functions should take at least the results seriously for they
are very suggestive.

§9 and §10 are preparatory to the Hecke theory which is finally taken up in §11. We would like to
stress, since it may not be apparent, that our method is that of Hecke. In particular the principal tool is
the Mellin transform. The success of this method for GL(2) is related to the equality of the dimensions
of a Cartan subgroup and the unipotent radical of a Borel subgroup of PG L(2). The implication is that
our methods do not generalize. The results, with the exception of the converse theorem in the Hecke
theory, may.

The right way to establish the functional equation for the Dirichlet series associated to the
automorphic forms is probably that of Tate. In §13 we verify, essentially, that this method leads to the
same local factors as that of Hecke and in §14 we use the method of Tate to prove the functional equation
for the L-functions associated to automorphic forms on the multiplicative group of a quaternion
algebra. The results of §13 suggest a relation between the characters of representations of GL(2) and
the characters of representations of the multiplicative group of a quaternion algebra which is verified,
using the results of §13, in §15. This relation was well-known for archimedean fields but its significance
had not been stressed. Although our proof leaves something to be desired the result itself seems to us
to be one of the more striking facts brought out in these notes.

Both §15 and §16 are after thoughts; we did not discover the results in them until the rest of the
notes were almost complete. The arguments of §16 are only sketched and we ourselves have not verified
all the details. However the theorem of §16 is important and its proof is such a beautiful illustration
of the power and ultimate simplicity of the Selberg trace formula and the theory of harmonic analysis
on semi-simple groups that we could not resist adding it. Although we are very dissatisfied with the
methods of the first fifteen paragraphs we see no way to improve on those of §16. They are perhaps
the methods with which to attack the question left unsettled in §12.

We hope to publish a sequel to these notes which will include, among other things, a detailed
proof of the theorem of §16 as well as a discussion of its implications for number theory. The theorem
has, as these things go, a fairly long history. As far as we know the first forms of it were assertions about
the representability of automorphic forms by theta series associated to quaternary quadratic forms.
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As we said before nothing in these notes is really new. We have, in the list of references at
the end of each chapter, tried to indicate our indebtedness to other authors. We could not however
acknowledge completely our indebtedness to R. Godement since many of his ideas were communicated
orally to one of us as a student. We hope that he does not object to the company they are forced to keep.

The notes™ were typed by the secretaries of Leet Oliver Hall. The bulk of the work was done by
Miss Mary Ellen Peters and to her we would like to extend our special thanks. Only time can tell if the
mathematics justifies her great efforts.

New York, N.Y. August, 1969
New Haven, Conn.

* that appeared in the SLM volume



Chapter I: Local Theory

§1 Weil representations.  Before beginning the study of automorphic forms we must review the repre-
sentation theory of the general linear group in two variables over a local field. In particular we have to
prove the existence of various series of representations. One of the quickest methods of doing this is
to make use of the representations constructed by Weil in [1]. We begin by reviewing his construction
adding, at appropriate places, some remarks which will be needed later.

In this paragraph F' will be a local field and K will be an algebra over F' of one of the following

types:
(i) The direct sum F' & F.
(if) A separable quadratic extension of F'.
(iii) The unique quaternion algebra over F'. K is then a division algebra with centre F'.

(iv) The algebra M (2, F') of 2 X 2 matrices over F.
In all cases we identify F' with the subfield of K consisting of scalar multiples of the identity. In
particular if K = F' & F we identify F' with the set of elements of the form (z, z). We can introduce an
involution ¢ of K, which will send z to z*, with the following properties:

(i) It satisfies the identities (x 4+ y)* = z* + y* and (zy)" = y'a’.
(ii) If z belongs to F' then x = z*.
(iii) For any z in K both 7(z) = = + 2* and v(z) = xz* = z'x belong to F.
If K =F@&Fandx = (a,b) wesetz" = (b,a). If K is a separable quadratic extension of F' the
involution ¢ is the unique non-trivial automorphism of K over F. In this case 7(z) is the trace of z and

v(x) is the norm of z. If K is a quaternion algebra a unique ¢ with the required properties is known to
exist. 7 and v are the reduced trace and reduced norm respectively. If K is M (2, F') we take ¢ to be the

involution sending
_fa b
S |

= (4)

Then 7(z) and v(x) are the trace and determinant of .
If ) = 1 is a given non-trivial additive character of F' then ¢k = ¢ r o7 is anon-trivial additive
character of K. By means of the pairing

to

(z,y) = YK (vy)

we can identify K with its Pontrjagin dual. The function v is of course a quadratic form on K which is
a vector space over I'and f = v r o v is a character of second order in the sense of [1]. Since

v(z+y) —v(z) —v(y) =T(zy")

and
fa+y)f @) () = (=)

the isomorphism of K with itself associated to f is just ¢. In particular v and f are nondegenerate.
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Let 8§(K) be the space of Schwartz-Bruhat functions on K. There is a unique Haar measure dz
on K such that if ® belongs to §(K) and

then

The measure dx, which is the measure on K that we shall use, is said to be self-dual with respect to 1x .
Since the involution ¢ is measure preserving the corollary to Weil’s Theorem 2 can in the present
case be formulated as follows.

Lemma 1.1. There is a constant v which depends on the {p and K, such that for every function ®
in 8(K)

| @ D) oxctu) dy = @) 2'(2)
K

® x f is the convolution of ® and f. The values of -y are listed in the next lemma.
Lemmal2 (i) If K=F®F or M(2,F) then v =1.

(ii) If K s the quaternion algebra over F' then v = —1.
(i) If F =R, K =C, and

then

(iv) If F' is non-archimedean and K is a separable quadratic extension of F' let w be the quadratic
character of F* associated to K by local class-field theory. If Ug is the group of units of F™*
let m = m(w) be the smallest non-negative integer such that w is trivial on

Upt ={a€Up|a=1(modpy)}

and let n = n(yp) be the largest integer such that ¢p is trivial on the ideal p". If a is any
generator on the ideal p'i™™ then

fUF w () Yp(aa™t) da ‘
fUF w (@) Yp(aat) da

’Y:W(a)‘

The first two assertions are proved by Weil. To obtain the third apply the previous lemma to the
function

D(z) = e~ 2",

We prove the last. It is shown by Weil that |y| = 1 and that if ¢ is sufficiently large - differs from

/Z Yp(zx') dz
P
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by a positive factor. This equals
/ Yr(xx') ||k dxx:/ Yp(xat)|zat|pd*x
Pi’ Pi’

if d*x is a suitable multiplicative Haar measure. Since the kernel of the homomorphism v is compact
the integral on the right is a positive multiple of

/( 72)1&1:(:5) |x|p d™ .
v(px

Set k = 2¢ if K/F is unramified and set k = ¢ if K/F is ramified. Then v(p’) = pz* Nv(K).
Since 1 + w is twice the characteristic function of v(K ) the factor  is the positive multiple of

/ka Yp(z)de + /ka Vp(z)w(z) de.

For ¢ and therefore k sufficiently large the first integral is 0. If K/ F is ramified well-known properties
of Gaussian sums allow us to infer that the second integral is equal to

[ (o (z)

Since w = w™ " we obtain the desired expression for v by dividing this integral by its absolute value. If
K /F is unramified we write the second integral as

.:)(—l)jk {/pF’“” Yr(z)de — /ppk”“ Yr () dx}

J

1

In this case m = 0 and

/pkﬂ' Yp(x)dr

F

is 0if k — j > n but equals ¢*~7 if k — j < n, where ¢ is the number of elements in the residue class
field. Since w(a) = (—1)" the sum equals

w(a) { g™ + 2(1)qu_j (1 - é)

A little algebra shows that this equals %ﬁm“

seen to equal the expression given in the lemma.
In the notation of [19] the third and fourth assertions could be formulated as an equality

so that v = w(a), which upon careful inspection is

7= ME/F,¢r).

It is probably best at the moment to take this as the definition of A\(K/F, ¢r).
If K is not a separable quadratic extension of F' we take w to be the trivial character.
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Proposition 1.3 There is a unique representation r of SL(2,F') on 8(K) such that

0 r((§ o) )o@ =wla)lalafea)
i r( (o 7))o =vetrorem

(i) r< <_(1) é) )cp(x) )

If 8(K) is given its usual topology, r is continuous. It can be extended to a unitary representation
of SL(2,F) on L?(K), the space of square integrable functions on K. If F is archimedean and ®
belongs to S(K) then the function r(g)® is an indefinitely differentiable function on SL(2, F) with
values in §(K).

This may be deduced from the results of Weil. We sketch a proof. SL(2, F') is the group generated

a 0 1 = (0 1 . o . .
bytheelements(O a1>'<0 1>,andw—<_1 O) with o in /' and z in F' subject to the

relations

(@) oG 2= (% o)w

) =3 5)

o o3 )= ) )0 )

together with the obvious relations among the elements of the form (g a91 and (1) i) Thus

the uniqueness of r is clear. To prove the existence one has to verify that the mapping specified by
(i), (ii), (iii) preserves all relations between the generators. For all relations except (a), (b), and (c) this
can be seen by inspection. (a) translates into an easily verifiable property of the Fourier transform. (b)
translates into the equality 7* = w(—1) which follows readily from Lemma 1.2.

If a = 1 the relation (c) becomes

/K ©(0) Ve (v()) 0.2’} dy = yor(-v(a)) | (v (0)). ") dy (13.1)

K

which can be obtained from the formula of Lemma 1.1 by replacing ®(y) by ®'(—y*) and taking the
inverse Fourier transform of the right side. If a is not 1 the relation (c) can again be reduced to (1.3.1)
provided v is replaced by the character + — 1 (ax) and v and dz are modifed accordingly. We refer
to Weil’s paper for the proof that r is continuous and may be extended to a unitary representation of
SL(2,F)in L*(K).

Now take F' archimedean. It is enough to show that all of the functions r(g)® are indefinitely
differentiable in some neighborhood of the identity. Let

reF }

= qo 1)
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ae={(5 L) |aer}

Then NrpwApNp is a neighborhood of the identity which is diffeomorphic to N x Ar X Np. Itis
enough to show that

and let

¢(n,a,ny) = r(nwan)®

is infinitely differentiable as a function of n, as a function of a, and as a function of 7; and that
the derivations are continuous on the product space. For this it is enough to show that for all ® all
derivatives of r(n)® and r(a)® are continuous as functions of n and ® or a and ®. This is easily done.

The representation r depends on the choice of 9. If a belongs to F'* and ¢/ (z) = ¢ r(ax) let
' be the corresponding representation. The constant v/ = w(a)~.

Lemma 1.4 (i) The representation v’ is given by

w=e((5 (1))

(i) If b belongs to K* let A\(b)®(x) = ®(b~'x) and let p(b)®(x) = ®(xb). If a = v(b) then

and
' (9)p(b) = p(b)r(9).
In particular if v(b) = 1 both A(b) and p(b) commute with r.

We leave the verification of this lemma to the reader. Take K to be a separable quadratic extension
of F or a quaternion algebra of centre F. In the first case (K *) is of index 2 in F'*. In the second case
v(K*)is F* if F is non-archimedean and v(K*) has index 2 in F'* if F'is R.

Let K’ be the compact subgroup of K consisting of all x with v(z) = za* = 1 and let G be the
subgroup of GL(2, F') consisting of all g with determinant in (K ™). G4 hasindex2or1in GL(2, F).
Using the lemma we shall decompose 7 with respect to K and extend r to a representation of G ;.

Let Q2 be a finite-dimensional irreducible representation of K * in a vector space U over C. Taking
the tensor product of r with the trivial representation of SL(2, F') on U we obtain a representation on

S(K)®cU =8(K,U)

which we still call » and which will now be the centre of attention.

Proposition 1.5 (i) If 8(K,Q) is the space of functions ® in S(K,U) satisfying
®(xh) = Q1 (h)®(x)

for all h in K’ then 8(K,Q) is invariant under r(g) for all g in SL(2, F).
(i) The representation r of SL(2,F) on 8(K,Q) can be extended to a representation rq of G4

satisfying
(6 1) ot = i amen)

if a = v(h) belongs to v(K*).
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(iii) If n is the quasi-character of F* such that

for a in F* then

(1)) =wt@n@r

(iv) The representation rq is continuous and if F is archimedean all factors in S(K,$) are
infinitely differentiable.

(v) IfU is a Hilbert space and Q is unitary let L?(K,U) be the space of square integrable functions
from K to U with the norm

|2 = / |®()]? da

If L*(K,Q) is the closure of 8(K,Q) in L*(K,U) then rq can be extended to a unitary
representation of Gy in L?(K, Q).

The first part of the proposition is a consequence of the previous lemma. Let H be the group of
matrices of the form
a 0
0 1

with a in v(K™). It is clear that the formula of part (ii) defines a continuous representation of H on
8(K, Q). Moreover G is the semi-direct of H and SL(2, F') so that to prove (ii) we have only to show

B () Coltd) B (G R ()

Let @ = v(h) and let 7’ be the representation associated ¢/ (x) = 1 (ax). By the first part of the
previous lemma this relation reduces to

ro(g) = p(h)ra(g) p~ ' (h),

which is a consequence of the last part of the previous lemma.

To prove (iii) observe that
a 0\ [(a* 0 a”l 0
0 a) \O0 1 0 1

and that a? = v(a) belongs to (K *). The last two assertions are easily proved.
We now insert some remarks whose significance will not be clear until we begin to discuss the
local functional equations. We associate to every ® in (K, §2) a function

Wa(g) = ra(g) 2(1) (1.5.1)

vo(a) = Wo <<g ?)) (1.5.2)

on v(K*). The both take values in U.

on G4 and a function
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It is easily verified that

wa (g 1)) =vr@malo

If g € G4 and F is a function on G let p(g) F be the function h — F'(hg). Then

p(9) We = W;, (9)®

(6 1)

with a in v(K ™). Let £ be the representation of B on the space of functions on (K *) with values in

Let B, be the group of matrices of the form

U defined by

(o )0
and c <<(1) a;)) () = $r(ba) p(b).
Then for all bin B,

The application ® — g, and therefore the application ® — Wy, is injective because
1/2
pa(v(R)) = [hIL> Qh) B (h). (1.5.4)

Thus we may regard rq as acting on the space V' of functions 3, ® € S(K,2). The effect of a

matrix in B is given by (1.5.3). The matrix <a 2) corresponds to the operator w(a)n(a)l. Since

0
G is generated by B, the set of scalar matrices, and w = —01 (1) the representation rq on V' is
determined by the action of w. To specify this we introduce, formally at first, the Mellin transform of
$ =P
If 1 is a quasi-character of F'* let
= [ elul)da. (1.5.5)
v(KX)

Appealing to (1.5.4) we may write this as

~ N 1/2

Bl = 30 = [ M0 90) 2(h) d*h. (156)

KX

If X is a quasi-character of F'* we sometimes write A for the associated quasi-character A o v of K*.
The tensor product A ® 2 of A and (2 is defined by

A@Q)(h) = A(h)Q(h).
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If ag : h — |h|k is the module of K then
a2 @ Q(h) = |BL p(v(h) Q(h).

We also introduce, again in a purely formal manner, the integrals

2(9, ) :/ Q(h) B(h) d*h

and

Z(Q7 1 ®) :/KX Q1 (h) ®(h)d*h

so that
Blu) = Z(poyl® © Q, ®). (1.5.7)
Now let ¢’ = ¢, (w)a and let &’ be the Fourier transform of ® so that rq(w) ®(z) = y®'(2*). If
Ho = w1
Pt =2 (u’luala}ﬂ ® Qﬂ'a(w)@)

which equals

V/K;t_luol(u(h))Q(h)cb'(hL)dXh.

Since 1o(v(h)) = n(v(h)) = Q(h*h) = Q(h")2(h) this expression equals

3 [ i ) ) @ =y /K = w(R) Q1 (h) @' (h) d*h

so that Lo
(gt =2 (/FlaK ® 9’17<I>’) : (1.5.8)

Take ;1 = pya where p; is a fixed quasi-character and s is complex number. If K is a separable
quadratic extension of F' the representation (2 is one-dimensional and therefore a quasi-character. The
integral defining the function

Z( ,uoz}(/Q ® Q, )
is known to converge for Re s sufficiently large and the function itself is essentially a local zeta-function
in the sense of Tate. The integral defining

Z( oy’ © 071 @)

converges for Re s sufficiently small, that is, large and negative. Both functions can be analytically
continued to the whole s-plane as meromorphic functions. There is a scalar C (1) which depends
analytically on s such that

Z(pojl? @ 0, 8) = C(n)Z(p o} @ Q71 &),

All these assertions are also known to be valid for quaternion algebras. We shall return to the verification
later. The relation

) =v"CW@ (u ' pgt)
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determines ¢’ in terms of .

If \ is a quasi-character of F* and ©; = A ® Q then §(K, ;) = $(K,2) and

0, (9) = A(detg)ra(g)

so that we may write
ro, =AQTrQ

However the space V; of functions on v(K *) associated to g, is not necessarily V. In fact
Vi={elpeVi

and rq, (g) applied to A, is the product of A\(detg) with the function A -7 (g),. Given €2 one can always
find a A such that A ® ) is equivalent to a unitary representation.
If € is unitary the map ® — g is an isometry because

/V(KX)H90<b(@)||2an=/KX IIQ(h)<I>(h)||2|h|KdXh:/K||q>(h),2dh

if the measures are suitably normalized.

We want to extend some of these results to the case K = F' @ F. We regard the element of K
as defining a row vector so that K becomes a right module for M (2, F'). If ® belongs to S(K) and g
belongs to GL(2, F'), we set

p(g) @(x) = &(zg).
Proposition 1.6 (i) If K = F @ F then r can be extended to a representation r of GL(2, F') such

that 0 0
a a
(5 9))e=e (6 1))
for a in F*.

(i) If ® is the partial Fourier transform

B(a,) = /F B(a,y) v (by) dy

and the Haar measure dy is self-dual with repsect to ¥ then

for all @ in §(K) and all g in Gp.

It is easy to prove part (ii) for g in SL(2, F'). In fact one has just to check it for the standard
generators and for these it is a consequence of the definitions of Proposition 1.3. The formula of part (ii)
therefore defines an extension of 7 to GL(2, F') which is easily seen to satisfy the condition of part (i).

Let 2 be a quasi-character of K *. Since K* = F'* x F'* we may identify 2 with a pair (w;,w2)
of quasi-characters of F'*. Then rq will be the representation defined by

ra(g) = |detg| 3 *wi (detg)r(g).



Chapter 1 10

If x belongs to K * and v(z) = 1 then z is of the form (¢,¢~!) with ¢ in F'*. If ® belongs to §(K)
set

9(9,@):/ QUt, ™)) d((t,t71)) d*t.

Since the integrand has compact support on F'* the integral converges. We now associate to ¢ the
function

Wa(g) = 0(€,ra(9)®) (1.6.1)

pa(a) = W <<g ?)) (1.6.2)

p(g)Wa = W, (9)®.

fa =z «
BF—{<0 1) la e F ,xeF}

and if the representations £ of By on the space of functions on F'* is defined in the same manner as
the representation & of B then

on GL(2, F') and the function

on F*. We still have

If

§b)pa = ©rov)a

for b in Br. The applications ® — Wg and ® — (g are no longer injective.
If 119 is the quasi-character defined by

po(a) = Q((a,a)) = wi(a) wa(a)

then

and
a 0\ [(a*> 0 a”t 0
0 a 0 1 0 a
so that
a - -
(6 0)) 0w =1 @)l Baz,a )
Consequently

W ((3 2)) - /F wn (@) () (2)B(az, a2~ ) d* @

= wy(a)wz(a) /FX wi(2)wy ()@ (2, 271 d¥x

which is the required result.
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Again we introduce in a purely formal manner the distribution
Z(Q, (I)) = Z(wl, (,L)Q(I)) = / (I)(.%l, LL‘Q) wl(l‘g) (,UQ($2) deg dX.%'Q.
If ;v is a quasi-character of F'* and ¢ = pg we set
B = [ el ul@)da
FX
The integral is
a 0 «
u(a)d | Q,rq O | d*
Fx 0 1
a 0 - x x
= () ro O(z, 27w (z)wy () d™z p d*
Fx Fx 0 1
which in turn equals
[ eran@ial*{ [ ataz.s ;! @) a7
FX FX
Writing this as a double integral and then changing variables we obtain
1/2 X X
/ / O (a, z) pwn () pwa (z)|ox|f " d* ad™ x
Fx JFx
so that
B(w) = 7 (menafl?, punall’, @) (1.6.3)
Let ¢’ = ¢, (w)s- Then
o1 — 1 —1.1/2 1 -1 1/2
@' (u 1#0 H=2 (,u fwy 1O‘F/ ey 1O‘F/ aTQ(w)(I))
which equals
[ # oo @ Wl a7 dy
so that Lo o
P g t) = Z(n  wr oyl p wy agl?, @), (1.6.4)

Suppose 1 = piaj where p is a fixed quasi-character and s is a complex number. We shall see that
the integral defining the right side of (1.6.3) converges for Re s sufficiently large and that the integral
defining the right side of (1.6.4) converges for Re s sufficiently small. Both can be analytically continued
to the whole complex plane as meromorphic functions and there is a meromorphic function C' (1) which

is independent of ® such that

Z(pwnoil?, puso?) = C(0) Z (0w wi  agl? n wy tagl®, ).

Thus
Blp) = C(W@ (n g ")

The analogy with the earlier results is quite clear.
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§2 Representations of GL(2, F') in the non-archimedean case. In this and the next two paragraphs
the ground field F' is a non- archimedean local field. We shall be interested in representations 7 of
Gr = GL(2, F) on a vector space V over C which satisfy the following condition.

(2.1) For every vector v in V the stabilizer of v in Gg is an open subgroup of Gp.

Those who are familiar with such things can verify that this is tantamount to demanding that the
map (g,v) — m(g)vof Gp x V into V is continuous if V' is given the trivial locally convex topology in
which every semi-norm is continuous. A representation of G' satisfying (2.1) will be called admissible
if it also satisfies the following condition

(2.2) For every open subgroup G' of GL(2,0F) the space of vectors v in V stablizied by G’ is
finite-dimensional.

Or is the ring of integers of F'.

Let Hr be the space of functions on G which are locally constant and compactly supported.
Let dg be that Haar measure on Gy which assigns the measure 1 to GL(2,Op). Every f in Hp may be
identified with the measure f(g) dg. The convolution product

f1#* fa(h) = : f1(9) f2(g7"h) dg

turns Hr into an algebra which we refer to as the Hecke algebra. Any locally constant function
on GL(2,0p) may be extended to G by being set equal to 0 outside of GL(2,Op) and therefore
may be regarded as an element of Hy. In particular if m;, 1 < ¢ < r, is a family of inequivalent
finite-dimensional irreducible representations of GL(2, Or) and

&i(g) = dim(m) trmi(g™")

for gin GL(2,Op) we regard ¢; as an element of H . The function

£=> &
i=1

is an idempotent of H . Such an idempotent will be called elementary.
Let 7 be a representation satisfying (2.1). If f belongs to 3y and v belongs to V' then f(g) 7(g)v
takes on only finitely many values and the integral

f(g)m(g)vdg = n(f)v

GFr

may be defined as a finite sum. Alternatively we may give V the trivial locally convex topology and use
some abstract definition of the integral. The result will be the same and f — 7(f) is the representation
of Hp on V. If g belongs to G then A(g) f is the function whose value at h is f(g~'h). It is clear that

m(A(g)f) = m(g) 7(f).

Moreover
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(2.3) For every v in 'V there is an f in Hp such that wf(v) = v.

In fact f can be taken to be a multiple of the characteristic function of some open and closed
neighborhood of the identity. If 7 is admissible the associated representation of Hp satisfies

(2.4) For every elementary idempotent & of Hp the operator w(€) has a finite-dimensional range.

We now verify that from a representation 7 of Hp satisfying (2.3) we can construct a represen-
tation 7 of G satisfying (2.1) such that

By (2.3) every vector v in V is of the form

‘s

v= Zﬂ-(fi)vi

i=1
with v; in V and f; in Hg. If we can show that

T

> w(fi)vi=0 (2.3.1)

i=1

implies that

T

w = ZW(A(Q)JZ‘)W

=1

is 0 we can define 7(g)v to be

3

m(A(g)fi)vs

i=1
m will clearly be a representation of G satisfying (2.1).
Suppose that (2.3.1) is satisifed and choose f in Hp so that 7(f)w = w. Then

r

w = Zﬂ(f * X(g) fi)vs.

i=1

If p(g) f(h) = f(hg) then
FxXg)fi=plg™ ) * fi

so that

w=>Y w(p(g~")f * fi)vi =m(p(g~")f) {ZW(}%)U@} =0.
' i=1
It is easy to see that the representation of G satisfies (2.2) if the representation of Hr satisfies
(2.4). A representation of H satisfying (2.3) and (2.4) will be called admissible. There is a complete
correspondence between admissible representations of G and of Hy. For example a subspace is
invariant under G if and only if it is invariant under Hr and an operator commutes with the action
of G'r if and only if it commutes with the action of Hp.
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>From now on, unless the contrary is explicitly stated, an irreducible representation of G or H
is to be assumed admissible. If 7 is irreducible and acts on the space V' then any linear transformation
of V' commuting with Hp is a scalar. In fact if V' is assumed, as it always will be, to be different
from 0 there is an elementary idempotent £ such that 7(§) # 0. Its range is a finite-dimensional space
invariant under A. Thus A has at least one eigenvector and is consequently a scalar. In particular there
is a homomorphism w of F'* into C such that

(5 2)) =t

for all a in F*. By (2.1) the function w is 1 near the identity and is therefore continuous. We shall
refer to a continuous homomorphism of a topological group into the multiplicative group of complex
numbers as a quasi-character.

If x is a quasi-character of F'* then g — x(detg) is a quasi-character of G. It determines a
one-dimensional representation of G’ which is admissible. It will be convenient to use the letter x to
denote this associated representation. If 7 is an admissible reprentation of G on V' then x ® 7 will be
the reprenentation of G on V defined by

(x ®@ )(g) = x(detg)m(g).

It is admissible and irreducible if 7 is.
Let 7 be an admissible representation of G on V and let V* be the space of all linear forms on
V. We define a representation 7* of H on V* by the relation

(0,7 (f)o") = (w(f)v, 0")
where fv(g) = f(g?). Since 7* will not usually be admissible, we replace V* by V = 7*(H)V*.

The space V' is invariant under H . For each f in Hf there is an elementary idempotent £ such that

&x f = f and therefore the restriction 7 of 7* to V satisfies (2.3). Itis easily seen that if  is an elementary
idempotent so is £. To show that 7 is admissible we have to verify that

V(e =TV =m (V"
is finite-dimensional. Let V(§) = 7(§)V and let V. = (1 —m(£))V. V is clearly the direct sum of V'(€),
which is finite-dimensional, and V.. Moreover ‘7(5 ) is orthogonal to V. because

(v =7(&)v, 7 (&)v) = (m(E)v = 7(§)v,v) = 0.
It follows immediately that V(¢) is isomorphic to a subspace of the dual of V(£) and is therefore
finite-dimensional. It is in fact isomorphic to the dual of V (€) because if v* annihilates V, then, for all
vinV,
(0,77 (") = (v,07) = =(v = 7(§)v,v") =0
so that 7 (§)v* = v*.
7 will be called the representation contragradient to 7. It is easily seen that the natural map of
V into V* is an isomorphism and that the image of this map is 7 (3 F)‘~/* so that ™ may be identified
with the contragredient of 7.
If V; is an invariant subspace of V and V5 = V; \ V we may associate to 7 representations m; and
m on V) and V5. They are easily seen to be admissible. It is also clear that there is a natural embedding
of ‘72 in V. Moreover any element v; of ‘71 lies in ‘71 (&) for some ¢ and therefore is determined by its
effecton V; (€). It annihilates (I — (€ )) V1. There is certainly a linear function v on V' which annihilates
(I —7(£))V and agrees with V1 on V4 (€). Tis necessarily in V so that V; may be identified with V5 \ V.
Since every representation is the contragredient of its contragredient we easily deduce the following
lemma.
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Lemma 2.5 (a). Suppose Vi is an invariant subspace of V. If ‘72 is the annihilator of V1 in V then
V1 is the annihilator of Vo in V.
(b) m is irreducible if and only if T is.

Observe that for all g in Gg

(m(g)v,0) = (v, 7 (g~ "))

If 7 is the one-dimensional representation associated to the quasi-character y then 7 = y~!. Moreover
if x is a quasi-character and 7 any admissible representation then the contragredient of x ® 7 is x ! @ 7.

Let V' be a separable complete locally convex space and 7 a continuous representation of G
on V. The space Vi = w(H )V is invariant under G and the restriction 7y of 7 to V} satisfies (2.1).
Suppose that it also satisfies (2.2). Then if 7 is irreducible in the topological sense 7 is algebraically
irreducible. To see this take any two vectors v and w in Vj and choose an elementary idempotent & so
that 7(§)v = v. v is in the closure of 7(Hp)w and therefore in the closure of 7(Hp)w N w(&) V. Since,
by assumption, 7(§)V is finite dimensional, v must actually lie in 7(Hp)w.

The equivalence class of 7 is not in general determined by that of my. It is, however, when
m is unitary. To see this one has only to show that, up to a scalar factor, an irreducible admissible
representation admits at most one invariant hermitian form.

Lemma 2.6 Suppose m and mo are irreducible admissible representations of Ggp on Vi and Vi
respectively. Suppose A(vy,vs) and B(vy,vq) are non-degenerate forms on Vi x Va which are linear
in the first variable and either both linear or both conjugate linear in the second variable. Suppose
moreover that, for all g in Gp

A(mi(g)v1, ma(g)va) = A(v1,v2)

and
B(7T1 (g)v1, 7T2(g)1}2) = B(vy,v2)

Then there is a complex scalar A such that
B(v1,v2) = AA(v1,v2)
Define two mappings .S and 7 of V5 into Vi by the relations
A(vy,v9) = (v1, Sve)

and
B(’Ul, 'UQ) = <U1, T’U2>,

Since S and T are both linear or conjugate linear with kernel 0 they are both embeddings. Both take
V5 onto an invariant subspace of V1. Since Vi has no non-trivial invariant subspaces they are both
isomorphisms. Thus S™17'is a linear map of V» which commutes with G- and is therefore a scalar /.
The lemma follows.

An admissible representation will be called unitary if it admits an invariant positive definite
hermitian form.

We now begin in earnest the study of irreducible admissible representations of Gr. The basic
ideas are due to Kirillov.
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Proposition 2.7.  Let m be an irreducible admissible representation of Gg on the vector space V.
(a) IfV is finite-dimensional then V is one-dimensional and there is a quasi-character x of F*
such that

m(g9) = x(detg)

(b) If V is infinite dimensional there is no nonzero vector invariant by all the matrices ((1) ’16),
rxeF.

If 7 is finite-dimensional its kernel H is an open subgroup. In particular there is a positive

number ¢ such that
1 =«
0 1

belongs to H if |z| < e. If x is any element of F' there is an a in F'* such that |az| < €. Since

(v )6 D-6)
(0 1)

belongs to H for all z in F'. For similar reasons the matrices

()

do also. Since the matrices generate SL(2, F') the group H contains SL(2, F'). Thus 7(g1)7(g2) =
m(g2)m(g1) for all g1 and g2 in Gp. Consequently each 7(g) is a scalar matrix and m(g) is one-
dimensional. In fact

the matrix

7(g) = x(detg)I

where x is a homorphism of F'* into C*. To see that  is continuous we need only observe that

(s 1)) -

Suppose V' contains a nonzero vector v fixed by all the operators

(o 1)

Let H be the stabilizer of the space Cv. To prove the second part of the proposition we need only verify
that H is of finite index in G. Since it contains the scalar matrices and an open subgroup of G it will
be enough to show that it contains SL(2, F'). In fact we shall show that Hy, the stabilizer of v, contains
SL(2,F). Hy is open and therefore contains a matrix

(¢ 4)
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with ¢ # 0. It also contains

BRI
()0 )=

also belongs to Hy. As before we see that H contains SL(2, F).
Because of this lemma we can confine our attention to infinite-dimensional representations. Let
1 = 1 be a nontrivial additive character of F'. Let By be the group of matrices of the form

-5 1)

with a in F* and z in F. If X is a complex vector space we define a representation &, of By on the
space of all functions of F'* with values in X by setting

(£u (b)) () = P(az)p(aa).

&y leaves the invariant space S(F*,X) of locally constant compactly supported functions. &, is
continuous with respect to the trivial topology on S(F*, X).

o 9
Qo
N~~~
VR
O =
\
- &
L
N~~~
Il
N
o O
=3
N~~~
|
S

Ifx:b?oythen

Proposition 2.8. Let m be an infinite dimensional irreducible representation of Gg on the space V.
Let p = pr be the maximal ideal in the ring of integers of F', and let V' be the set of all vectors v

in V' such that
1 =z
/pn Yp(—x)T <<0 1)) vdr =0
for some integer n. Then

(i) The set V' is a subspace of V.
(i) Let X = V'\'V and let A be the natural map of V onto X. If v belongs to V let ¢, be the

function defined by
a3 2))

The map v — @, is an injection of V into the space of locally constant functions on F* with
value in X.
(iii) If b belongs to Br and v belongs to V' then

Pr(b)yv = &1/) (b)gpv

If m > n so that p~™ contains p~" then

/pm () <<é ”l”»vdx
> vm ((é ?)) o <<(1) ”f))m.

yep—m/p
Thus if the integral of the lemma vanishes for some integer n it vanishes for all larger integers. The

tirst assertion of the proposition follows immediately.
To prove the second we shall use the following lemma.

is equal to
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Lemma 2.8.1 Let p~™ be the largest ideal on which v is trivial and let f be a locally constant
function on p~¢ with values in some finite dimensional complex vector space. For any integer
n < £ the following two conditions are equivalent

(i) f is constant on the cosets of p~™ in p~*

(ii) The integral

/,, law) () do

is zero for all a outside of p~™T™.

m+n

Assume (i) and let a be an element of F'* which is not in p~ . Then z — Y(—azx) is a

non-trivial character of p~" and

[ vcanswar= S v [ wandsf ) =0

yeEp—Ff/p—n

f may be regarded as a locally constant function on F with support in p~*. Assuming (ii) is
tantamount to assuming that the Fourier transform F' of f has its support in p~™*". By the Fourier
inversion formula

f(a) = / b(—zy) () dy.
p*van

If y belongs to p~"*" the function # — (—zy) is constant on cosets of p~™. It follows immediately
that the second condition of the lemma implies the first.

To prove the second assertion of the proposition we show that if ¢, vanishes identically then v
is fixed by the operator 71'(((1) 1)) for all z in F' and then appeal to Proposition 2.7.

Take

The restriction of f to an ideal in F' takes values in a finite-dimensional subspace of V. To show that
f is constant on the cosets of some ideal p~" it is enough to show that its restriction to some ideal p¢
containing p~" has this property.

By assumption there exists an ng such that f is constant on the cosets of p~"°. We shall now
show that if f is constant on the cosets of p~"*! it is also constant on the cosets of p~". Take any ideal
p~¢ containing p~". By the previous lemma

| ptes) sy da =0

if a is not in p~™m*tn—1

pfernfl

. We have to show that the integral on the left vanishes if a is a generator of

If Ur is the group of units of Op the ring of integers of F' there is an open subgroup U; of Up

such that
b 0 .
7 01 V="
for bin U;. For such b

(8 ), e s (3 D) (s )
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is equal to

(s 58 4 ] o)

Thus it will be enough to show that for some sufficiently large ¢ the integral vanishes when a is taken
to be one of a fixed set of representatives of the cosets of U; in the set of generators of p~+"~1. Since
there are only finitely many such cosets it is enough to show that for each a there is at least one ¢ for
which the integral vanishes.

By assumption there is an ideal a(a) such that

(o ) 6 7))o=
(5 ) Lo (o 7))

so that £ = ¢(a) could be chosen to make

But this integral equals

=a 'a(a).

To prove the third assertion we verify that

A <7r <<(1) i’)) U> — () A(v) (2.8.2)

forall vin V and all y in F'. The third assertion follows from this by inspection. We have to show that

1
(5 ¥))o- v
is in V' or that, for some n,

oo (o 1)) ((6 1)) vee= [ wtmrvwn (5 7)) vas

is zero. The expression equals

- (—z)m <<(1) $1L9>>Udm— pinw(—x—i—y)w <<(1) f))vdx.

If p~" contains y we may change the variables in the first integral to see that it equals the second.
It will be convenient now to identify v with ¢, so that V' becomes a space of functions on F'*
with values in X. The map A is replaced by the map ¢ — ¢(1). The representation m now satisfies

m(b)p = Ey(b)yp

if bisin Bp. There is a quasi-character wy of F'* such that

(3 2) -
(5 0)

the representation is determined by wy and 7 (w).

If
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Proposition 2.9 (i) The space V contains
Vo =8(F*, X)

(i) The space V is spanned by Vo and w(w)Vjy.

For every ¢ in V there is a positive integer n such that

(6 7))o=

if z and a — 1 belong to p™. In particular ¢(aa) = ¢(a) if a belongs to F* and a — 1 belongs to p”.
The relation

Y(az)p(a) = p(a)

for all z in p” implies that ¢(a) = 0 if the restriction of ¢ to ap™ is not trivial. Let p~™ be the largest
ideal on which 9 is trivial. Then ¢(a) = 0 unless |a| < |w|~™ ™ if w is a generator of p.

Let 1 be the space of all w in V' such that, for some integer ¢ depending on ¢, ¢(c) = 0 unless
|a| > |@|’. To prove (i) we have to show that Vj = §(F, X). Itis at least clear that §(F'*, X) contains
Vo. Moreover for every ¢ in V' and every x in F' the difference

o=o-n((3 1))

¢'(a) = (1 —(az))p(a)

is identically zero for x = 0 and otherwise vanishes at least on = 'p~™. Since there is no function in
V invariant under all the operators
- 1 =z
0 1
the space V} is not 0.

Before continuing with the proof of the proposition we verify a lemma we shall need.

isin Vj. To see this observe that

Lemma 2.9.1 The representation &, of Bp in the space S(F'*) of locally constant, compactly sup-
ported, complex-valued functions on F'* is irreducible.

For every character p of Ur let ¢, be the function on F"* which equals . on Ur and vanishes off
Up. Since these functions and their translates span 8 (F*) it will be enough to show that any non-trivial
invariant subspace contains all of them. Such a space must certainly contain some non-zero function ¢
which satisfies, for some character v of U, the relation

p(ae) = v(e) p(a)

for all ¢ in F* and all € in Ur. Replacing ¢ by a translate if necessary we may assume that ¢(1) # 0.
We are going to show that the space contains ¢, if i is different from v. Since Ur has at least two
characters we can then replace ¢ by some ¢,, with i different from v, and replace v by p and ;1 by v to
see it also contains ¢,,.
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o= (5 D) (G 1)

where z is still to be determined. i is to be different form v. ¢’ belongs to the invariant subspace and

Set

¢'(ae) = u(e)¢'(a)

for all a in F* and all € in Ur. We have
¢0) = pla) [ i (e (ae)de
F

The character 1~ 'v has a conductor p™ with n positive. Take x to be of order —n — m. The integral,
which can be rewritten as a Gaussian sum, is then, as is well-known, zero if a is not in Ur but different
from zero if a is in Up. Since ¢(1) is not zero ¢’ must be a nonzero multiple of ¢,,.

To prove the first assertion of the proposition we need only verify that if u belongs to X then Vg
contains all functions of the form o — n(a)u with  in §(F*). There is a ¢ in V such that ¢(1) = w.

Take z such that ¢)(x) # 1. Then
P 1 =z

isin Vp and ¢'(1) = (1 — ¢(z))u. Consequently every u is of the form (1) for some ¢ in Vj.
If 1t is a character of U let Vj(1) be the space of functions ¢ in V; satisfying

p(ae) = p(e)p(a)
forall ain F* and all € in Up. V) is clearly the direct sum of the space Vj(11). In particular every vector
uin X can be written as a finite sum
w=) eill)
where ¢; belongs to some Vj(1;).
If we make use of the lemma we need only show that if u can be written as u = ¢(1) where ¢ is

in Vy(v) for some v then there is at least one function in Vj of the form o — 7n(«)u where 7 is a nonzero
function in §(F*). Choose y different from v and let p" be the conductor of 1~ *v. We again consider

()

where z is of order —n — m. Then
@) =la) | Ouevrlae de
F

The properties of Gaussian sums used before show that ¢’ is a function of the required kind.
The second part of the proposition is easier to verify. Let Pr be the group of upper-triangular
matrices in G'p. Since Vj is invariant under Pr and V is irreducible under G the space V' is spanned

by Vy and the vectors
r_ 1 =z (w)
0 1 !
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with ¢ in Vj. But
¢ ={¢ —m(w)p} + m(w)e
and as we saw, ¢’ — m(w)yp is in Vj. The proposition is proved.
To study the effect of w we introduce a formal Mellin transform. Let @ be a generator of p. If ¢

is a locally constant function on F* with values in X then for every integer n the function € — p(ew™)
on UF takes its values in a finite-dimensional subspace of X so that the integral

/ p(em™(e) = Bulv)
Ur

is defined. In this integral we take the total measure of Up to be 1. It is a vector in X. @(v,t) will be
the Formal Laurent series
Z t"on(v)

t

If p isin V the series has only a finite number of terms with negative exponent. Moreover the series
@(v, t) is different from zero for only finitely many v. If ¢ belongs to Vj these series have only finitely
many terms. It is clear that if ¢ is locally constant and all the formal series $(v, t) vanish then ¢ = 0.

Suppose ¢ takes values in a finite-dimensional subspace of X, w is a quasi-character of F*, and
the integral

/ w(a)p(a)d™a (2.10.1)
Fx

is absolutely convergent. If w’ is the restriction of w to U this integral equals

Z 2" /U o(w™e) W' (€) de = Z 2" P (W)

n

if z = w(w). Consequently the formal series p(w’,t) converges absolutely for ¢ = z and the sum is
equal to (2.10.1). We shall see that X is one dimensional and that there is a constant ¢y = ¢o(¢) such
that if |w(w)| = |w|® with ¢ > ¢ then the integral (2.10.1) is absolutely convergent. Consequently all
the series p(v, t) have positive radii of convergence.

If ) = 1 is a given non-trivial additive character of F, ;1 any character of Ur, and x any element
of F'we set

0, z) = /U () (ex) de

The integral is taken with respect to the normalized Haar measure on Ur. If g belongs to G r, ¢ belongs
toV,and ¢’ = 7(g)y we shall set

m(g) @(v,t) = &'(v,1).
Proposition 2.10 (i) If § belongs to Ur and £ belongs to Z then

7r (( 57026 (1’>> B(v,t) = v 1(8) 3w, )

(ii) If = belongs to F then

" ((}) 1)) pr =30 {Z W, w"x)@nw)}

m
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where the inner sum is taken over all characters of Up
(iii) Let wo be the quasi-character defined by

(5 £

fora in F*. Let vy be its restriction to Up and let zg = wo(w). For each character v of Up
there is a formal series C(v,t) with coefficients in the space of linear operators on X such
that for every ¢ in Vj

r << 0 é)) B t) = Clut) v vyt 70250,

()

@' (v,t) = Zt”/ v(e) p(w™ ) de.

Ur

Set

Then

Changing variables in the integration and in the summation we obtain the first formula of the propo-

sition.
P 1 =z

P (v,t) = Zt” U Y(w"ex) v(e) p(w™e) de.

Now set

Then

By Fourier inversion

p(@"e) = Gnlp) n (e).

The sum on the right is in reality finite. Substituting we obtain

Pty =3 {Z | e vy ae san(m}

as asserted.

Suppose v is a character of U and ¢ in Vj is such that (u,t) = 0 unless p = v~ 15 ', This
means that

(ae) = vig(e) p(a)

(I

or that
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for all € in Up. If ¢’ = w(w)yp then

(5 9)e==((5 9)) st =ntor((§ 7))
(O R (R I(E)

the expression on the right is equal to

Since

so that @' (1, t) = O unless = v.
Now take a vector u in X and a character v of Ur and let ¢ be the function in Vj which is zero
outside of Ur and on Uy is given by

o(e) = v(e) vo(e)u. (2.10.2)
If ¢' = m(w)yp then @), is a function of n, v, and u which depends linearly on v and we may write

Pn(v) = Cn(v)u
where C,,(v) is a linear operator on X.
We introduce the formal series

Cv,t) = t"Cu(v).
We have now to verify the third formula of the proposition. Since ¢ is in 1§ the product on the right
is defined. Since both sides are linear in ¢ we need only verify it for a set of generators of V4. This
set can be taken to be the functions defined by (2.10.2) together with their translates of power w. For
functions of the form (2.10.2) the formula is valid because of the way the various series C(v,t) were
defined. Thus all we have to do is show that if the formula is valid for a given function ¢ it remains

valid when ¢ is replaced by
@’ 0
Wo 1))¥
By part (i) the right side is replaced by
ZtOw, ) pv g Lt ).

wn((7 D)oer((s 2o

and 7(w)p(v, t) is known we can use part (i) and the relation

1 0\ (= 0 w0
0 wt) 0 wt 0 1
to see that the left side is replaced by
2t m(w)P(v, t) = 25t°C (v, ) p(v vyt e h).

For a given u in X and a given character v of U there must exist a ¢ in V' such that

t)=> t"Cp(v)u

Consequently there is an ng such that C,,(v)u = 0 for n < ng. Of course ny may depend on v and
v. This observation together with standard properties of Gaussian sums shows that the infinite sums
occurring in the following proposition are meaningful, for when each term is multiplied on the right
by a fixed vector in X all but finitely many disappear.

Since
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Proposition 2.11  Let p~¢ be the largest ideal on which v is trivial.
(i) Let v and p be two characters of Ug such that vpvy is not 1. Let p™ be its conductor. Then

3o~ v ()0

is equal to
o~ g @) 0 pro(—1)Co e () Cp e (p)

for all integers n and p.
(ii) Let v be any character of Ug and let v = u’lygl. Then

S 0o v, @™ (0 7.%p) Cpin(0)

is equal to

2ov0(—1)0np + (J| — 1)71'25“0%71*2( p—1-2(V Z 27" Chpr (V) Cptr (V)
—2—/

for all integers n and p.

The left hand sums are taken over all characters o of Ur and 0, , is Kronecker’s delta. The

R G T T B S T T (e
(3 D) rers = (3 3P (3 7))

for all ¢ in V{. Since 7(w) is not necessarily in V) we write this relation as

wtw) {n (1)) s ntieh + wye =7 (5 7)) ((5 7'))e

The term 72 (w)¢ is equal to vo(—1).
We compute the Mellin transforms of both sides

(6 - fpri)

(5 )P = S om0l

so that the Mellin transform of the right side is

)Y no =@ e o g —P) % P Cn (0) B (). (211.1)

n DP,p,0

implies that

and
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On the other hand
m(w)p(v,t) = Zt" Z 20 PCpin W) Bp (v g )
and
<<(1) 1)) (W, t) =D "> 2 (o~ v, @) Coan(p)Bp(p~ v5 )
so that |
. ((é })) 7 (w)3(w,t) — 1 (W), 1)
is equal to

oYz nlpvro, @) = 6(pro)|Coin(p™ w5 ) Pp(p)-

Here §(prvyg) is 1 if pruy is the trivial character and 0 otherwise. The Mellin transform of the left hand
side is therefore

D P (o™ @) =6(pr ) Crgr (V) g (7 g DB () F10(—1) D "B (v). (2.11.2)

p?’r‘p
The coefficient of t”gﬁp( p)in (2.11.1) is
) o) 0 )55 G (2.11.3)
and in (2.11.2) it is
S (o @) — 8pr )15 P Co () Co (07 5 ) + o (D blor T (2.104)

r

These two expressions are equal for all choice of 1, p, p, and v.

If p # v and the conductor of vp~! is p™ the gaussian sum n(pr 1, ") is zero unless r = —m—/.
Thus (2.11.4) reduces to
—_ —m— —p—m—L _ —
n(pr =t @ )20 P Ot (V) Gt (0™ g ).
Since

n(p, —x) = p(=1) n(p, )
the expression (2.11.3) is equal to

Zn v, w" (P_lg_lyalwp)zt;pcp+n(g)-

Replacing p by p~ vy ! we obtain the first part of the proposition.

If p = v then §(pr~!) = 1. Moreover, as is well-known and easily verified, n(pr—!,@") = 1 if
r 2 _gr
(v~ w ) = |w|(|lw| - 1)

and n(pr~1,@w") = 0if r < —¢ — 2. Thus (2.11.4) is equal to

o(=1)8 I+ (| —1) 125 PO 1 (1) o1 ( Z 20 VT Crgr (V) O (v 1 1.
r=—_{—2

The second part of the proposition follows.
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Proposition(2.12) (i) For every n, p, v and p
Cn(v)Cp(p) = Cp(p)Crn(v)

(i) There is no non-trivial subspace of X invariant under all the operators Cy,(v).
(iii) The space X is one-dimensional.

Suppose prvy # 1. The left side of the first identity in the previous proposition is symmetric in
the two pairs (n,7) and (p, p). Since (™' p~ vy 1, w~™*) is not zero we conclude that

vy ,w
Cnm—e(V) Cp—m—ﬁ(p) = CP—M—E(/}) Cnm—e(v)

for all choices of 7 and p. The first part of the proposition is therefore valid in p # v.

Now suppose p = v. We are going to that if (p, n) is a given pair of integers and u belongs to X

then

Crr (V) Cpir (V) = Cpiy (V) O (V) u
for all r in Z. If » < 0 both sides are 0 and the relation is valid so the proof can proceed by induction
on r. For the induction one uses the second relation of Proposition 2.11 in the same way as the first was
used above.

Suppose X; is a non-trivial subspace of X invariant under all the operators C, (v). Let V; be
the space of all functions in Vj which take values in X; and let V{ be the invariant subspace generated
by V1. We shall show that all functions in V] take values in X; so that V/ is a non-trivial invariant
subspace of V. This will be a contradiction. If ¢ in V takes value in X; and g belongs to P then 7(g)¢
also takes values in X;. Therefore all we need to do is show that if ¢ is in V; then 7(w)¢ takes values
in X. This follows immediately from the assumption and Proposition 2.10.

To prove (iii) we show that the operators C,, (v) are all scalar multiples of the identity. Because
of (i) we need only show that every linear transformation of X which commutes with all the operators
C,,(v) is a scalar. Suppose T is such an operator. If ¢ belongs to V' let T, be the function from F* to
X defined by

Te(a) =T (p(a)).
Observe that T'p is still in V. This is clear if ¢ belongs to Vj and if ¢ = m(w)ypy we see on examining
the Mellin transforms of both sides that

Ty = m(w)Tpo.

Since V' = Vj +7(w)V} the observation follows. T therefore defines a linear transformation of V' which
clearly commutes with the action of any g in Pp. If we can show that it commutes with the action of w
it will follow that it and, therefore, the original operator on X are scalars. We have to verify that

m(w)Tp = Tr(w)p
at least for ¢ on V{ and for ¢ = m(w)yo with g in V5. We have already seen that the identity holds for
pin Vp. Thus if ¢ = 7(w)pg the left side is
m(w)Tr(w)py = 7 (w)Tpo = vo(—1)Two
and the right side is
T (w)po = vo(—1)Teo.

Because of this proposition we can identify X with C and regard the operators C,, () as complex
numbers. For each r the formal Laurent series C (v, t) has only finitely many negative terms. We now
want to show that the realization of 7 on a space of functions on F* is, when certain simple conditions

are imposed, unique so that the series C(v, t) are determined by the class of 7 and that conversely the
series C'(v, t) determine the class of 7.
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Theorem 2.13 Suppose an equivalence class of infinite-dimensional irreducible admissible represen-
tations of G is given. Then there exists exactly one space V' of complex-valued functions on F*
and exactly one representation m of Gg on V which is in this class and which is such that

m(b)e = &y (D)o
if b is in Br and @ is in V.

We have proved the existence of one such V and 7. Suppose V' is another such space of functions
and 7’ a representation of G on V' which is equivalent to 7. We suppose of course that

' (b)p = Ey (D)

if bisin Bp and pisin V’. Let A be an isomorphism of V with V' such that An(g) = 7'(g) A for all g.
Let L be the linear functional

L(p) = Ap(1)

L <7r <<g ‘1))) tp) — Ap(a)

so that A is determined by L. If we could prove the existence of a scalar A such that L(¢) = A\p(1) it
would follow that

on V. Then

Ap(a) = Ap(a)
for all a such that Ay = Ap. This equality of course implies the theorem.

Observe that
L <7T <<é i”)) <p> _ <<é f)) Ap(1) = b(2)L(y). (2.13.1)

Thus we need the following lemma.

Lemma 2.13.2 If L is a linear functional on V satisfying (2.15.1) there is a scalar X such that

This is a consequence of a slightly different lemma.

Lemma 2.13.3 Suppose L is a linear functional on the space S(F*) of locally constant compactly
supported functions on F* such that

L (3 7)) - stornes

for all ¢ in S(F*) and all x in F. Then there is a scalar A such that L(p) = Ap(1).

Suppose for a moment that the second lemma is true. Then given a linear functional L on V'
satisfying (2.13.1) there is a A such that L(¢) = Ap(1) for all ¢ in Vj = 8§(F*). Take x in F' such that
Y(x) # land ¢ in V. Then

ve=c(o-((y 1))+ 2(=((5 7))%):
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Since

is in Vj the right side is equal to

Ap(1) = A (x)p(1) + ¢ (2) L)

so that
(1= 9(2)) L) = A(1 — ¢(x)) (1)

which implies that L(p) = Ap(1).

To prove the second lemma we have only to show that ¢(1) = 0 implies L(p) = 0. If we set
©(0) = 0 then ¢ becomes a locally constant function with compact support in F'. Let ¢/ be its Fourier
transform so that

¢(a) = /le}(ba) @' (—b) db.

Let €2 be an open compact subset of F'* containing 1 and the support of ¢. There is an ideal a in F’
so that for all a in §2 the function ¢/(—b)(ba) is constant on the cosets of a in F'. Choose an ideal b
containing a and the support of ¢/. If S is a set of representatives of b/a and if ¢ is the measure of a

then
p(a) =Y v(ba)e' (D).

beS

If g is the characteristic function of {2 this relation may be written
1 b
o= nt (o 1))
besS

with Ay = cp’(—b). If (1) = 0 then
D Aw(b) =0

bes

p=> X {&p <<(1) l{)) ©o — ¢(b)900}
It is clear that L(p) = 0.

The representation of the theorem will be called the Kirillov model. There is another model
which will be used extensively. It is called the Whittaker model. Its properties are described in the next
theorem.

so that
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Theorem 2.14 (i) For any ¢ in V set

W, (9) = (m(g9)¥)(1)

s0 that W, is a function in Gp. Let W (m, 1) be the space of such functions. The map ¢ — W, is
an isomorphism of V. with W (m, ). Moreover

Wir)e = p(g)We

(i) Let W (1) be the space of all functions W on Gg such that

w((o 1))s=rvew

for all x in F and g in G. Then W(m, 1) is contained in W (1) and is the only invariant
subspace which transforms according to m under right translations.

0 (i D) (G D)oo

the function W, is 0 only if ¢ is. Since

p(g)W (h) = W (hg)

the relation
Waig)e = P(@) W,

is clear. Then W (7, ) is invariant under right translation and transforms according to 7.

o (5 1)) = (=((3 7)) @) 0 =sne)

the space W (m, 1) is contained in W (). Suppose W is an invariant subspace of W (1)) which trans-
forms according to 7. There is an isomorphism A of V' with W such that

A(m(g)e) = p(g)(Ap).

Let
Since

the map A is determined by L. Also

(= ((5 1)) =40 ((5 7)) = @0 = v

so that by Lemma 2.13.2 there is a scalar A such that
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Consequently Ap = AW, and W = W (r, ).

The realization of m on W (m, 1) will be called the Whittaker model. Observe that the repre-
sentation of G on W () contains no irreducible finite-dimensional representations. In fact any such
representation is of the form

m(g) = x(detg).

If m were contained in the representation on W (1)) there would be a nonzero function W on G such
that

w((g 7)9) = vt

In particular taking g = e we find that

However it is also clear that

(3 )3 -

so that ¢(z) = 1 for all z. This is a contradiction. We shall see however that 7 is a constituent of the
representation on W (1)). That is, there are two invariant subspaces W; and W5 of W (1)) such that W,
contains W5 and the representation of the quotient space W3 /W5 is equivalent to 7.

Proposition 2.15 Let m and 7’ be two infinite-dimensional irreducible representations of G g realized
in the Kirillov form on spaces V and V'. Assume that the two quasi-characters defined by

() R R

are the same. Let {C(v,t)} and {C'(v,t)} be the families of formal series associated to the two
representations. If

C(y,t) = C'(v,t)
for all v then m = «’.

If ¢ belongs to 8(F'*) then, by hypothesis,

m(w)(v,t) = 7' (w)@(v,1)

so that m(w)y = 7'(w)ep. Since V is spanned by 8§(F*) and 7(w)S(F*) and V' is spanned by $(F*)
and 7' (w)8(F*) the spaces V and V"’ are the same. We have to show that

m(g9)p = 7' (9)p

for all ¢ in V and all g in Gp. This is clear if g is in Pr so it is enough to verify it for ¢ = w.
We have already observed that m(w)py = 7'(w)pg if ¢ is in S(F*) so we need only show that
m(w)p = 7' (w)eif ¢ is of the form 7(w)po with ¢g in §(F*). But m(w)e = 72(w)pe = w(—1)pe and,
since 7(w)po = 7' (w)po, 7' (w)p = ' (=1)¢o.
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Let N be the group of matrices of the form

(o 1)

with z in F' and let B be the space of functions on G invariant under left translations by elements
of Np. B is invariant under right translations and the question of whether or not a given irreducible
representation 7 is contained in B arises. The answer is obviously positive when m = x is one-
dimensional for then the function g — x(detg) is itself contained in B.

Assume that the representation 7 which is given in the Kirillov form acts on B. Then there is a
map A of V into B such that

Am(g)e = p(g)Ap

(e ((s 1))e) =t (215.1)

for all ¢ in V and all z in F'. Conversely given such a linear form the map ¢ — Ay defined by

If L(¢) = Ap(1) then

satisfies the relation Am(g) = p(g)A and takes V into B. Thus 7 is contained in B if an only if there is
a non-trivial linear form L on V which satisfies (2.15.1).

Lemma 2.15.2 If L is a linear form on S(F*) which satisfies (2.15.1) for all x in F' and for all ¢
in S(F*) then L is zero.

We are assuming that L annihilates all functions of the form

“llo 1)es

so it will be enough to show that they span 8(F*). If ¢ belongs to 8(F*) we may set ¢(0) = 0 and
regard ¢ as an element of 8(F'). Let ¢’ be its Fourier transform so that

p(r) = /Fw’(b)zp(bx) db.

Let 2 be an open compact subset of F'* containing the support of ¢ and let p~" be an ideal containing
(). There is an ideal a of F such that ¢'(—b)(bz) is, as a function of b, constant on cosets of a for all x
in p~". Let b be an ideal containing both a and the support of /. If S is a set of representatives for the
cosets of ain b, if ¢ is the measure of a, and if ¢q is the characteristic function of €2 then

p(z) = Z Apth(bx)po ()

bes

s (s )

if \p = c¢’(—b). Thus
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Since ¢(0) = 0 we have

be:o

b

p=> X {Ew <<(1) Zi)) o — 800}
b
as required.

Thus any linear form on V verifying (2.15.1) annihilates 8(F™). Conversely any linear form on
V annihilating 8§(F") satisfies (2.15.1) because

“llo 1)es

isin §(F*) if p isin V. We have therefore proved

so that

Proposition 2.16  For any infinite-dimensional irreducible representation w the following two prop-
erties are equivalent:

(i) 7 is not contained in B.
(i) The Kirillov model of 7 is realized in the space S(F™).

A representation satisfying these two conditions will be called absolutely cuspidal.

Lemma 2.16.1 Let w be an infinite-dimensional irreducible representation realized in the Kirillov
form on the space V.. Then Vo = 8(F*) is of finite codimension in V.

We recall that V' = Vp + mw(w)Vj. Let V4 be the space of all ¢ in V) with support in Up. An
element of 7(w) V|, may always be written as a linear combination of functions of the form

(7 1))

with ¢ in V} and p in Z. For each character i of Up let ¢, be the function in V; such that ¢, (€) =
w(€)vg(e) for € in Up. Then
Pulv,t) = 6(vpro)

and
w(w) (v, ) = S~ )C 1),

Let ), = m(w)p,. The space V is spanned by V|, and the functions

(7 9)m

For the moment we take the following two lemmas for granted.
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Lemma 2.16.2 For any character p of ﬁp there is an integer ng and a family of constants A,
1 <i <p, such that

forn > ng.

Lemma 2.16.3 There is a finite set S of characters of Ug such that for v not in S the numbers
Cn(v) are O for all but finitely many n.

If 41 is not in S the function 1), is in V5. Choose y in S and let V), be the space spanned by the

functions
wP 0
™Wo 1))

and the functions ¢ in Vj satisfying ¢(ae) = ¢(a)u~'(¢) for all a in F* and all € in Up. It will be
enough to show that V,, /V,, NV} is finite-dimensional.

If ¢ is in V,, then $(v,t) = 0 unless v = p and we may identify ¢ with the sequence {©,, (1) }.
The elements of V,, NV} are the elements corresponding to sequences with only finitely many nonzero
terms. Referring to Proposition 2.10 we see that all of the sequences satisfying the recursion relation

Bul1) = D" Nacila)

for n > ny. The integer n; depends on .
Lemma 2.16.1 is therefore a consequence of the following elementary lemma whose proof we
postpone to Paragraph 8.

Lemma 2.16.4 Let \;, 1 < i < p, be p complex numbers. Let A be the space of all sequences {ay},
n € Z for which there exist two integers ny and ny such that

an = E Aian—i

1<i<p

form > ny and such that a, =0 forn < ngy. Let Ag be the space of all sequences with only a finite
number of nonzero terms. Then A/Ay is finite-dimensional.

We now prove Lemma 2.16.2. According to Proposition 2.11

S o v w n(0 " 5. 5P) Cra(0)

is equal to
2610(=1)dnp + (@] = 1) 25" Coc1 e Cpo1 e @) = D 25" Crogr () Gy (D).
—2¢

Remember that p~ is the largest ideal on which 1) is trivial. Suppose first that 7 = v.
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Take p = —¢and n > —/¢. Then 6(n — p) = 0 and

—1

0o~ v, (e " v =) = 0

unless 0 = v. Hence

Cn—e(v) = (l=| - 1)712(€+1Cn7178( )C—20-1( Z 20 Crar (V) Cpgr (V)

—2—/

which, since almost all of the coefficients C_ () in the sum are zero, is the relation required.
If v # Utake p > —f and n > p. Then (0~ 'v,@") = 0 unless 0 = v and n(oc~'v,wP) = 0
unless 0 = v. Thus

(] = 1) 2 a1t () Cpr—e(P) ZZO et () G (9) = 0, (2.16.5)

There is certainly at least one i for which C;(v) # 0. Take p — 1 — ¢ > i. Then from (2.16.5) we deduce
a relation of the form

n+r Z >\ Cn+r z

where r is a fixed integer and n is any integer greater than p.
Lemma 2.16.3 is a consequence of the following more precise lemma. If p” is the conductor of a
character p we refer to m as the order of p.

Lemma 2.16.6 Let mg be of the order vy and let my be an integer greater than mgy. Write vy in any
manner in the form vy = Vfll/gl where the orders of v1 and vy are strictly less than my. If the
order m of p is large enough

mff)

_ e (v p @
Com_os(p) = vy tp(=1)zg™*
2 2 (p) 2 p( ) 0 ?7(V2P_1,w m—@)

and Cp(p) =0 if p # —2m — 2/.

Suppose the order of p is at least m;. Then privy = pr; ! is still of order m. Applying
Proposition 2.11 we see that

> 0o v, @ (o™ p, @) Ch om0 (0)

is equal to
n(yl_lpilyo_la wimiz)zgﬂ_eylpVO(_1>Cnfmff(y)cpfmf€(p)

for all integers n and p. Choose n such that C,,(v1) # 0. Assume also that m + n + ¢ > —{ or that
m > —20 —n. Then n(o 'y, @™ +¢) = 0 unless o = vy so that

77(”1_1p7 wp+m+e)cp+n+2m+2€(yl) = 77(V2P717 wimizzgﬂ_eylpy@(_l)cn(yl)Cp(p)'
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Since v 1y is still of order m the left side is zero unless p = —2m — 2¢. The only term on the right side
that can vanish is Cy(p). On the other hand if p = —2m — 2¢ we can cancel the terms C,, (v1) from both
side to obtain the relation of the lemma.

Apart from Lemma 2.16.4 the proof of Lemma 2.16.1 is complete. We have now to discuss its
consequences. If w; and wy are two quasi-characters of F'* let B(wy,ws) be the space of all functions
¢ on G'r which satisfy

(i) Forall gin G, a1, as in F*,and z in F
g

@ <<%1 2) g) = wi(a1)wa(az)

(ii) There is an open subgroup U of GL(2, O ) such that ¢(gu) = ¢(g) for all win U.
Since

1/2

A1 ().

ag

Gr = Np Ap GL(2,0F)

where Ap is the group of diagonal matrices the elements of B(w;,ws) are determined by their restric-
tions to GL(2, OF) and the second condition is tantamount to the condition that ¢ be locally constant.
B(w1,ws) is invariant under right translations by elements of G so that we have a representation
p(wi,ws) of Gp on B(wy,ws). It is admissible.

Proposition 2.17 If w is an infinite-dimensional irreducible representation of Gg which is not ab-
solutely cuspidal then for some choice of py and pe it is contained in p(u1, p2).

We take 7 in the Kirillov form. Since V} is invariant under the group Pr the representation 7
defines a representation o of Pr on the finite-dimensional space V/V;. It is clear that o is trivial on
Np and that the kernel of o is open. The contragredient representation has the same properties. Since
Pr /N is abelian there is a nonzero linear form L on V/Vj such that

7 (( mor )) L = 7 (o) o)

for all a1, as, and z. p; and po are homomorphisms of £ into C* which are necessarily continuous.
L may be regarded as a linear form on V. Then

p(= (% 2))e) =mams)

If pisin V let Ay be the function
Ap(g) = L(m(g)¢)

on Gp. Ais clearly an injection of V' into B (111, p2) which commutes with the action of G.

Before passing to the next theorem we make a few simple remarks. Suppose 7 is an infinite-
dimensional irreducible representation of G and w is a quasi-character of F'*. It is clear that W (w ®
m, 1) consists of the functions

9 — W(g)w(detg)

with W on W (m, ). If V is the space of the Kirillov model of 7 the space of the Kirillov model of w @ 7
consists of the functions a — ¢(a)w(a) with ¢ in V. To see this take 7 in the Kirillov form and observe
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first of all that the map A : ¢ — w is an isomorphism of V with another space V' on which G acts
by means of the representation 7’ = A(w @ m)A~L. If

a T
(6 7)
belongs to By and ¢’ = gw then

™' (b)¢'(a) = w(a){w(a)y(az)p(aa)} = ¥(ax)¢'(aa)
so that 7’(b)¢’ = & (b)¢’. By definition then 7’ is the Kirillov model of w ® 7. Let w; be the restriction
of wto Up and let 21 = w(w). If ¢’ = pw then
P (v,t) = p(vwy, 21t).

Thus

7' (W) (v, t) = (W) P(vwr, 21t) = Clvwr, 1) Pl wi vy b 2o tey ).

The right side is equal to

C(vwy, 1)@ (v g twit 2 te 2t h)

so that when we replace 7™ by w ® m we replace C (v, t) by C(vwy, z1t).
Suppose ¢’ (x) = 1(bx) with b in F'* is another non-trivial additive character. Then W (m,v/)

consists of the functions
1N b 0
with Win W(m, ).

The last identity of the following theorem is referred to as the local functional equation. It is the
starting point of our approach to the Hecke theory.

Theorem 2.18 Let 7 be an irreducible infinite-dimensional admissible representation of Gg.
(1) If w is the quasi-character of Gp defined by

(5 1)

then the contragredient representation 7 is equivalent to w™' @ .

(i) There is a real number so such that for all g in Gg and all W in W (m, 1)) the integrals

/ w(( O)g) a2 d%a = W(g, s, W)
o 0 1

/FX w <<8 ?) g) la|*~2w" Y (a) d*a = V(g, s, W)

converge absolutely for Res > sg.

(iii) There is a unique Euler factor L(s,m) with the following property: if

U(g,s,W) = L(s,m)®(g,s, W)
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then ®(g,s, W) is a holomorphic function of s for all g and all W and there is at least one
W in W(m, ) such that
d(e, s, W) =a’

where a is a positive constant.

(iv) If ~ -
U(g,s, W)= L(s,m)®(g,s, W)

there is a unique factor €(s,m, 1) which, as a function of s, is an exponential such that

d <<_01 é) g,1 s,W) = e(s,m,0)D(g,s, W)

for all g in Gg and all W in W (m, ).

To say that L(s, 7) is an Euler product is to say that L(s, 7) = P~!(¢~*) where P is a polynomial
with constant term 1 and ¢ = |ww|~! is the number of elements in the residue field. If L(s,7) and
L'(s, ) were two Euler factors satisfying the conditions of the lemma their quotient would be an entire
function with no zero. This clearly implies uniqueness.

If 1 is replaced by 1" where ¢/ (z) = 1 (bx) the functions W are replaced by the functions W’

with
Wi(g) =W ((8 2) g)
and
U(g,s, W) = [b]'/2~*U(g, 5, W)
while

U(g, s, W') = [b]'/*w(b)¥(g, s, W).
Thus L(s, w) will not depend on 1. However
e(s,m ") = w(d) o] e(s, 7, ).
According to the first part of the theorem if W belongs to W (m, ) the function
W(g) = W(g)w™ " (detg)

isin W (7, ). Itis clear that
W(g, s, W) = w(detg)¥(g,s, W)

so that if the third part of the theorem is valid when 7 is replaced by 7 the function ‘f(g, s,W)isa
holomorphic function of s. Combining the functional equation for 7 and for 7 one sees that

e(s,m)e(l —s,m,19) = w(—1).

Let V be the space on which the Kirillov model of 7 acts. For every W in W (m, 1) there is a

unique ¢ in V' such that
a 0
v{( 3)= o
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If 7 is itself the canonical model

where

If x is any quasi-character of F'* we set

)

(0= elaia) e
FX
if the integral converges. If xo is the restriction of x to Ur then

() = ?(x0, x(@))-

Thus if af is the quasi-character ap (x) = || and the appropriate integrals converge

—~ —1/2
Ue,s,W) = @las

)= @(1,¢"/%)
U(e,s,W) = glaf Pwt) =

3( -1 11/23)

oy 520 ¢
if vy 1s the restriction of w to Up and zp = w(y). Thus if the theorem is valid the series p(1,¢) and
go(l/o ,t) have positive radii of convergence and define functions which are meromorphic in the whole
t-plane.

It is also clear that
\I/(w7 11— S, W) ( )@(VO y 20 161371/2)'

If ¢ belongs to Vj then
T(w)B(vs 25 a7 ) = Clg bz V2T B, ¢ 2.

Choosing ¢ in V; such that $(1,¢) = 1 we see that C(v; ', t) is convergent in some disc and has an
analytic continuation to a function meromorphic in the whole plane.
Comparing the relation

W(w){ﬁ(yg_lzg_lq_lpqs) _ C(VO_ 7 —-1/2 g 1/? )31, q? )
with the functional equation we see that

C(Val, zalq_lmqs) = LA - 2(7?;(;’ 7r’¢). (2.18.1)

Replacing 7 by x ® m we obtain the formula

Clvg "X 2 21t V2q°) =

Ll—s,x ' ®@m)e(s,x @, 1)
L(s,x @) '

Appealing to Proposition 2.15 we obtain the following corollary.
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Corollary 2.19 Let w and 7" be two irreducible infinite-dimensional representations of Gr. Assume
that the quasi-characters w and W' defined by

() R ()

are equal. Then m and 7' are equivalent if and only if

LA-sx '@mes,x®@my) L1 —sx ' @7 )e(s,x@7',1)

L(s,x®) L(s,x® )

for all quasi-characters.

We begin the proof of the first part of the theorem. If ¢; and ¢ are numerical functions on F*
we set

(p1,p2) = /@1(a)<p2(—a)dxa.

The Haar measure is the one which assigns the measure 1 to Up. If one of the functions is in §(F'*)
and the other is locally constant the integral is certainly defined. By the Plancherel theorem for Ur

(o, ¢y =2 v(=1)Ga)Z,(v7Y).

The sum is in reality finite. It is easy to se that if b belongs to B

(u (), € (b)) = (9, ")

Suppose T is given in the Kirillov form and acts on V. Let 7/, the Kirillov model of w™! @ T,
act on V. To prove part (i) we have only to construct an invariant non-degenerate bilinear form (3 on
V x V' If ¢ belongs to Vj and ¢’ belongs to V"’ or if ¢ belongs to V' and ¢’ belongs to Vj we set

B, ¢") = (g, ¥").

If ¢ and ¢ are arbitrary vectors in V and V’ we may write ¢ = 1 4+ m(w)p2 and ¢’ = 1 + 7' (w)ph
with ¢, o in Vj and ¢, ¢ in Vj. We want to set

B, ") = (p1, 1) + (@1, 7' (w)py) + (T(w)p2, 1) + (P2, P2).

The second part of the next lemma shows that (3 is well defined.

Lemma 2.19.1 Let ¢ and ¢’ belong to Vi and V{ respectively. Then
(i)
(m(w)e, ¢') = vo(=1)(p, 7' (w)¢")

(i) If either m(w)p belongs to Vy or w'(w)y’ belongs to Vi then

(m(w)p, 7' (w)e") = (@, ¢').
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The relation

m(w)p(v,t) = Ztn Z Cn+p(’/)$p(’/71’/0_1)zoip

implies that
(r()es ') = 3 V(1) Crip(0)Zp 05 )2 " EL (7). (2.19.2)

n7p7l/

Replacing 7 by 7’ replaces w by w™, vy by 15 *, 20 by 25 1, and C(v,t) by C(vvy *, 25 't). Thus

(p,m(w)e’) = Y v(=1)Crip(rrg 2o " @ (v 10)Buv ™). (2.19.3)

n,p,v

Replacing v by vy in (2.19.3) and comparing with (2.19.2) we obtain the first part of the lemma.
Because of the symmetry it will be enough to consider the second part when 7(w)y belongs to
Vo. By the first part

(m(w)p, 7' (w)e') = vo(=1){m*(w)e, ¢") = (¢, ¢").
It follows immediately from the lemma that
B(r(w)p, ' (w)¢') = Ble, ¢')
so that to establish the invariance of 3 we need only show that
Br(p)e, ' (p)¢") = B, ')
for all triangular matrices p. If ¢ is in 1 or ¢’ is in V{ this is clear. We need only verify it for ¢ in

m(w)Vp and ¢’ in 7’ (w)V{.
If pisin Vj, ¢’ isin Vj; and p is diagonal then

Brp)m(w)e, ' (p)m'(w)e') = Br(w)m(pr)e, = (w)m' (p1)¢")
where p; = w™!pw is also diagonal. The right side is equal to
B(r(p1)e, @ (p1)¢) = Bl ¢') = B(r(w)e, ' (w)p').

Finally we have to show that*

(O (O O e

forall z in F'and all p and ¢'. Let ¢;, 1 < ¢ < r, generate V modulo V; and let (,0;», 1 < j <7/, generate
V' modulo V. There certainly is an ideal a of F' such that

(o 7))ei=w

* The tags on Equations 2.19.2 and 2.19.3 have inadvertently been repeated.
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and

for all 7 and j if  belongs to a. Then

(s ) (s 1))

Since 2.19.2 is valid if z is in a and ¢ is in Vj or ¢’ is in Vjj it is valid for all ¢ and ¢’ provided that x is
in a. Any y in F' may be written as az with a in F* and z in a. Then

1 y\ _(a O 1 =z a”! 0
0 1/ 01 0 1 0 1
and it follows readily that
(G D)= (o 1))e) =

Since (3is invariant and not identically zero it is non-degenerate. The rest of the theorem will now
be proved for absolutely cuspidal representations. The remaining representations will be considered
in the next chapter. We observe that since W (7, v) is invariant under right translations the assertions
need only be established when g is the identity matrix e.

If 7 is absolutely cuspidal then V = V5 = 8(F*) and W ((§ (1))) = ¢(a) is locally constant with

compact support. Therefore the integrals defining ¥ (e, s, W) and v (e, s, W) are absolutely convergent
for all values of s and the two functions are entire. We may take L(s,m) = 1. If ¢ is taken to be the
characteristic function of U then ®(e, s, W) = 1.

Referring to the discussion preceding Corollary 2.19 we see that if we take

e(s,m ) =Clvy ', 20 "¢ %)

the local functional equation of part (iv) will be satisfied. It remains to show that ¢(s,7,) is an
exponential function or, what is at least ast strong, to show that, for all v, C(v,t) is a multiple of a
power of t. It is a finite linear combination of powers of ¢ and if it is not of the form indicated it has a
zero at some point different form 0. C(vy, L 2y 't=1) is also a linear combination of powers of ¢ and
so cannot have a pole except at zero. To show that C(v, t) has the required form we have only to show
that

C,t)Cw 1ty 251t = v (—1). (2.19.3)

Choose ¢ in Vj and set ¢’ = m(w)p. We may suppose that ¢’(v,t) # 0. The identity is obtained by
combining the two relations

(1) = Cl ) vy 7 )

and
vo(-D@ vy ) =Cl vy L@ (v 2 ).

We close this paragraph with a number of facts about absolutely cuspidal representations which
will be useful later.
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Proposition 2.20 Let w be an absolutely cuspidal representation of Gg. If the quasi-character w

defined by
(s 2)-wor

1$ actually a character then w is unitary.

As usual we take 7 and 7 in the Kirillov form. We have to establish the existence of a positive-
definite invariant hermitian form on V. We show first that if ¢ belongs to V" and ¢ belongs to V' then
there is a compact set (2 in G such that if

ze={(§ g)\aeF}

the support of (7(g)p, ¥), a function of g, is contained in Zp(). If Ap is the group of diagonal matrices
Gr =GL(2,0F) Ar GL(2,0p). Since ¢ and ¢ are both invariant under subgroups of finite index in
GL(2,0p) it is enough to show that the function (7(b)¢, ¢) on Ap has support in a set Zp) with

compact. Since
w((5 0)0) 0 d = wlain®ied

it is enough to show that the function
a O -
(m <<o 1)) ©, )

has compact support in F'*. This matrix element is equal to

| vlan)z-ayaa

Since ¢ and ¢ are functions with compact support the result is clear.
Choose gy # 0in V and set

(1, 02) = /Z @) G TG 70 do

This is a positive invariant hermitian form on V.
We have incidentally shown that 7 is square-integrable. Observe that even if the absolutely
cuspidal representation 7 is not unitary one can choose a quasi-character x such that xy ® 7 is unitary.

If 7 is unitary there is a conjugate linear map A : V' — V defined by

(01, 02) = (@1, Apa).
Clearly A&, (b) = &, (b)A for all bin Bp. The map Aj defined by
Aop(a) = p(-a)

has the same properties. We claim that
A= )NA

with \ in C*. To see this we have only to apply the following lemma to A, " A.
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Lemma 2.21.1. Let T' be a linear operator on 8(F*) which commutes with &£, (b) for all b in Bp.
Then T' is a scalar.

Since &, is irreducible it will be enough to show that 7" has an eigenvector. Let p~* be the largest
ideal on which v is trivial. Let u be a non-trivial charcter of Ur and let p™ be its conductor. T commutes

with the operator
_ 0 1 w
5= ], s (6 ) (o 7))
Un ©&lo 1)o 1

and it leaves the range of the restriction of S to the functions invariant under U invariant. If ¢ is such
a function

Sip(a) = p(a) /U 5 () (ae ") de.

The Gaussian sum is 0 unless a lies in Ug. Therefore Sy is equal to (1) times the function which is
zero outside of Ur and equals ;1 on Up. Since 1" leaves a one-dimensional space invariant it has an
eigenvector.

Since A = AA( the hermitian form (¢1, =) is equal to

A /F o1 (@pa(a) da.

Proposition 2.21.2. Let w be an absolutely cuspidal representation of Gg for which the quasi-

character w defined by
a 0
(3 1) -

(i) If 7 is in the Kirillov form the hermitian form

| e@mia aa

1s a character.

18 tnvariant.
(i) If |z| =1 then |C(v,z)| =1 and if Res = 1/2

(s, m ¥)] = 1.
Since |zp| = 1 the second relation of part (ii) follows from the first and the relation
e(s,m) = Cvgt, ¢ /%257,
If nisin Z and v is a character of Uy let

p(ew™) = dnmr(€)ro(e)

| e@Pda=1.

If o' = n(w)p and C(v,t) = Cy(v)t* then

o' (ew™) = 6g,n,ng(v)z0_"y_1(e).

for min Z and € in Ug. Then

Since |zp| =1
| W@ de=1cio

Applying the first part of the lemma we see that, if |z| = 1, both |C;(v)|? and |C (v, 2)|2 = |Co(v)|? |2|*
are 1.
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Proposition 2.22.  Let m be an irreducible representation of Gg. It is absolutely cuspidal if and only
if for every vector v there is an ideal a in F such that

[r((3 1)

It is clear that the condition cannot be satisfied by a finite dimensional representation. Suppose
that 7 is infinite dimensional and in the Kirillov form. If ¢ is in V' then

[ (6 7)) e

4(a) / blaz)do =0

if and only if

for all a. If this is so the character © — 1 (ax) must be non-trivial on a for all a in the support of ¢. This
happens if and only if ¢ is in §(F*). The proposition follows.

Proposition 2.23. Let w be an absolutely cuspidal representation and assume the largest ideal on
which v is trivial is Op. Then, for all characters v, Cp,(v) =0 if n > —1.

Take a character v and choose n; such that Cy,, (v) # 0. Then C,,(v) = 0 for n # ny. If
V= u‘lyo_ ! then, as we have seen,

Cv,t)C@,t7 2t = vo(—1)

so that
Cn(¥)=0

for n # ny and
Cnl (V)Cnl (;) = Vo(il)zgl‘

In the second part of Proposition 2.11 take n = p = n; + 1 to obtain

Y onle @™ (o7 0, @™ ) Cony2(0) = 25" vo(=1) + (J@] = 1) 20Cn, (1) Cny ().

The right side is equal to
||

ni +1
-1)- .
<0 VO( ) ‘w‘ 1
Assumen; > —1. Thenn(oc~ v, @™ *1)isOunless 0 = v and (o~ 17, w™ 1) is 0 unless o = v. Thus
the left side is 0 unless v = v. However if v = v the left side equals Cs,,, +2(v). Since this cannot be
zero 2n; + 2 must be equal n; so that ny = —2. This is a contradiction.
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§3. The principal series for non-archimedean fields. In order to complete the discussion of the previous
pragraph we have to consider representations which are not absolutely cuspidal. This we shall now
do. We recall that if 111, ps is a pair of quasi-characters of F'* the space B(u1, p2) consists of all locally
constant functions f on G which satisfy

1/2

f(9) (3.1)

a

f <<68 i)g) = pa(a1)pz(az) al

2

forall gin G, ay, as, in F'*, and = in F. p(u1, p2) is the representation of Gr on B (g, pi2).
Because of the Iwasawa decomposition Gr = PrGL(2,0F) the functions in B(u1, p12) are
determined by their restrictions to GL(2, Or). The restriction can be any locally constant function on

GL(2,0p) satisfying
F((% 2)e) = m@maaio

a2

forall gin GL(2,0F), a1, a2 in Up, and z in Op. If U is an open subgroup of GL(2, O ) the restriction
of any function invariant under U is a function on GL(2, Or)/U which is a finite set. Thus the space
of all such functions is finite dimensional and as observed before p(y1, i2) is admissible.

Let J be the space of continuous functions f on G which satisfy

(% 2)e)-
/2 —1/2

for all gin Gp, a1, az in F*, and x in F. We observe that F contains B(a; ", ar’"). G acts on J.
The Haar measure on G if suitably normalized satisfies

f<g>dg=/ / /

Gr Np JAR GL(Q,OF)
o aj 0
a_<0 )

[
GL(2,0F)

is a G p-invariant linear form on J. There is also a positive constant c such that

pr(g)dg:C/NF/AF/NF _1f<na<01 é)nl)dndadnl,
/GL@OF)f(k)dk:c/Ff((Ol (1)) <(1) 9{)) .

If 1 belongs to B(ju1, f12) and oy belongs to B(ui !, 5 ') then o1y belongs to F and we set

ai

ag

f(g)

-1

f(nak) dn da dk

ax
ag

if

It follows easily from this that

ax
ag

Consequently

(p1,02) = / ©01(k) p2(k) dk.
GL(2,0r)
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Clearly
(p(9)e1,p(9)p2) = (1, 92)

so that this bilinear form is invariant. Since both ¢; and ¢2 are determined by their restrictions to
GL(2,0r) itis also non-degenerate. Thus p(; ', 115 ) is equivalent to the contragredient of p(ju1, o).

In Proposition 1.6 we introduced a representation r of G and then we introduced a representa-
tion 7o = 7, ., Both representations acted on S(F?). If

5 (a,b) = /F B (a, ) by) dy

is the partial Fourier transform
[r(9)®]” = p(g)2~ (3.1.1)
and
P (9) = i (detg) [detg|'/*r(g). (3.1.2)

We also introduced the integral

O, i) = [ (s 084 ¢

and we set

Wa(g) = 0k, 12; Ty 2 (9)P). (3.1.3)
The space of functions Wy is denoted W (pu1, pu2; 9).

If w is a quasi-character of F* and if |w(w)| = |w|® with s > 0 the integral
z2(w, @) = / (0, t)w(t)d*t
X

is defined for all ® in §(F?). In particular if |u1 (w)p; * ()| = |w|® with s > —1 we can consider the
function

fa(g) = m (detg) |detg|'*z(armpy ", p(9)®)
on G. Recall that ap(a) = |a|. Clearly

p(h)fs = fu (3.1.4)
if
U = iy (deth) |deth| 2 p(h)®.

We claim that fg belongs to B(j11, i2). Since the stabilizer of every ® under the representation
g — 1 (detg) |detg|'/2p(g) is an open subgroup of G the functions fg are locally constant. Since the
space of functions fg is invariant under right translations we need verify (3.1) only for g = e.

fa <<%1 ;;)) =z <M1M210<F,P <<%1 ;;)) ‘1>> p(araz) !a1a2|1/2.

By definition the right side is equal to

pr(ana)arasl [ (O (01 20, a2t) 4t

Changing variables we obtain

1/2
a _
2 [ ntons '@ 0. 0d%

The integral is equal to fe(e). Hence our assertion.

p(a1)pz(az)
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Proposition 3.2.  Assume | (w)uy  (w)| = |w|® with s > —1.

(i) There is a linear transformation A of W (1, u2; ) into By, uz) which for all ® in S(F?),
sends We to fg~.

(ii) A is bijective and commutes with right translations.

To establish the first part of the proposition we have to show that fo~ is 0 if Wy is. Since

NFAF<0 1

1 0 ) N is a dense subset of G this will be a consequence of the following lemma.

Lemma 3.2.1. If the assumptions of the proposition are satisfied then, for all ® in S(F?), the

function
_ _ a 0
o — @l 2w (7))

1s integrable with respect to the additive Haar measure on F' and

Jwe((5 1)) @i Puaa=ra (73 (5 7))

By definition
o ((? _01) <(1) 1>) — [ @t ta (s @) el 0

while

Wa ((0 ‘f)) by ) ol 2 = @)z (@) [ @lat, ) (0) s () 4. (3.22)

After a change of variable the right side becomes

[ ottt ons @ @

Computing formally we see that

[ ((0 ‘f)) 131 (@) o] 24p(az) da

is equal to

[ vt [ ettt oat o= [ uowto] [ eca e da

which in turn equals

/FX g (g (2) [t] {/F<I>(t,a)¢(axt) da} d*t = /F (¢, ot g (g () |t ¥t
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Our computation will be justified and the lemma proved if we show that the integral

/Fx /F |@(t,at™ ") (t)| ¢ da

/ / D (t, a)| [1}+ d*t da
F*X JF

which is finite because s is greater than —1.

To show that A is surjective we show that every function f in B(y, u2) is of the form fg for
some ® in §(F?). Given f let ®(z,y) be 0 if (x,y) is not of the form (0, 1)g for some g in GL(2,0F)
but if (2,%) is of this form let ®(z,y) = p; *(detg)f(g). It is easy to see that ® is well-defined and
belongs to $(F?). To show that f = fo we need only show that f(g) = fo(g) for all g in GL(2,OF).
If g belongs to GL(2,OF) then ®((0,t)g) = 0 unless ¢ belongs to Ur so that

is convergent. It equals

fa(g) = a1 (detg) / (0, )g) 1 ()3 (1) d.

Ur

Since
2((0,0)9) = i Oz )t () 9) = Onalohes ) )

the required equality follows.
Formulae (3.1.2) to (3.1.4) show that A commutes with right translations. Thus to show that A is
injective we have to show that W (e) = 0 if f ~is 0. It follows from the previous lemma that

(5 7))

is zero for almost all a if f;~is 0. Since Wg ((g ?)) is a locally constant function on F™* it must

vanish everywhere.
We have incidentally proved the following lemma.

Lemma 3.2.3 Suppose |1 (w)us ()| = |w|® with s > —1 and W belongs to W (i1, pia; ). If
a 0
(1)

Theorem 3.3 Let py and ps be two quasi-characters of F'*.

for all a in F* then W is 0.

(i) If neither pipuy ' nor py o is ap the representations p(py, p2) and p(pa, p2) are equivalent
and irreducible.

(i) If prpy ' = ap write pp = Xa;/Q, o = Xa;1/2. Then B(u1, u2) contains a unique proper
invariant subspace Bg(py, o) which is irreducible. B(usa, p1) also contains a unique proper
invariant subspace By¢(ug, p1). It is one-dimensional and contains the function x(detg).
Moreover the Gp-modules Bg(p1,p12) and B(pe, p1)/Bs(pe, 1) are equivalent as are the
modules B(p1, pi2)/Bs(pr, p2) and B (pz, pa).

We start with a simple lemma.
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Lemma3.3.1 Suppose there is a non-zero function f in B(u1, pe) invariant under right translations

1/ 1/2

by elements of Np. Then there is a quasi-character x such that p1 = xop * and po = xop~ and

f is a multiple of x.

Since NpAp ((1) _01 )N r is an open subset of G the function f is determined by its value at
0

1 Bl ) Thus if ;11 and po have the indicated form it must be a multiple of x.

If ¢ belongs to F'* then

1 0 (¢t 1\/0 —-1\[/1 !
c 1) L0 ¢ 1 0 0o 1 )
Thus if f existsand w = ,ugul_loz;l

(e D)o (T )

Since f is locally constant there is an ideal a in F' such that w is constant on a — {0}. It follows
immediately that w is identically 1 and that x; and p9 have the desired form.
The next lemma is the key to the theorem.

Lemma 3.3.2. If |puipa(w)| = |w|® with s > —1 there is a minimal non-zero invariant subspace X
of B(u1, p2). For all f in B(u1,p2) and all n in Ng the difference f — p(n)f belongs to X.

By Proposition 3.2 it is enough to prove the lemma when B(uy,pe) is replaced by
W (1, 23 1). Associate to each function W in W (uq, u2; 1) a function

v ((; )

on F*. If pis 0sois W. We may regard m = p(11, f12) as acting on the space V' of such functions. If b
isin B
m(b)p = &y (D)

Appealing to (3.2.2) we see that every function ¢ in V has its support in a set of the form
{a€ F*||a| < c}

where ¢ = ¢(p) is a constant. As in the second paragraph the difference ¢ — m(n)p = ¢ — &y (n)p is
in §(F*) for all n in Np. Thus V N 8(F*) is not 0. Since the representation &, of Bp on 8(F*) is
irreducible, V and every non-trivial invariant subspace of V' contains 8(F™). Taking the intersection
of all such spaces we obtain the subspace of the lemma.

We first prove the theorem assuming that |y (w)pu; ()| = |w|® with s > —1. We have
defined a non-degenerate pairing between B (1, p12) and B(u; ', 3 '). All elements of the orthogonal
complement of X are invariant under Ng. Thusif p; py Lisnota r the orthogonal complement is 0 and
X is B(ju1, 12) so that the representation is irreducible. The contragredient representation p(i; *, 5 )
is also irreducible.

If ulugl = ap we write u; = Xa1/2, Lo = Xa;1/2. In this case X is the space of the functions
orthogonal to the function y ™ in B(u; ",y '). We set By (1, p2) = X and we let By(u', ;") be

the space of scalar multiples of x~!. The representation of G on B(u1, ii2) is irreducible. Since
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Bs(p1, p2) is of codimension one it is the only proper invariant subspace of B(p, p2). Therefore
Br(uyt, s ') is the only proper invariant subspace of B (', 115 1).

If [p1 (@) py (@) = |@|® then |uy (@) pa(w)| = |w|~* and either s > —1 or —s > —1. Thus if
,ufl,ug is neither ar nor a;l the representation m = p(u1, 1) is irreducible. If w = 17 o then

so that 7 is equivalent to w @ 7 or tow @ p(uy ', py *). Ttis easily seen that w @ p(uy ', 5 ') is equivalent
to p(wpy tywpy ) = plpz, ).

If pipg ! = ap and 7 is the restriction of p to By(u1, pi2) then 7 is the representation on
Bluy g ') /By(urt, uyt) defined by p(uyt, uy'). Thus m is equivalent to the tensor product of
w = p1p2 and this representation. The tensor product is of course equivalent to the representation on

B(juz, 1)/ B s (piz, ). I gy = yad” and o = xag"/? the representations on B(u1, i2) /B (j11, pi2)
and B ¢(p2, pt1) are both equivalent to the representations g — x/(detg).
The space W (pu1, pi2; ) has been defined for all pairs i1, fia.

Proposition 3.4 (i) For all pairs p1, o

W1, pas ) = W, pa; V)

(i) In particular if pips " # a;l the representation of Gg on W(u1,us; ¥) is equivalent to
p(p, p2)-

If @ is a function on F* define ®* by
O (z,y) = B(y, ).
To prove the proposition we show that, if ® is in $(£?),
w1 (detg) ]detg\l/QQ(,u,l,,ug; r(g)q)L) = 1o (detg) |detg|1/2«9(u2, 1 r(g)(I)).

If g is the identity this relation follows upon inspection of the definition of (4, p12; ®*). Itis also easily
seen that

r(g)®" = [r(g)®]"
if gis in SL(2, F') so that it is enough to prove the identity for

(5 7).

pa(a@) [ (et t a0 (04t = pafa) [ Blat.t stz (1)@

It reduces to

The left side equals
(@) [ (e atym(ny 0 "t

which, after changing the variable of integration, one sees is equal to the right side.
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If 115 is not ap or a! so that p(uy, po) is irreducible we let (1, pi2) be any representation
in the class of p(p1, p2). If p(p1, u2) is reducible it has two constituents one finite dimensional and one
infinite dimensional. A representation in the class of the first will be called (1, 12). A representation
in the class of the second will be called o (11, f12). Any irreducible representation which is not absolutely
cuspidal is either a (1, p12) or a o(p1, p2). The representations o (u1, p2) which are defined only for
certain values of 11; and 9 are called special representations.

Before proceeding to the proof of Theorem 2.18 for representations which are not absolutely
cuspidal we introduce some notation. If w is an unramified quasi-character of F* the associated
L-function is

1

Ko T e

It is independent of the choice of the generator @ of p. If w is ramified L(s,w) = 1. If ¢ belongs to
S(F) the integral
Zwap) = [ pla)ula) ol a*a

is absolutely convergent in some half-plane Re s > sy and the quotient

Z(wap, ¢)
L(s,w)

can be analytically continued to a function holomorphic in the whole complex plane. Moreover for a
suitable choice of ¢ the quotient is 1. If w is unramified and

/ d*a=0
Ur

one could take the characteristic function of Op. There is a factor (s, w, 1)) which, for a given w and
1), is of the form ab® so that if ¢ is the Fourier transform of ¢

Z(wila%_s, ?)

Z(wak, ¢)
L(1—s,w™ 1) '

=e(s,w, ) L(s.0)

If w is unramified and Op is the largest ideal on which ¥ is trivial £(s,w, ¢) = 1.

Proposition 3.5 Suppose puy, and ps are two quasi-characters of F* such that neither ,ufl,ug nor
pipy t is ap and T is (1, o). Then

W(m, ) = W, pa; ¥)
and if
L(S,ﬂ) - L(Saul) L(‘SaM?)
L(s, @) = L(s, 47 ") L(s, 15 )
S(S,ﬂ-a 1/)) = e(svulaw) 5(57H2,¢)

all assertions of Theorem 2.18 are valid. In particular if |p1(w)| = |w| ™% and |p2(w)| = |w| =52
the integrals defining ¥(g,s, W) are absolutely convergent if Re s > max{sy, s2}. If p1 and ps are
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unramifed and O is the largest ideal of F' on which v is trivial there is a unique function Wy in
W (m, ) which is invariant under GL(2,0F) and assumes the value 1 at the identity. If

/ d*a=1
Ur

That W (7, ¢) = W (1, pe; 1) is of course a consequence of the previous proposition. As we
observed the various assertions need be established only for g = e. Take ® in §(F2) and let W = Wy
be the corresponding element of W (7, ). Then

v ((; )

belongs to the space of the Kirillov model of 7. As we saw in the closing pages of the first paragraph

U(e,s, W) = / w ((a 0>> ’a’s—l/z d*a = (/ﬁ(a;_lﬂ)
X 0 1

then ®(e, s, Wy) = 1.

is equal to
Z(pm ok, 2oy, ®)
if the last and therefore all of the integrals are defined.

Also _
Ule,s,W) = Z(NEIQ;WMIIOZSF’ ).

Any function in §(F?) is a linear combination of functions of the form

(2, y) = p1(2)p2(y).

Since the assertions to be proved are all linear we need only consider the functions ® which are given
as products. Then

Z(:ulai"a MZasFW Q)) = Z(MlasF? SOI)Z(/'LQCVSFW 902)

so that the integral does converge in the indicated region. Moreover

Z(py e, iy e, @) = Z (13 0, 01) Z (11 e, 02)
also converges for Re s sufficiently large. ®(e, s, W) is equal to

Z(Mla%‘a ()01) Z(MQQ%W ()02)
L(s, pi1) L(s, p2)

and is holomorphic in the whole complex plane. We can choose ¢; and ¢ so that both factors are 1.

It follows from the Iwasawa decomposition Grp = Pr GL(2,0F) that if both p; and po are
unramified there is a non-zero function on B(y1, p12) which is invariant under GL(2, Or) and that it
is unique up to a scalar factor. If the largest ideal on which ) is trivial is Op, if ® is the characteristic
function of O%, and if ®f is the partial Fourier transform introduced in Proposition 1.6 then &} = ®,.
Consequently

Tu,po (g)(I)U = @0
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forall gin GL(2,0p). If Wy = Wy, then, since @ is the product of the characteristic function of Op
with itself, ®(e, s, W) = 1if
/ d*a =1.
Ur

The only thing left to prove is the local functional equation. Observe that
O(w,s, W) = ;Iv)(e, s, p(w)W),

that if W = W then p(w)W = W, (s, and that r(w)®(x,y) = ®'(y, x) if &’ is the Fourier transform
of ®. Thus if ®(z,y) is a product 1 (z)p2(y)

Z(uy g, 81) Z(pgt o, @a)
L(s,pi")  L(s,pup")

O(w,s, W) =

The functional equation follows immediately.
If pypy tis ap or ' and m = m(py, pg) we still set

L(Sv’ﬂ) = L(Snul) L(SHU’Q)
and

5(57 7T,’L/J> - E:(S’l’[ll’ w) 5(87 M27¢)-

Since 7 is equivalent to m(py ", p5y )

L(s, @) = L(57M;1)L(S7ﬂgl)'

Theorem 2.18 is not applicable in this case. It has however yet to be proved for the special representa-

tions. Any special representation o is of the form o (u, p12) with g = Xa;/ % and Ho = Xagl/ ®. The
contragredient representation of & is o (5 *, 17 *). This choice of y11 and ps is implicit in the following
proposition.

Proposition 3.6 W (o,v) is the space of functions W = Weg in W (uy, ua; 1) for which

/FfI)(x, 0) dx = 0.

Theorem 2.18 will be valid if we set L(s,0) = L(s,0) = 1 and £(s,0,¢) = (s, p1, ) (s, p2, )
when x is ramified and we set L(s,0) = L(s, 1), L(s,5) = L(s, 5 ), and

L(l B Snu’l_l)

e(s,0,9) = e(s, p1,9) (s, p2, ) L(s, pi2)

when x is unramified.

W (o, 1) is of course the subspace of W (1, p2; 1) corresponding to the space B (f11, p12) under
the transformation A of Proposition 3.2. If W = Wy then A takes W to the function f = fo~ defined
by

f(g) = 2(paps  ar, p(g)®™) pa (detg) [detg|'/?.
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f belongs to B, (1, p2) if and only if

/ @) f(g)dg = 0.
GL(2,0r)

As we observed this integral is equal to a constant times

GG Dl D) e )
Joronl(3 D)) [{ e

The double integral does converge and equals, apart from a constant factor,

//tl)’“(t,t:c) It| dt dz = //@N(t,x) dt da
/(I)(t,O) dt.

We now verify not only the remainder of the theorem but also the following corollary.

which in turn equals

Corollary 3.7 (1) If m = m(p1, p2) then

L(1—-s,0) L(1—s,7)
e(s,0,1) L) e(s,m,v) L)
(i) The quotient
L(s, m)
L(s,0)

is holomorphic
(iii) For all ® such that

/@@:,0) de =0

the quotient
Z(Mla%‘a MQQ%‘a (I))
L(s,0)

is holomorphic and there exists such a ® for which the quotient is one.

The first and second assertions of the corollary are little more than matters of definition. Although
W (1, p2tp) is not irreducible we may still, for all W in this space, define the integrals

\Ii(g,s,W):/W<<8 (1)>g) la*~/2 d*a

T(g,s,W) = /W <<8 ‘1)> g) la[*~ 12w (a) d*a.
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They may be treated in the same way as the integrals appearing in the proof of Proposition 3.5. In
particular they converge to the right of some vertical line and if W = W5

\I’(ea S, W) = Z(NlasF'a /‘6204%‘7 (I))
U(e,s, W) = Z(uy o, it o, ®).

Moreover
Y(g,s, W)
L(s,m)
is a holomorphic function of s and
\I/(gu 1-— ) W) — E(S T 1/}>\I/(gu S, W)
L(1—s,7) T L(s,m)
Therefore ( W)
g? 87

®(g,s,W) = “Lis.0)
and _

& \Ij(gv S5, W)

P(g,s,W) = TL(s5)

are meromorphic functions of s and satisfy the local functional equation

d(wg, 1 — s, W) =e(s,0,1) ®(g,s, W).

To compete the proof of the theorem we have to show that £(s, ¢, 1) is an exponential function of
s and we have to verify the third part of the corollary. The first point is taken care of by the observation
that p; ' (@) || = py ' (@) so that

LA-spt) 11— pa(w) @]’

_ 1o = (@) [l
L(s, p2) 1—py N (w) ||t

If  is ramified so that L(s,o) = L(s,7) the quotient part (iii) of the corollary is holomorphic.
Moreover a ® in §(F?) for which

Z(MlasF'7M2asF'7 (I)> = L(S,O’) =1

can be so chosen that
O(ex,ny) = x(en)®(x,y)
for e and 7 in Up. Then

/FfI)(x, 0) dx = 0.

Now take x unramified so that x(a) = |a|" for some complex number . We have to show that if

/Ffb(a:,()) de =0
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then
Z(:U/lasfﬁ /1’2048}7'7 q))

L (37 ,LLl)
is a holomorphic function of s. Replacing s by s — r + 1/2 we see that it is enough to show that

(1= lol*) [[ @ ot ol o dy

is a holomorphic function of s. Without any hypothesis on ® the integral converges for Re s > 0 and
the product has an analytic continuation whose only poles are at the roots of |[@w[* = 1. To see that these
poles do not occur we have only to check that there is no pole at s = 0. For a given ® in §(F?) there is
an ideal a such that

O(z,y) = ®(,0)

for y in a. If o’ is the complement of a

// B(z,y) e |y <z d*y

/ / B(x,y) |2+ |y &z &y
F Ja’

which has no pole at s = 0 and a constant times

{/Fd?(x,o) \:r|sdx} {/a |y\sdxy}

If a = p" the second integral is equal to

is equal to the sum of

|| (1 = Jo|") ™
If
/ ®(z,0)dxr =0
F

the first term, which defines a holomorphic function of s, vanishes at s = 0 and the product has no
pole there.
If g is the characteristic function of O set

O(z,y) = {po(z) — |=| " wo(@'2) } o(y).

Then
/ ®(z,0)dx =0
F
and
Z(MIQ%V /1'204%‘7 Q))
is equal to

{ [ tate) = 91 ntw ) mao bt @ b { [ o) wato l* @y
The second integral equals L(s, 112) and the first equals

(1= p(@) [@|*™") L(s, 1)
so their product is L(s, 1) = L(s, o).
Theorem 2.18 is now completely proved. The properties of the local L-functions L(s, ) and the
factors €(s, 7, 1) described in the next proposition will not be used until the paragraph on extraordinary
representations.
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Proposition 3.8 (i) If 7 is an irreducible representation there is an integer m such that if the order
of x is greater than m both L(s,x ® ) and L(s,x ® 7) are 1.
(il) Suppose w1 and wo are two irreducible representations of Gr and that there is a quasi-
character w such that

(3 ) ey ) -

Then there is an integer m such that if the order of x is greater than m

5(S7X® 7'['1,17Z)) = 5(57X®772,¢)

(iii) Let w be an irreducible representation and let w be the quasi-character defined by

(5 1)

Write w in any manner as w = pipo. Then if the order of x is sufficiently large in comparison
to the orders of w1 and o

S(S’X ® 7T7¢) = 5(87 XMlﬂﬁ) 8(57X,U’2a @Z))

It is enough to treat infinite-dimensional representations because if 0 = o(, p2) and © =
(1, o) are both defined L(s,x ® 0) = L(s,x ®7), L(s,x ® ) = L(s,x ® 7), and (s, x ® 0,v) =
(s, x ® m, 1) if the order of y is sufficiently large.

If 7 is not absolutely cuspidal the first part of the proposition is a matter of definition. If 7 is
absolutely cuspidal we have shown that L(s, x ® 7) = L(s,x ® 7) = 1 for all 7.

According to the relation (2.18.1)

1 —1_-1_-1/2_-1
20 <1 4 z7)

e(s,x @ m,¢) = Clvy vy
if the order of ¥ is so large that L(s,x ® 7) = L(s,x ! ® @) = 1. Thus to prove the second part we
have only to show that if {C;(v,t)} and {C2(v, t)} are the series associated to 71 and 75 then

Cy(v,t) = Co(v,t)

if the order of v is sufficiently large. This was proved in Lemma 2.16.6. The third part is also a
consequence of that lemma but we can obtain it by applying the second part to m = 7 and to
Ty = 71, pi2)-

We finish up this paragraph with some results which will be used in the Hecke theory to be
developed in the second chapter.
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Lemma 3.9 The restriction of the irreducible representation m to GL(2,0F) contains the trivial
representation if and only if there are two unramified characters py and po such that m = ww(py, u2).

This is clear if 7 is one-dimensional so we may as well suppose that 7 is infinite dimensional.
If 7 = w(p1, u2) we may let m = p(uq, p2). It is clear that there is a non-zero vector in B(u1, 112)
invariant under GL(2, Op) if and only if y; and o are unramified and that if there is such a vector
it is determined up to a scalar factor. If 7 = o (u1, p2) and pqps ' = ap we can suppose that 7 is the
restriction of p(p1, pi2) to Bg(p1, p2). The vectors in B(uq, p2) invariant under GL(2, Op) clearly do
not lie in B (p1, p2) so that the restriction of 7 to GL(2, Or) does not contain the trivial representation.
All that we have left to do is to show that the restiction of an absolutely cuspidal representation to
GL(2,0p) does not contain the trivial representation.

Suppose the infinite-dimensional irreducible representation 7 is given in the Kirillov form with
respect to an additive character ¢ such that Op is the largest ideal on which 9 is trivial. Suppose the
non-zero vector ¢ is invariant under GL(2, Op). It is clear that if

(3 2o

then w is unramified, that ¢(v, t) = 0 unless v = 1 is the trivial character, and that ¢ (v, t) has no pole
att = 0. Suppose 7 is absolutely cuspidal so that ¢ belongs to 8(F*). Since m(w)p = ¢ and the
restriction of w to Uf is trivial

B(1,1) = C(1L,H B, 75747

if z9 = w(w). Since C(1,t) is a constant times a negative power of ¢ the series on the left involves no
negative powers of ¢t and that on the right involves only negative powers. This is a contradiction.

Let }(( be the subalgebra of the Hecke algebra formed by the functions which are invariant under
left and right translations by elements of GL(2, Or). Suppose the irreducible representation 7 acts on
the space X and there is a non-zero vector z in X invariant under GL(2, O). If f is in H, the vector
7( f)x has the same property and is therefore a multiple A(f)z of x. The map f — A(f) is a non-trivial
homomorphism of }j into the complex numbers.

Lemma 3.10 Suppose m = w(u1, po) where py and pe are unramified and A is the associated homo-
morphism of Hy into C. There is a constant ¢ such that

NGET: /G 1£(g)] dg (3.10.1)

for all f in H if and only if 1z is a character and |p1 (w)py *(w)| = |w|® with —1 < s < 1.
Let 7 act on X and let 7 in X be such that (z, ) # 0. Replacing & by

/ T(g9)z dg
GL(2,0F)

if necessary we may suppose that 7 is invariant under GL(2, Or). We may also assume that (z,7) = 1.
If n(g) = (w(g)x,z) then

() nlg) = /G n(gh) £ (h) dh
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for all f in Hy. In particular

A(f) = /G n(h) £(h) dh.

If |n(h)| < cfor all h the inequality (3.10.1) is certainly valid. Conversely, since 7 is invariant under
left and right translations by GL(2, Op) we can, if the inequality holds, apply it to the characteristic
functions of double cosets of this group to see that |n(h)| < ¢ for all h. Since

0((§ 0)1) =m@me@un

the function 7 is bounded only if p; 119 is a character as we now assume it to be. The finite dimensional
representations take care of themselves so we now assume 7 is infinite-dimensional.

Since 7 and 7 are irreducible the function (7(g)z,z) is bounded for a given pair of non-zero
vectors if and only if it is bounded for all pairs. Since Gr = GL(2,0p) Ap GL(2,0F) and 12 is a
character these functions are bounded if and only if the functions

«((5 1)

are bounded on F'*. Take 7 and 7 in the Kirillov form. If ¢ isin V and ¢ isin V' then

w((5 1)) i

w5 ) ed =m@m@<a (%)) whes>

Thus 7)(g) is bounded if and only if the functions

(3 4o

are bounded for all ¢ in V and all ¢ in §(F™).

It is not necessary to consider all ¢ in (') but only a set which together with its translates by
the diagonal matrices spans 8(F*). If y is a character of Ur let ¢, be the function on F* which is 0
outside of Ur and equals p on Up. It will be sufficient to consider the functions ¢ = ¢,, and all we

need show is that
w™ 0
(m (( 0 1)) 5 Pu) (3.10.2)

is a bounded function of n for all ;x and all . The expression (3.10.2) is equal to @, (u). If ¢ belongs
to S(F) the sequence {@,, (1)} has only finitely many non-zero terms and there is no problem. If
v = m(w)yo then

is equal to

> Gu(w)t™ = Clu,t)n(t)
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where 7)(t) depends on ¢( and is an arbitrary finite Laurent series. We conclude that (3.10.1) is valid if
and only if 11 1o is a character and the coefficients of the Laurent series C(y, t) are bounded for every
choice of p.

It follows from Proposition 3.5 and formula (2.18.1) that, in the present case, the series has only
one term if y is ramified but that if y is trivial

(1= pa(@)t™1) (1 = pa(w)t™t)
T 75 () [@10) (1= 153 () [l )

C(ps ]2 i (@) py () = (

The function on the right has zeros at t = y; (@) and ¢t = po(w) and poles at t = 0, t = ||~y (@),
and t = || uz(w). A zero can cancel a pole only if i3(w) = ||~y (@) or py(w) = |@| e (w@).
Since p1 and po are unramified this would mean that Mfl Lo equals ap or a;l which is impossible
when 7 = (1, pi2) is infinite dimensional.

If C'(u, t) has bounded coefficients and p; 12 is a character the function on the right has no poles
for |t| < |ew|~'/? and therfore | ()| > |w|'/? and |p2(w)| > |w|'/2. Since

i (@)py  (@)] = | (@) = |uy ™ (w) 2

where 111112 is a character these two inequalities are equivalent to that of the lemma. Conversely if these
two inequalities are satisifed the rational function on the right has no pole except that at 0 inside the
circle |t| = || /2 and at most simple poles on the circle itself. Applying, for example, partial fractions
to find its Laurent series expansion about 0 one finds that the coefficients of C'(u, t) are bounded.

Lemma 3.11 Suppose py and pg are unramified, puipe is a character, and m = w(p1, o) 18 infinite
dimensional. Let |p1(w)| = |w|" where v is real so that |p2(w)| = |w|™". Assume Op is the
largest ideal on which 1 is trivial and let Wy be that element of W (m, 1) which is invariant under
GL(2,0p) and takes the value 1 at the identity. If s > |r| then

L (G 0)

if the Haar measure is so normalized that the measure of Up is one.

1

‘a‘s—l/Q d*a < _
(1 === )(A = Jw|*=7)

If @ is the characteristic function of O% then

wo (5 1)) =m@lal [ ot mon o

/ W <<8 ?))‘ \a\s1/2dxa§//<1>(at,t1)|a|s+r\t2rdxadxt.
FX

Changing variables in the left-hand side we obtain

1
la|*tTb]*~" d*ad™ b = .
/oF /oF (1= ww[**)(1 = [w|*=7)
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84. Examples of absolutely cuspidal representations In this paragraph we will use the results of the
first paragraph to construct some examples of absolutely cuspidal representations.

First of all let K be a quaternion algebra over F. K is of course unique up to isomorphism.
As in the first paragraph 2 will denote a continuous finite-dimensional representation of K* the
multiplicative group of K. If x is a quasi-character of F* and v is the reduced norm on K we denote
the one-dimensional representation g — X(V( g)) of K* by x also. If  is any representation x ® €2 is
the representation g — x(g) 2(g). If Q is irreducible all operators commuting with the action of K*
are scalars. In particular there is a quasi-character {2 of F'* such that

Qa) =w(a)l

for all a in F'* which is of course a subgroup of K*. If  is replaced by x ® €2 then w is replaced by
X2w. Q will denote the representation contragredient to 2.

Suppose €2 is irreducible, acts on V, and the quasi-character w is a character. Since K*/F* is
compact there is a positive definite hermitian form on V' invariant under K. When this is so we call
2 unitary.

It is a consequence of the following lemma that any one-dimensional representation of K is the
representation associated to a quasi-character of F'*.

Lemma 4.1 Let Ky be the subgroup of K* consisting of those x for which v(x) = 1. Then K; is
the commutator subgroup, in the sense of group theory, of K*.

K certainly contains the commutator subgroup. Suppose x belongs to K;. If x = z* then
z? = za* = 1 so that x = +1. Otherwise = determines a separable quadratic extension of F'. Thus,
in all cases, if zz* = 1 there is a subfield L of K which contains x and is quadratic and separable over
L. By Hilbert’s Theorem 90 there is a y in L such that z = yy~“. Moreover there is an element o in K
such that 0zo~! = 2* for all z in L. Thus « = yoy~'o~! is in the commutator subgroup.
In the first paragraph we associated to {2 a representation 7, of a group G+ on the space §( K, Q2).
Since F' is now non-archimedean the group G4 isnow Gy = GL(2, F).

Theorem 4.2 (i) The representation rq is admissible.
(ii) Let d = degree). Then rq is equivalent to the direct sum of d copies of an irreducible
representation m(€2).
(i) If Q is the representation associated to a quasi-character x of F* then

1/2 —1/2
() = o(xa ™, xap 7).
(iv) If d > 1 the representation w(2) is absolutely cuspidal.

If n is a natural number we set
G, ={9€ GL(2,0F)|g=I(modp™)}

We have first to show that if ® is in S( K, §2) there is an n such that ro(g)® = ® if g is in G,, and that
for a given n the space of ® in §( K, ) for which rqo(g)® = @ for all g in G,, is finite dimensional.

Any
_(a b
9=\¢ d

_ 1 0\[(a ¥V
9=\ eat 1 0 d

in GG;, may be written as
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and both the matrices on the right are in G,,. Thus G, is generated by the matrices of the forms

) B ) B () K R Y

with @ = 1 (modp™) and z = 0 (modp™). It will therefore be enough to verify the following three
assertions.

(4.2.1) Given ® there is an n > 0 such that

(5 1)e=e
ifa =1 (modp™)

(4.2.2) Given ® there is an n > 0 such that

(o 1)e=e
ifz =0 (modp™).

(4.2.3) Given n > 0 the space of ® in §(K, ) such that

(o 7))o=
ratw o (g 7)) rawie—e

for all x in p™ is finite-dimensional.

If a = v(h) then
ro ((8 (1)>> ® = |h|}% Q(h) @(ah).

Since ® has compact suport in K and is locally constant there is a neighborhood U of 1 in K* such that

and

Q(h) @(ah) |h| ) = @ ()

for all A in U and all z in K. The assertion (4.2.1) now follows from the observation that v is an open
mapping of K onto F'*.
We recall that

ro <<é ”f)) D (2) = v (av(2)) B(2)

Let p~* be the largest ideal on which v is trivial and let px be the prime ideal of K. Since v(p2) = p7

(s )

for all z in p” if and only if the support of ® is contained in p." . With this (4.2.2) is established.

O satisfies the two conditions of (4.2.3) if and only if both ® and 7(w)® have support in pl}"_e
or, since r(w)® = —@’, if and only if ® and ', its Fourier transform, have support in this set. There
is certainly a natural number £ such that w(T(y)) = 1forall y in p’;( Assertion (4.2.3) is therefore a
consequence of the following simple lemma.
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Lemma 4.2.4 If the support of ® is contained in p " and ¢(T(y)) =1 for all y in p%. the Fourier

transform of ® is constant on cosets of pﬁ?".

Since

the lemma is clear.

We prove the second part of the theorem for one-dimensional €2 first. Let (2 be the representation
associated to x. S(K,€?) is the space of ® in §(K) such that ®(zh) = ®(z) for all hin K;. Thus to
every ¢ in §(K, (2) we may associate the function pg on F'* defined by

po(a) = A3 Q(h) (k)
if a = v(h). The map ® — g is clearly injective. If ¢ belongs to S(F*) the function ® defined by
(k) = bl "* Q7 (h) ¢ (v(h)
if h # 0 and by
B(0) =0

belongs to (K, 2) and ¢ = @g. Let 8o (K, §2) be the space of functions obtained in this way. It is the
space of functions in $( K, §2) which vanish at 0 and therefore is of codimension one. If ® belongs to
So( K, ), is non-negative, does not vanish identically and ¢’ is its Fourier transform then

&'(0) = /fb(a:) dz 4 0.

Thus rqo (w)® does not belong to 8y (K, 2) and 8y (K, 2) is not invariant. Since it is of codimension one
there is no proper invariant subspace containing it.

Let V be the image of §( K, w) under the map ® — ¢¢. We may regard rq, as acting in V. >From
the original definitions we see that

ra(b)p =y (b)p

if bisin Bp. If V} is a non-trivial invariant subspace of V' the difference

e-ra((y 7))

isin Vo N Vj for all p in V; and all z in F'. If ¢ is not zero we can certainly find an x for which the
difference is not zero. Consequently V; N V; is not 0 so that V; contains Vj and hence all of V.

ro is therefore irreducible and when considered as acting on V' it is in the Kirillov form. Since
Vo is not V' it is not absolutely cuspidal. It is thus a 7(p, p2) or a o (1, pi2). To see which we have to
find a linear form on V which is trivial on V;. The obvious choice is

if ¢ = pg. Then
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To see this we have only to recall that

ro <<g 2>>:Q(a)I:X2(a)I
(5 1)) 20 =1 am a00)

where a = v(h) so that |h|1/2 la|2 and Q(h) = x(a)l. Thus if

Ap(g) = L(ra(g9)¢)

and that

A is an injection of V into an irreducible invariant subspace of B(XaF/ ® xan P Y 2). The only such

subspace is B (XaF/Q, XaFl/ ) and g, is therefore U(X@F/Q, XaFl/Q).

Suppose now that €2 is not one-dimensional. Let 2 act on U. Since K is normal and K/ K is
abelian there is no non-zero vector in U fixed by every element of K. If ® is in 8( K, 2) then

®(zh) = Q71 (h) ()

for all hin K. In particular ®(0) is fixed by every element in K and is therefore 0. Thus all functions
in §(K, 2) have compact supports in K * and if we associate to every ® in §(k, 2) the function

pa(a) = B¢ (R) B(R)
where a = v(h) we obtain a bijection from S$(K, ) to S(F*,U). It is again clear that
pa, =y (D)pae

if bisin Bp and &1 = rq(b)®.

Lemma4.2.5 Let 2 be an irreducible representation of K* in the complex vector space U. Assume
that U has dimension greater than one.
(i) For any ® in 8(K,U) the integrals

Z(a‘}@Q,(I)):/K \a\s/z Qa) ®(a)d*a
Z(ah © 07, @) = / a3 0 (a) ®(a) d*a

are absolutely convergent in some half-plane Re s > sg.
(ii) The functions Z(a% @ Q, ®) and Z (a4 @ Q7L ®) can be analytically continued to functions
meromorphic in the whole complex plane.
(iii) Given w in U there is a ® in S(K,U) such that
Z(ap ®0,0) = u.
(iv) There is a scalar function £(s,Q,1) such that for all ® in §(K,U)

2@ QL 0 = —e(s,0,0) Z(03T? 2 Q, )
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if ® is the Fourier transform of ®. Moreover, as a function of s, €(s,Q,1) is a constant
times an exponential.

There is no need to verify the first part of the lemma. Observe that ap (v(z)) = |v(z)|p = |:1:|}(/2

so that ,
(0 © Q) (2) = [2[3L° Q).

If @ belongs to 8(K, U) set
By (z) = / Q(h) B(wh).
K

The integration is taken with respect to the normalized Haar measure on the compact group K;. @
clearly belongs to 8( K, U) and

Z(ah @ Q,®) =Z(aj @ 0Q,P) (4.2.6)
and the Fourier transform @ of ®; is given by
) (z) = / Q(h1) @' (hx)
K1
The function &/ (z*) belongs to S( K, 2) and
Z(ah @01 ) = Z(ah Q7 @)). (4.2.7)
Since ®; and ¢/ both have compact support in K * the second assertion is clear.
If u is in U and we let ®,, be the function which is O outside of Uk, the group of units of O,
and on Uy is given by ®,,(z) = Q71 (x)u then

Z(ap @ Q,0,) = cu

c:/ d*a.
Uk

If ¢ belongs to S(K ) let A(p) and B(¢p) be the linear transformations of U defined by

if

AU = Z(a5T? @ Q, ")
B(p)u = Z(a;s+3/2 @071, ©'u)

where ¢’ is the Fourier transform of . If A\(h) ¢(h) = p(h~'z) and p(h) ¢(z) = p(xh) then
s/2+1/4
A (R)p) = [l (h) Alp)

and

Alp(h)p) = bl >~ A(p) ™ (h).

Since the Fourier transform of M(h)e is |h|gp(h)¢’ and the Fourier transform of
p(h)p is |h| ' A(h)¢’, the map ¢ — B(y) has the same two properties. Since the kernel of ) is
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open it is easily seen that A(yp) and B(y) are obtained by integrating ¢ against locally constant func-
tions a and 3. They will of course take values in the space of linear transformations of U. We will
have

a(ha) = (W} (h) a(a)

and

alah™t) = |h[* 7 a(a) Q71 (h)

B will satisfy similar identities. Thus

a(h) =[R2 0(h) a(1)
B(h) = A2V (k) B(1)

a(1) is of course the identity. However (1) must commute with (%) for all ~ in K and therefore it
is a scalar multiple of the identity. Take this scalar to be —&(s, 2, ).

The identity of part (iv) is therefore valid for ® in S(K*,U) and in particular for ® in §(K, §2).
The general case follows from (4.2.6) and (4.2.7). Since

1 s
e(s.Q0) = — Z(a}" " w79

the function (s, €2, 1) is a finite linear combination of powers |w|® if w is a generator of p . Exchanging
the roles of ®,, and ®/, we see that e 71 (s, 2, 1) has the same property. (s, 2, ) is therefore a multiple
of some power of |w|°.

We have yet to complete the proof of the theorem. Suppose ¢ = g belongs to S(F*,U) and
©" = Prq(w)d- We saw in the first paragraph that if x is a quasi-character of /™ then

P(x) = Z(arpx ® Q, @) (4.2.8)
and, if Q(a) = w(a)I for a in F'*,
Pxtw ™ = Zlapx o0 ). (4.2.9)

Suppose Uy is a subspace of U and ¢ takes its values in Uy. Then, by the previous lemma, @(x)
and @'(x"'w™!) also lie in Uy for all choices of . Since ¢’ lies in §(F*,U) we may apply Fourier
inversion to the multiplicative group to see that ¢/ takes values in Uj.

We may regard rq as acting on 8(F'*,U). Then 8(F*,Uy) is invariant under rq(w). Since
ra(b)e = &y(b)e for bin Bp it is also invariant under the action of Bp. Finally 7o (({ M = w(a)p
so that S(F'*,Up) is invariant under the action of G itself. If we take Uy to have dimension one
then 8(F*,Up) may be identified with §(F*) and the representation rq restricted to S(F'*,Up) is

irreducible. From (4.2.8) and (4.2.9) we obtain

Blaf*x) = Z(a3 Px 0 0. ®)
Flap™ P xTwT) = — 20T e 07 @)

so that
—~ —s+1/2 _ _ ~; s5—1/2
Fap ! = e(s,x ®2,9) Blas ).
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Thus if 7y is the restriction of rq to S(F*, Uy)

e(s,x ® mo, ) = e(s,x ® Q,9)

so that myp = 7(2) is, apart from equivalence, independent of Uj. The theorem follows.
Let €2 be any irreducible finite-dimensional representation of K* and let Q2 act on U. The

contragredient representation Q acts on the dual space UofU.Ifu belongs to U and u belongs to U
(u, Q(n)E) = (@7 (h)u, B).

If ® belongs to S(K) set

Z(a%@ﬁ,fb;u,ﬂ):/ (B[ B(R) (Q(h)u, ) d* h

KX

and set

zm;@ﬁ,@;u,a):/l(x (B[ B(h) (u, O(h)) d* h.

Theorem 4.3 Let § be an irreducible representation of K* in the space U.
(i) For any quasi-character x of F'*
T(x ® Q) = x @7(Q).

(ii) There is a real number sy such that for all u, uw and ® and all s with Res > sq the integral
defining Z (o5 @ Q, ®;u,u) is absolutely convergent.
(iii) There is a unique Euler factor L(s,$) such that the quotient

Z(Oé;+1/2 ®Q, D, u,w)
L(s,Q)

18 holomorphic for all u, w, ® and for some choice of these variables is a non-zero constant.
(iv) There is a functional equation

Z(o['fm/z_S ®Q, ', u, )

L(1—5,Q)

Z(ozf;_l/2 ®Q, P, u,u)
L(s,Q)

= 75(57 Qa ¢)

where £(s,$,1) is, as a function of s, an exponential.
W) If Q(a) =w(a)l for a in F* and if m = w(Q) then

Moreover L(s,7) = L(s,), L(s,7) = L(s, Q) and (s, m,v) = (s, 0, ¥).
The first assertion is a consequence of the definitions. We have just proved all the others when (2
has a degree greater than one. Suppose then that Q(h) = x(v(h)) where ¥ is a quasi-character of F'*.

Then 7(Q2) = W(Xa;/Q, Xa;1/2) and if the last part of the theorem is to hold L(s, §2), which is of course
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uniquely determined by the conditions of part (iii), must equal L(s,7) = L(s, on;/ %). Also L(s, Q)
-1 _1/2

must equal L(s,7) = L(s, x ™ o ”).
In the case under consideration U = C and we need only consider
Z(ar @Q,0:1,1) = Z(ay @ Q, D).
As before the second part is trivial and
Z(ap @ Q,®) = Z(ak © Q, 1)
if
B1 (z) = / B(wh).
Ky

The Fourier transform of ®; is

<I>'1(x):/K1 @’(hx):/Kl &' (zh)

Z(a% @ Q, @) = Z(af @ Q, P)).
It is therefore enough to consider the functions in 8(X, ©2).
If ¢ = g is defined as before then ¢ lies in the space on which the Kirillov model of 7 acts and

Pl ) = AT 0 Q,0).

and

The third assertion follows from the properties of L(s, 7). The fourth follows from the relation
Bloy* W) = 2T w07 ),
which was proved in the first paragraph, and the relation

~¢ 1/2—s _q ~r s—1/2
Plap” w ) _ plar ')
L(1—s,7) els,m ) L(s,m) ’

which was proved in the second, if we observe that Q(h) = Q1(h). ¢’ is of course 7 (w)ep.

Corollary 4.4 If m = w(Q2) then 7 = w(Q2).

This is clear if € if of degree one so suppose it is of degree greater than one. Combining the

identity of part (iv) with that obtained upon interchanging the roles of {} and Q and of ® and &’ we
find that

(s, 0) e(1 — s, Q1) = w(—1).
The same considerations show that
S(Sa T, ¢) 8(1 -5, 7}7 ¢) = w(il)

Consequently

Replacing 2 by x ® (2 we see that

e(s,x @) =¢(s,x ' ® ﬁ,w) = 5(3,X*17r((~2),w)

for all quasi-characters x. Since 7 and 7(£2) are both absolutely cuspidal they are equivalent.
There is a consequence of the theorem whose significance we do not completely understand.
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Proposition 4.5  Let €2 be an irreducible representation of K> on the space U and suppose that the
dimension of U is greater than one. Let U be the dual space of U. Let w be the Kirillov model of
m(Q), let ¢ lie in S(F™), and let ¢’ = w(w)e. If u belongs to U and u belong to U the function ®
on K which vanishes at 0 and on K> is defined by

B(x) = ¢ (v(x)) (@)~ (u, Q(x)a)

is in 8(K) and its Fourier transform ®' vanishes at 0 and on K* is given by

¥'(z) = —¢/ (v(2)) [v(@)| " w™ (v(@) (Qx)u, T)
if Qa) =w(a)l fora in F*.
It is clear that ® belongs not merely to 8(K') but in fact to S(K ). So does the function ®; which
we are claiming is equal to ®’. The Schur orthogonality relations for the group K; show that ®’'(0) = 0

so that ®’ also belongs to (K ™).
We are going to show that for every irreducible representation of (' of K *

/ D4 (z), <u/7§/(x)ﬁ’> |y(3;)|3/2—s d*x _ / e(s, ) () (' (2)u, ) ’y(x)‘s-i-l/z d*z
L(1—s,) L(s, Q)

for all choices of v’ and @'. Applying the theorem we see that

/ (@1 () — ()} (u', @ (2)) ()2~ &2 = 0

for all choices of €, v/, @', and all s. An obvious and easy generalization of the Peter-Weyl theorem,
which we do not even bother to state, shows that ®; = &’.

If
U(z) = /K (u, Q(hz)) (Q (ha)u', T') dh
then
[ o @@ b = o) @) e
while
| @@ @) b e = [ ) e @) @) v d
K KX /K

If W is O for all choice of v’ and u’ the required identity is certainly true. Suppose then V¥ is different
from 0 for some choice v’ and @'
Let U be the intersection of the kernels of Q' and (2. It is an open normal subgroup of K* and
H = U K, F* is open, normal, and of finite index in K *. Suppose that ' (a) = w’(a)I for ain F*. If
h belongs to H
W(h) = xo(h) ¥(z)

where Y is a quasi-character of H trivial on U and K; and equal tow’w ™! on F*. Moreover X, extends
to a quasi-character x of K~ so that

[ r@x@= [ e 4o

X may of course be identified with a quasi-character of F'*.
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Lemma4.5.1 If
[ i@ £o
K /Fx

then Q' is equivalent to x @ Q.
Y and x ® €2 agree on F* and

/KX/FX (u, X © Qa)0) ( (), T) # 0.

The lemma follows from the Schur orthogonality relations.
We have therefore only to prove the identity for ¥ = y ® Q. Set

Fla) = /K (u, O (ha)i) (b, ) dh.

u’ and @' now belong to the spaces U and U. There is a function f on F* such that

The identity we are trying to prove may be written as

[¢'(@) x "M (@)w " (a) f(a™") |a]'/?~* d¥a

J o(a)x(a) f(a)|a]*~ /2 d*a
L(1—-s,x'®n7) .

L(s,x ®)

=e(s,x @™, ) (4.5.2)

Let H be the group constructed as before with U taken as the kernel of 2. The image F” of H under v
is a subgroup of finite index in F* and f, which is a function on F* /F’, may be written as a sum

fl@) =" Mexila)

where {x1,---,Xp} are the characters of F'* /F’" which are not orthogonal to f. By the lemma (2 is
equivalent to x; ® Q2 for 1 <14 < p and therefore 7 is equivalent to y; ® 7. Consequently

e(s,x @m, ) =e(s,xxi ®m,¢)
and

Jpx #'(@)x"H(a) X7 (@) w (a) ]/~ d¥a
Li—s,x ' ©7)

)fFX o(a) x(a) xi(a) \a\s_l/z dxa.

25(37X®7T7w L(5X®7T)

The identity (4.5.2) follows.

Now let K be a separable quadratic extension of F'. We are going to associate to each quasi-
character w of K* an irreducible representation 7(w) of Gp. If G is the set of all g in Gp whose
determinants belong to v(K *) we have already, in the first paragraph, associated to w a representation
r,, of G4+. To emphasize the possible dependence of 7, on 1) we now denote it by 7(w, ). G is of
index 2 in G . Let m(w) be the representation of G induced from 7(w, ).
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Theorem 4.6 (i) The representation w(w,v) is irreducible.
(i) The representation w(w) is admissible and irreducible and its class does not depend on the

choice of .

(iii) If there is no quasi-character x of F* such that w = xov the representation m(w) is absolutely
cuspidal.

(iv) If w = xov and n is the character of F* associated to K by local class field theory then m(w)
is (X, Xn)-

It is clear what the notion of admissibility for a representation of G} should be. The proof that
7(w, 1) is admissible proceeds like the proof of the first part of Theorem 4.2 and there is little point in
presenting it.

To every @ in 8( K, w) we associate the function pg on F = v(K *) defined by

pa(a) = w(h) ||}l o(n)

if a = v(h). Clearly o = 0 if and only if & = 0. Let V. be the space of functions on F; obtained in
this manner. V. clearly contains the space 8(F';.) of locally constant compactly supported functions on
F. . In fact if ¢ belongs to S(F') and

®(h) = w L () [A " (v (h))

then ¢ = @g. If the restriction of w to the group K; of elements of norm 1 in K™ is not trivial so that
every element of S(K,w) vanishes at 0 then V. = S§(F). Otherwise §(F} ) is of codimension one in
V.

Let B, be the group of matrices of the form

a x

0 1
with a in F!y and z in F. In the first paragraph we introduced a representation { = &, of B on the
space of functions on F... It was defined by

(5 1)) e =etoa)
(5 7)) =it ot

We may regard 7(w, 1) as acting on V. and if we do the restriction of 7(w, 1) to By is &.

and

Lemma 4.6.1 The representation of Bp induced from the representation &, of By on $(Fy) is the
representation &y, of Br. In particular the representation &y, of B is irreducible.

The induced representation is of course obtained by letting Br act by right translations on the
space of all functions ¢ on Bp with values in §(F';) which satisfy

P(b1b) = &y (b1) £(b)
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for all by in B,. Let L be the linear functional in 8(F;) which associates to a function its value at 1.
Associate to ¢ the function

= (3 ((5 1)) =2 ((( 3)70)

The value of ((§ 7)) at in F is

T el T )
otz (7 (3 1)) = vlanstaa)

Since F'* /F. is finite it follows immediately that ¢ is in §(F'*) and that ¢ is 0 if ¢ is. It also shows
that ¢ can be any function in $(F*) and that if ¢’ = p(b) ¢ then ¢’ = £(b) ¢ for all b in Bp. Since
a representation obtained by induction cannot be irreducible unless the original representation is, the
second assertion follows from Lemma 2.9.1.

If the restriction of w to K is not trivial the first assertion of the theorem follows immediately. If
it is then, by an argument used a number of times previously, any non-zero invariant subspace of V.
contains 8(F ) so that to prove the assertion we have only to show that §(F} ) is not invariant.

As before we observe that if ¢ in §(K,w) = 8(K) is taken to vanish at 0 but to be non-negative
and not identically 0 then

ro(w) ®(0) = 7/ O(z)dr #0
K

so that g is in §(F} ) but ¢, ()4 is not.

The representation 7(w) is the representation obtained by letting G act to the right on the space
of functions ¢ on G with values in V; which satisfy

p(hg) = m(w, ) (h) o(g)

for h in G. Replacing the functions ¢ by the functions

s=5((3 1))

we obtain an equivalent representation, that induced from the representation

o (3 o5 1)

of G. It follows from Lemma 1.4 that this representation is equivalent to w(w, /) if ¢'(z) = ¥ (ax).
Thus 7(w) is, apart from equivalence, independent of ).

Since
a 0
GF:{g<O 1>{g€G+,CL€FX}

¢ is determined by its restrictions to Br. This restriction, which we again call ¢, is any one of the
functions considered in Lemma 4.6.1. Thus, by the construction used in the proof of that lemma, we
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can associate to any ¢ a function ¢ on F*. Let V be the space of functions so obtained. We can regard
7 = m(w) as acting on V. It is clear that, for all ¢ in V/,

m(b)p =y (b)yp

if bis in Bp. Every function on F can, by setting it equal to 0 outside of F';, be regarded as a function

F*. Since
(6 1)) @ =vlaa

V is the space generated by the translates of the functions in V.. Thusif V. = §(Fy) then V = §(F*)
and if 8(F;) is of codimension one in V, then $(F*) is of codimension two in V.

It follows immediately that 7(w) is irreducible and absolutely cuspidal if the restriction of w to
K is not trivial.

The function ¢ in V. corresponds to the function ¢ which is 0 outside of G+ and on G is givne
by

¢(g) = m(w, ¥)(9)¢-
It is clear that
m(Ww)(g)p = 7w, ¥)(9)¢p

if g isin G4. Any non-trivial invariant subspace of V will have to contain 8(F™) and therefore S(F ).
Since 7(w, ) is irreducible it will have to contain V; and therefore will be V itself. Thus m(w) is
irreducible for all w.

If the restriction of w to K is trivial there is a quasi-character x of F* such thatw = y ov. To
establish the last assertion of the lemma all we have to do is construct a non-zero linear form L on V'
which annihilates §(F*) and satisfies

L (7? (( %1 6?2 )) QO) = x(a1a2) n(az)

if T = m(w). We saw in Proposition 1.5 that

m <<g 2)) = x"(a)n(a)e

1/2
CLl/

. L(p)

so will only have to verify that

If o = pg isin V, we set

so that if a is in F)}.
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If £ is in F'* but not in F; any function ¢ in V' can be written uniquely as

I ()E

L(p) = L(p1) + x(¢) L(p2)-

Theorem 4.7 (i) If m = w(w) then 7 = 7(w") if w'(a) = w(a'), 7 = 7(w™?!) and x @ ™ = 7(wx') if
X s a quasi-character of F* and x' = x ov.
(ii) If a is in F'* then

with ¢ and @9 in V.. We set

(ili) L(s,m) = L(s,w) and L(s,7) = L(s,w™"). Moreover if Y (x) = ¢p(&(z)) for z in K and
if \(K/F,v¥p) is the factor introduced in the first paragraph then

e(s,mp) =ce(s,w, V) N(K/F,¢r)

It is clear that x ® m(w, ) of G4+. However by its very construction x @ 7(w, 1) = m(wx’, ¥).

The relation
(5 ) =e@atr

is a consequence of part (iii) of Proposition 1.5 and has been used before. Since 7/ = 7 o v is trivial and

w(v(a)) = w(a)w*(a)

f=wlnleor=nw™)

To complete the proof of the first part of the theorem we have to show that 7(w) = 7(«"). It is enough
to verify that 7(w, 1) = w(w*, ). If ® belongs to S(K) let *(x) = ®(z*). & — " is a bijection of
8(K,w) with (K, w") which changes m(w, ) into w(w", ). Observe that here as elsewhere we have
written an equality when we really mean an equivalence.

We saw in the first paragraph that if ¢ = g isin V. then

Blag ) = Z(ajw, @)
and that if ¢/ = 7m(w)y and ¢’ is the Fourier transform of ® then, if wy(a) = w(a) n(a) for a in F'*,
B (gt 1) = 2 (ajc w0 )
if v = M(K/F,v¢p). Thus for all ¢ in V, the quotient

play?)

L(s,w)

has an analytic continuation as a holomorphic function of s and for some ¢ it is a non-zero constant.
Also

@I(wo_lal/Q*s) B A(a871/2)
m = NK/F,¢p)e(s,w, ¥k) ﬁ
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To prove the theorem we have merely to check that these assertions remain valid when ¢ is
allowed to vary in V. In fact we need only consider functions of the form

(1)

where ¢q is in V and € is not in F.. Since

~ s—1/2 —s ~ —1/2
Blap %) = el Bolas?)
the quotient
~ s—1/2
Play ")
L(s,w)
is certainly holomorphic in the whole plane. Since
~ — 1/2—s — —s~ — 1/2—s 1_ g~ — 1/2—s
(w5 ol 7%) = wole) wy () [e 2By (wy Lo P %) = lelF By (wy Lo P )

the functional equation is also satisfied.
Observe that if w = x o v then 7(w) = (X, x5) so that

L(s,w) = L(s,x) L(s,x»n)

and

S(Sawad)K) )‘(K/Fa QJZ)F) = 8(57XawF)8(57Xna¢F)

These are special cases of the identities of [19].
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§5. Representations of GL(2,R). We must also prove a local functional equation for the real and
complex fields. In this paragraph we consider the field R of real numbers. The standard maximal
compact subgroup of GL(2,R) is the orthogonal group O(2,R). Neither GL(2,R) nor O(2,R) is
connected.

Let J(; be the space of infinitely differentiable compactly supported functions on GL(2, R) which
are O(2,R) finite on both sides. Once a Haar measure on Gg = GL(2,R) has been chosen we may
regard the elements of {; as measures and it is then an algebra under convolution.

fix f2l9) = [ fi(gh™") fa(h) dh.

Gr

On O(2, R) we choose the normalized Haar measure. Then every function £ on O(2, R) which is a finite
sum of matrix elements of irreducible representations of O(2,R) may be identified with a measure on
O(2,R) and therefore on GL(2,R). Under convolution these measures form an algebra Hs. Hg will
be the sum of }H; and H5. It is also an algebra under convolution of measures. In particular if { belongs
to (3 and f belongs to H;

€% f(g) = /O o, SO SN

and
fre@= [ flgu g du,
O(2,R)
If o;, 1 < i < p, is a family of inequivalent irreducible representations of O(2,R) and
¢i(u) = dim oy traceo;(u™!)
then
p
£=> &
i=1

is an idempotent of Hg. Such an idempotent is called elementary.
It is a consequence of the definitions that for any f in J; there is an elementary idempotent §
such that

Exf=fxE=T.
Moreover for any elementary idempotent
ExFHy xE=ExCF(GRr) &

is a closed subspace of C2°(GR), in the Schwartz topology. We give it the induced topology.
A representation 7 of the algebra Hr on the complex vector space V' is said to be admissible if
the following conditions are satisfied.

(5.1) Every vector v in V' is of the form

with f; in H; and v; in V.



Chapter 1 78

(5.2) For every elementary idempotent £ the range of 7(§) is finite dimensional.

(5.3) For every elementary idempotent ¢ and every vector v in 7(§)V the map f — w(f)v of
€3£ into the finite dimensional space 7(£)V is continuous.

If v =Y., m(fi)v; we can choose an elementary idempotent ¢ so that £f; = f,§ = f; for
1 < i < r. Then m(§)v = v. Let {¢} be a sequence in C2°(Gr) which converges, in the space of
distributions, towards the Dirac distribution at the origin. Set ¢/, = & * ¢y, * £. For each i the sequence
{¢h, = fi} converges to f; in the space {H1&. Thus by (5.3) the sequence {7 (!}, )v} converges to v in
the finite dimensional space m(§)v. Thus v is in the closure of the subspace m({H;1£)v and therefore
belongs to it.

As in the second paragraph the conditions (5.1) and (5.2) enable us to define the representation
7 contragredient to 7. Up to equivalence it is characterized by demanding that it satisfy (5.1) and (5.2)

and that there be a non-degenerate bilinear form on V' x v satisfying

(m(f)v,0) = (v, 7(f)v)

for all f in Hg. V is the space on which 7 acts and f is the image of the measure f under the map
g — g~ !. Notice that we allow ourselves to use the symbol f for all elements of Hk. The condition

(5.3) means that for every v in V and every v in V the linear form
f—=(m(f)v,v)

is continuous on each of the spaces {3 £. Therefore 7 is also admissible.

Choose € so that 7(§)v = v and 7(§)v = v. Then for any f in H;

<7r(f)v75> = <7T(€f§)va m

There is therefore a unique distribution ;2 on G such that

u(f) = (= (f)v,v)
for f in 3. Choose ¢ in £H; £ so that m(p)v = v. Then

u(fp) = p(&feg) = méfép) = (r(€fEp)v,v) = (w(£fE)v, )

so that u(fy) = p(f). Consequently the distribution p is actually a function and it is not unreasonable
to write it as ¢ — (7(g)v,v) even though 7 is not a representation of Gg. For a fixed g, (7(g)v,v)
depends linearly on v and v. If the roles of ™ and 7 are reversed we obtain a function (v, 7(g)v). Itis
clear from the definition that

(m(g)v,v) = (v, 7(g~")0).

Let g be the Lie algebra of G and let gc = g @y C. Let A be the universal enveloping algebra
of gc. If we regard the elements of 2 as distributions on Gr with support at the identity we can take
their convolution product with the elements of C2°(Gr). More precisely if X belongs to g

X * f(g9) = %f(eXP(*tX)Ht:o

and

f+xX(g) = %f(g eXP(*tX))Ls:o
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If f belongs to H; sodo f * X and X * f.
We want to associate to the representation 7 of Hr on V' a representation 7 of 2l on V' such that

m(X)m(f) = m(X * [)
and

m(f)m(X) = n(f * X)
forall X in A and all fin H;. If v =) 7(f;) v; we will set

m(X)v = ZT((X * fi)v;

i
and the first condition will be satisfied. However we must first verify that if

Zﬂ-(fi)vi =0

)

then

w= Y w X+ o,

i

is also 0. Choose f so that w = 7(f)w. Then

w= Zﬂ(f)ﬂ(X*fi)’Ui = ZW(f*X*fi)’Ui :ﬂ(f*X){Zﬂ(fi)’Ui} =0.

% %

>From the same calculation we extract the relation

m(f) {ZW(X*fi)Ui} =m(f*X) {Zﬂ-(fi)vi}

%

for all f so that 7(f)m(X) = 7(f * X).

If g is in G then A(g) f = d4 * f if 04 is the Dirac function at g. If g is in O(2,R) or in Zg, the
groups of scalar matrices, d, * f is in H; if f is, so that the same considerations allow us to associate
to 7 a representation 7 of O(2,R) and a representation 7 of Zg. It is easy to see that if & is in either of
these groups then

7(AdhX) = n(h) m(X) w(h™1).

To dispel any doubts about possible ambiguities of notation there is a remark we should make. For
any fin H;

(m(f)v,0) = : f(g)(m(g)v,v) dg.

Thus if hisin O(2,R) or Zg

(w(f *0n)v,0) = [ f(g) (w(gh)v, V) dg

Gr
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and

(n(f)n(h)o,T) = / F(g)m(g)m (R0, T) dg

Gr
so that
(m(gh)v,v) = (w(g) m(h)v, ).

A similar argument shows that
(m(hg)v,v) = (r(g)v,T(h~'7).

It is easily seen that the function (7(g)v,v) takes the value of (v,v) at g = e. Thus if h belongs to
O(2,R) or Zg the two possible interpretations of (m(h)v,v) give the same result.

It is not possible to construct a representation of Gr on V" and the representation of 2 is supposed
to be a substitute. Since G'r is not connected, it is not adequate and we introduce instead the notion of
a representation 7 of the system {2, ¢} where

(9 1)

It is a representation 7 of 2 and an operator 7 (¢) which satisfy the relations
rie) =1

and

7T1(Ad€X) = 7'['1(8)7T1(X) 7T1(6_1).

Combining the representation 7 with 2 with the operator 7(g) we obtain a representation of the system
{A, e}
There is also a representation 7 of 2 associated to 7 and it is not difficult to see that

(m(X)v,0) = (v, 7(X)0)

if X — X is the automorphism of 2l which sends X in g to —X.
Let

©(g) = (r(g)v,v).

 is certainly infinitely differentiable. Integrating by parts we see that

f@)exX(g)dg= | [*X(9)elg)dyg
Gr Gr

The right side is

(r(f)m(X)w,0) = |  flg)(m(g) 7(X)v,D)

Gr
so that
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Assume now that the operators 7(X) are scalar if X is in the centre 3 of 2. Then the standard
proof, which uses the theory of elliptic operators, shows that the functions ¢ are analytic on Gr. Since

px X(e) = <7T(X)v,?>

p* X(e) = (n(e) m(X)v,v)

and Gr has only two components, one containing e and the other containing €. The function ¢ vanishes
identically if (7(X)v, v) and (7 () 7(X)v, v) are 0 for all X in . Any subspace V; of V invariant under
2 and ¢ is certainly invariant under O(2,R) and therefore is determined by its annihilator in V. If v is

in V] and v annihilates V; the function (7 (g)v,v) is 0 so that
(m(f)v,0) =0

for all f in 3;. Thus 7(f)v is also in V3. Since Hs clearly leaves V; invariant this space is left invariant
by all of Hg.

By the very construction any subspace of V' invariant under Hy is invariant under 2 and ¢ so
that we have almost proved the following lemma.

Lemma 5.4 The representation m of Hg is irreducible if and only if the associated representation m
of {&, e} is.

To prove it completely we have to show that if the representation of {2, ¢} is irreducible the
operator 7(X) is a scalar for all X in 3. As 7(X) has to have a non-zero eigenfunction we have only
to check that 7(X') commutes with 7(Y") for Y in 2 with 7(e). It certainly commutes with 7(Y). X is
invariant under the adjoint action not only of the connected component of G but also of the connected
component of GL(2, C). Since GL(2, C) is conected and contains ¢

(&) m(X)7n (e) = m(Ade(X)) = m(X).

Slight modifications, which we do not describe, of the proof of Lemma 5.4 lead to the following
lemma.

Lemma 5.5 Suppose w and 7’ are two irreducible admissible representations of Hg. © and ' are
equivalent if and only if the associated representations of {2, e} are.

We comment briefly on the relation between representations of Gr and representations of Hg.
Let V be a complete separable locally convex topological space and 7 a continuous representation of
Gron V. Thus the map (g,v) — 7(g)vof Ggr x V to V is continuous and for f in C2°(Gr) the operator

m(f)= | [fl@)n(z)de

Gr

is defined. So is 7(f) for f in Hy. Thus we have a representation of Hg on V. Let 1} be the space
of O(2,R)-finite vectors in V. It is the union of the space m(£)V as £ ranges over the elementary
idempotents and is invariant under Hg. Assume, as is often the case, that the representation 7y of Hp
on Vj is admissible. Then 7 is irreducible if and only if 7 is irreducible in the topological sense.

Suppose 7’ is another continuous representation of Gy in a space V' and there is a continuous
non-degenerate bilinear form on V' x V’ such that

(m(g)v,v') = (v, 7' (g~ ')
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Then the restriction of this form to V5 x Vj is non-degenerate and

(m(f)v,v") = (v, 7" (F)v')

forall f in Hg, v in Vp, and v’ in V. Thus 7{, is the contragredient of 7. Since

(mo(Slv,v") = [ f(g) (x(g)v,v")

Gr

we have
(mo(g)v,v") = (m(g)v, V).

The special orthogonal group SO(2, R) is abelian and so is its Lie algebra. The one-dimensional
representation
cosf sinf in
(sinG cosH) e

of SO(2,R) and the associated representation of its Lie algebra will be both denoted by k,. A
representation m of A or of {2, e} will be called admissible if its restrictions to the Lie algebra of
SO(2,R) decomposes into a direct sum of the representations ,, each occurring with finite multiplicity.
If 7 is an admissible representation of Hy the corresponding representation of {2, €} is also admissible.
We begin the classification of the irreducible admissible representations of Hg and of {2, ¢} with the
introduction of some particular representations.

Let p1 and po be two quasi-characters of F'*. Let B(u1, p2) be the space of functions f on Gg
which satisfy the following two conditions.

(i)
1/2

f(9)

a

P02 )a) = o) wfan)|

2

for all g in GR, a1, as in R*, and z in R.
(ii) fis SO(2,R) finite on the right.
Because of the Iwasawa decomposition

Gr = Nz Az SO(2,R)

these functions are complete determined by their restrictions to SO(2, R) and in particular are infinitely
differentiable. Write
m;
;)
i

where s; is a complex number and m; is 0 or 1. Set s = s; — so and m = |m; — ma| so that

p py () = [t]° (ﬁ)m If n has the same parity as m let ¢,, be the function in B (1, p2) defined by

pi(g) = |t

1/2

ﬂ 6in0‘

1 =z ap 0 cosf)  sind — pa(ar) pia(as)
#nilo 1 0 as —sinf cosg ) ) M\ K22 as

The collection {,, } is a basis of B(u1, p2).
For any infinitely differentiable function f on G and any compactly supported distribution
we defined A(u) f by

M) f(g) = i(p(9)f)
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and p(p) f by

If, for example, p is a measure

Aw) f(g) = g f(h™tg) du(h)

and

p(w)f(9) = | [f(gh)du(h).
Gr
In all cases A(u)f and p(u)f are again infinitely differentiable. For all f in Hg the space B(j1, 112)
is invariant under p(f) so that we have a representation p(y1, p12) of Hg on B(p1, o). It is clearly
admissible and the associated representation p(i1, i) of {2, £} is also defined by right convolution.
We introduce the following elements of g which is identified with the Lie algebra of 2 x 2 matrices.

0 1 10 1 1 —i
) B O B ) S )}
0 1 0 0 10
A U B O B O Y}

2

Z
D = X+X, +X,X+ + 7,

as well as

which belongs to 2.
Lemma 5.6 The following relations are valid
©) p(U)en = inen (i) pe)pn = (=1)™pn
(i) p(Vi)on = (s+14+n)onta () p(Vo)n = (s +1—n)pn_s

) p(D)pn = Z5Le, (i) p(J)n = (51 + 52)n

The relations (i), (ii), and (vi) are easily proved. It is also clear that for all ¢ in B (g, p12)

p(Z)ple) = (s +1) p(e)

and

p(X4) p(e) = 0.

cosf sinf 9
Ad <<—sin9 cosH)) Ve =™V

Ad (080 SOy ey,
—sinf cos6

The relations

and
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show that p(V )¢, is a multiple of ¢,, 2 and that p(V_ )¢, is a multiple of ¢,,_5. Since
Vi = Z — iU +2iX,

and

Vo = Z+4iU — 2iX,

the value of p(V} )¢, at the identity e is s + 1 + n and that of p(V_)¢,, = s+ 1 — n. Relations (iii) and
(iv) follow. 5
It is not difficult to see that D belongs to 3 the centre of . Therefore p(D)p = A(D)p = A(D)p

since D = D. If we write D as )

Z
2X_Xo+Z+

and observe that A(X )o = 0and A\(Z)p = —(s + 1)pif @ isin B(u1, ua) we see that

(s+1)? _52—1
5 Y = 9 Pn-

AD)en = {~(s+ 1)+

Lemma5.7 (i) If s —m is not an odd integer B(py, u2) is irreducible under the action of g.
(i) If s —m is an odd integer and s > 0 the only proper subspaces of B(u1, o) invariant under

g are
By(pi,p2) = Y, Cop
n>s+1
n=s+1(mod 2)
Bo(p1, p2) = Z Cen

n<—s—1
n=s+1(mod 2)

and, when it is different from B(p1, p2),

Bo(p1, p2) = Bi(pr, p2) + Balpr, p2).

(iii) If s —m is an odd integer and s < 0 the only proper subspaces of B(p1, u2) invariant under
g are

Bi(pi, )= », Cop

n>s+1
n=s+1(mod 2)

Bo(p, p2) = Z Cen

n<—s—1
n=(s+1)(mod 2)

and
Br(pr, p2) = Bi(pa, p2) N Ba(pr, pr2).

Since a subspace of B(ju1, i2) invariant under g is spanned by those of the vectors ¢, that it
contains this lemma is an easy consequence of the relations of Lemma 5.6.
Before stating the corresponding results for {2, ¢} we state some simple lemmas.
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Lemma5.8 If w is an irreducible admissible representation of {2, e} there are two possibilities:
(i) The restriction of m to U is irreducible and the representations X — w(X) and X —
7(Ade(X)) are equivalent.
(ii) The space V' on which w acts decomposes into a direct sum Vi @ Vo where Vi and Vo are both
mvariant and irreducible under A. The representations w1 and mo of % on Vi and Vo are not
equivalent but wo is equivalent to the representation X — w(Ads(X)).

If the restriction of 7 to 2 is irreducible the representations X — 7(X)and X — 7(Ade(X)) are
certainly equivalent. Ifitis notirreducible let V; be a proper subspace invariant under 2. If V, = 7(e)V;
then V3 NV, and V; + V5 are all invariant under {2, e}. Thus Vi NV ={0}and V =V, @ V5. If 1}
had a proper subspace V{ invariant under 2 the same considerations would show that V = V] & Vj
with V5 = 7(e)V/. Since this is impossible V; and V5 are irreducible under 2.

Ifvyisin Vy

mo(X) w(e)vy = m(e) w1 (ade(X)) v

so that the representations X — m(X) and X — 7;(Ade(X)) are equivalent. If 7; and m were
equivalent there would be an invertible linear transformation A from V; to V5 so that Am (X) =
ma(X)A. If vy isin V)

A7 m(e) m(X)vr = A7 ma(ade(X)) w(e) v = 1 (Ade(X)) A7 w(e) vy

Consequently { A=!7()}? regarded as a linear transformation of V; commutes with 2 and is therefore
a scalar. There is no harm in supposing that it is the identity. The linear transformation

(% + Vo — Ail’UQ + Avl

then commutes with the action of {2, ¢}. This is a contradiction.
Let x be a quasi-character of R* and let x(¢) = ¢ for ¢ positive. For any admissible representation
m of U and therefore of g we define a representation y ® 7 of g and therefore 2 by setting

x@m(X)= g trace X + m(X)
if X isin g. If 7 is a representation of {2, ¢} we extend x ® 7 to {2, ¢} by setting

x@m(e) = x(=1)m(e)
If 7 is associated to a representation 7 of Hg then x ® 7 is associated to the representation of Hy defined
by
x @m(f)=m(xf)
if x f is the product of the functions x and f.

Lemma 5.9 Let mg be an irreducible admissible representation of A. Assume that wy is equivalent
to the representation X — mo(Ade(X)). Then there is an irreducible representation © of {2, e}
whose restriction to A is mg. If n is the non-trivial quadratic character of R* the representations
m and n® 7 are not equivalent but any representatin of {A, e} whose restriction to A is equivalent
to o is equivalent to one of them.

Let mp act on V. There is an invertible linear transformation A of V such that Am(X) =
mo(Ade(X))A for all X in 2. Then A% commutes with all m(X) and is therefore a scalar. We may
suppose that A2 = I. If we set m(¢) = A and 7(X) = m(X) for X in 2 we obtain the required
representation. If we replace A by —A we obtain the representation 7 ® 7. 7 and n ® 7 are not
equivalent because any operator giving the equivalence would have to commute with all of the 7(X)
and would therefore be a scalar. Any representation 7’ of {2, ¢} whose restriction to 2 is equivalent to
mo can be realized on Vj in such a way that 7' (X) = m¢(X) for all X. Then 7’(¢) = +A.
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Lemma5.10 Let my be an irreducible admissible representation of A. Assume that w1 and mo, with
mo(X) = m1 (Ade(X)), are not equivalent. Then there is an irreducible representation 7 of {4, e}
whose restriction to A is the direct sum of w1 and wo. Every irreducible admissible representation
of {2, e} whose restriction to A contains m is equivalent to w. In particular n ® m is equivalent
to .

Let 1 act on V7. To construct m we set V = V; & V5 and we set
m(X) (v1 ®v2) = m(X)vy @ mo(X)ve

and
m(e) (v1 B va) = vy B vy.

The last assertion of the lemma is little more than a restatement of the second half of Lemma 5.8.

Theorem 5.11 Let 1 and po be two quasi-characters of F*.

) If ,ul,ugl is not of the form t — tPsgnt with p a non-zero integer the space B(u1, p2) is
irreducible under the action of {U,e} or Hg. w(p1,p2) is any representation equivalent to
p(p1, piz).-

(i) If pipy ' (t) = tPsgnt, where p is a positive integer, the space B(uy,p2) contains exactly
one proper subspace Bg(py, p2) invariant under {A,e}. It is infinite dimensional and any
representation of {2, e} equivalent to the restriction of p(p1, p2) to Bs(p1, p2) will be denoted
by o(p1, pe). The quotient space

By, p2) = B(ur, p2)/Bs(pr, p2)

is finite-dimensional and w(py, p2) will be any representation equivalent to the representation
of {, e} on this quotient space.

(i) If pips *(t) = tP sgnt, where p is a negative integer, the space By, p2) contains exactly one
proper subspace B f(p1, p2) invariant under {A,e}. It is finite-dimensional and (1, p12)
will be any representation equivalent to the restriction of p(p1, p2) to B(pa, p2). o(p1, p2)
will be any representation equivalent to the representation on the quotient space

Bi(p1, p2) = Blpr, p2) /By, p2)-

(iv) A representation w(p1, 12) is never equivalent to a representation o(uy, ph).

(v) The representations (1, p2) and w(uy, ph) are equivalent if and only if either (i, p2) =
(1, ) or (pr, p2) = (ph, ph).

(vi) The representations o(u1, pe) and o(py, ph) are equivalent if and only if (u1,u2) is one of

the four pairs (py, pi5), (o, 1), (Lan, pan), or (pymn, pin).
(vii) Ewvery irreducible admissible representation of {2, e} is either a w(p1, p2) or a o(py, p2).

Let iy puy ' (t) = |7§|s(ﬁ)m s —m is an odd integer if and only if s is an integer p and i 15 ' (t) =
t? sgnt. Thus the first three parts of the lemma are consequences of Lemma 5.6 and 5.7. The fourth
follows from the observation that 7(u1, p2) and o (u}, pb) cannot contain the same representations of
the Lie algebra of SO(2,R).

We suppose first that s — m is not an odd integer and construct an invertible transformation 7’
from B(p1, pi2) to B(ue, p11) which commutes with the action of {2, e}. We have introduced a basis
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{¢n} of B(u1, us2). Let {¢],} be the analogous basis of B(usa, u11). T will have to take ¢,, to a multiple
ane,, of ¢! . Appealing to Lemma 5.6 we see that it commutes with the action of {2, ¢} if and only if

(s+14+n)apis=(—s+1+n)a,
(s+1—n)ap—2=(—s+1—n)a,

and
an = (=1)"a_,.

These relations will be satisfied if we set

—s+1+n
| plstim)

Ay = an(S) = W

Since n = m(mod 2) and s — m — 1 is not an even integer all these numbers are defined and different
from O.
If s <0and s —mis an odd integer we set

an(s) = lim a,(2)
zZ—S8
The numbers a,,(s) are still defined although some of them may be 0. The associated operator T’
maps B(p1, p12) into B(pe, 1) and commutes with the action of {2, e}. If s = 0 the operator T is
non-singular. If s < 0 its kernel is By (u1, p12) and it defines an invertible linear transformation from
Bs(pr, p2) to Bs(pz, p1). If s > 0 and s — m is an odd integer the functions a,,(z) have at most simple
poles at s. Let
buls) = lim(z = 5) (2

The operator T' associated to the family {b,,(s)} maps B(p1, pi2) into B(uz, 1) and commutes with
the action of {2, e}. It kernel is Bs(u1, p12) so that it defines an invertible linear transformation from
B (g1, 12) to Bf(pe, p1). These considerations together with Lemma 5.10 give us the equivalences of
parts (v) and (vi).

Now we assume that m = (1, p2) and ' = w(uy, ph) or m = o (1, pe) and 7 = o(uf, 1h)
are equivalent. Let y;(T") = ]t!sl(ﬁ)ml and let p/(t) = |t sé(ﬁ)mi. Let s = s1 — 2, m = |my — ma),
s’ = s} — s, m' = |m} —mj|. Since the two representations must contain the same representations of
the Lie algebra of SO(2,R) the numbers m and m/' are equal. Since 7(D) and 7’ (D) must be the same
scalar Lemma 5.6 shows that s’ = +s. 7(J) and 7’/(.J) must also be the same scalar so s} + s5 = s1 + so.
Thus if n(t) = sgnt the pair (u1,pu2) must be one of the four pairs (1}, i), (ph, 1), (i, nub),
(nph, nuy). Lemma 5.9 shows that m(p) i) and 7(nuy, nus) are not equivalent. Parts (v) and (vi) of
the theorem follow immediately.

Lemmas 5.8, 5.9, and 5.10 show that to prove the last part of the theorem we need only show
that any irreducible admissible representation 7 of 2l is, for a suitable choice of j; and 2, a constituent
of p(u1,p2). That is there should be two subspace By and Bs of B(u1, f12) invariant under 2 so
that B; contains By and 7 is equivalent to the representation of 2 on the quotient By /B,. If x is
a quasi-character of F'* then 7 is a constituent of p(u1, p2) if and only if x ® 7 is a constituent of
p(xt1, xp2). Thus we may suppose that w(.J) is 0 so that 7 is actually a representation of 2, the
universal enveloping algebra of the Lie algebra of Zg \ Gg. Since this group is semi-simple the desired
result is a consequence of the general theorem of Harish—Chandra [6].
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It is an immediate consequence of the last part of the theorem that every irreducible admissible
representations of {2, €} is the representation associated to an irreducible admissible representation of
Hg. Thus we have classifed the irreducible admissible representations of {2, e} and of Hg. We can
write such a representation of Hg as 7(p1, p2) or o (1, f2).

In the first paragraph we associated to every quasi-character w of C* a representation of r,, of
G the group of matrices with positive determinant. ,, acts on the space of functions ¢ in §(C') which
satisfy

®(xh) = wH(h) B(x)

for all h such that hh = 1. All elements of 8(C,w) are infinitely differentiable vectors for r,, so that r,,
also determines a representation, again called 7, of 2. r,, depended on the choice of a character of R.
If that character is

w(x) — 627ruxi

then
ro(X4) ®(2) = 2muzzi)®(2).

Lemma5.12 Let 8¢(C,w) be the space of functions ® in $(C,w) of the form
B(z) = e 2"UZZp(2, %)

where P(z,z) is a polynomial in z in Z. Then 8o(C,w) is invariant under A and the restriction of
Ty to 80(C,w) is admissible and irreducible.

It is well known and easily verified that the function e~27lul2Z ig jts own Fourier transform

provided of course that the transform is taken with respect to the character

Ye(2) = (2 + 2)

and the self-dual measure for that character. From the elementary properties of the Fourier transform
one deduces that the Fourier transform of a function

B(z) = e 2122 (2, 7)
where P is a polynomial in z and Z is of the same form. Thus 7, (w) leaves 8,(C,w) invariant. Recall

that
(0 1
w={_1 o

80(C, w) is clearly invariant under 7, (X ). Since X_ = Adw(X) it is also invariant under X. But
X1 X_ — X_ X, = Zso that it is also invariant under Z. We saw in the first paragraph that if w is

the restriction of w to R* then
a O
T (( 0 a)) = (sgna)wo(a)l

thus 7, (J) = cl if wg(a) = a® for a positive a. In conclusion 8y(C, w) is invariant under g and therefore
under 2.
If
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where 7 is a complex number and m and n are two integers, one 0 and the other non-negative, the

functions
(I)p(z) _ 6727r\u|zz Sntp 2m+p’

: ; ; ; o _ 10 1 0
with p a non-negative integer, form a basis of 8y(C,w). Suppose as usual that 5~ = 5 5~ + 5 5y and
0 _ 190 190 i / is oi
that 5= = 5 37 — 5; 5, Then the Fourier transform @, of ®,, is given by
n—+ m-+
o’ (Z) _ 1 gnre o gmre —27|u|zZ
P (2miu)mtnt2p gzntr gzmtr
which is a function of the form
p—1
(7; sgn u)m+n+2p6727r|u\22 Fn+p ,m+p + ZaqefQﬂu\zZ Fn+q ,mtq
q=0

Only the coefficient a,,_; interests us. It equals

(isgnu)mtntr-1
1 — 1)}

o {p(n+m+1+p-1)}
Since

ro(w) ®(z) = (isgnu) ®'(z)
and

ro(X2) = (1) "y (w) 1o (X4 ) r(w)
while
rw(X4)®p = (2mui) Ppiq

we see that

p—1
ro(X_)®p = 27mui)Ppiq — (isgnu)(n+m+2p+ 1)@, + Z by @,
q=0
Since U = X, — X_ we have
p—1
ro(U)®, = (isgnu)(n+m+2p+1)P, — qud}q
1=0

and we can find the functions ¥, p = 0,1, - - -, such that

p—1
Wy, =&, + Zapq@q
q=0

while
ro(U)¥, = (isgnu)(n+m+2p+ 1)¥,,.

These functions form a basis of §y(C, w). Consequently r, is admissible.
If it were not irreducible there would be a proper invariant subspace which may or not contain
®y. In any case if 8; is the intersection of all invariant subspaces containing ®; and 85 is the sum of all
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invariant subspaces which do not contain ®, both §; and 83 are invariant and the representation m; of
2 on §;/82 N8 is irreducible. If the restriction of 7y to the Lie algebra of SO(2,R) contains «,, it does
not contain x_,. Thus 7; is not equivalent to the representation X — m (Ade(X)). Consequently
the irreducible representation 7 of {2, ¢} whose restriction to 2 is m must be one of the special
representations o (i1, j12) or a representation m(f1, f127). Examining these we see that since 7 contains
kq with ¢ = sgnu(n + m + 1) it contains all the representations x, with ¢ = sgnu(n +m + 2p+ 1),
p = 0,1,2,---. Thus 8; contains all the functions ¥, and 8, contains none of them. Since this
contradicts the assumption that 8)(C, w) contains a proper invariant subspace the representation 7, is
irreducible.

For the reasons just given the representation m of {2, e} whose restriction to 2 contains r,, is
either a o(p1, pi2) or a w(pa, an). Itis a w(p1, pan) if and only if n +m = 0. Since

7((5 ) =e@smar =wta)n(ar

we must have ji1 10 = won in the first case and 2 = wy in the second. wy is the restriction of w to R*.
Since the two solutions p3 = wy differ by 7 they lead to the same representation. If n + m = 0 then
13 = wo if and only if w(z) = p1 (v(2)) for all z in C*. Of course v(z) = 2Z.

Suppose n + m > 0 so that 7 is a o(u1, p2). Let p;(t) = |t|sl(ﬁ)ml Because of Theorem 5.11
we can suppose that m; = 0. Let s = s; — s. We can also suppose that s is non-negative. If
m = |my — mg| then s — m is an odd integer so m and my are determined by s. We know what
representations of the Lie algebra of SO(2,R) are contained in 7. Appealing to Lemma 5.7 we see that
s =n + m. Since u1 o = nwy we have s; + so = 2r. Thus 51 = r + m;” and so = r — TH'Tm In all
cases the representation 7 is determined by w alone and does not depend on ). We refer to it as m(w).
Every special representation o (u1, f12) is a m(w) and 7(w) is equivalent to 7(w’) if and only if w = &’
orw'(z) = w(2).

We can now take the first step in the proof of the local functional equation.

Theorem 5.13 Let w be an infinite-dimensional irreducible admissible representation of Hg. If v is
a non-trivial additive character of R there exists exactly one space W (mw, 1) of functions W on Gg

with the following properties
1 =z
w((y 1)e)=s@w
for all x in F.

(1) If W is in W(m, ) then
(i) The functions W are continuous and W (m,) is invariant under p(f) for all f in Hg.
Moreover the representation of Hg on W (mw, ) is equivalent to .
(i) If W is in W (m, ) there is a positive number N such that

(5 1)-ou

We prove first the existence of such a space. Suppose m = 7(w) is the representation associated
to some quasi-character w of C*. An additive character v being given the restriction of 7 to 2 contains
the representation 7, determined by w and 1. For any ¢ in §(C, w) define a function Wg on G by

Wa(g) =ru(g9) 2(1)

as |t| — oo.



Chapter 1 91

Since p(g9) Wo = W, (4)a the space of such functions is invariant under right translations. Moreover

wa (g 7)) =v@wato

Every vector in 8§(C, w) is infinitely differentiable for the representation r,,. Therefore the functions
Wg are all infinitely differentiable and, if X is in 2,

p(X)We =W, (x)5-

In particular the space Wi (m, 1) of those Wy for which ® is in 8y(C,w) is invariant under 2. We set
Wa equal to 0 outside of G and regard it as a function on Gg.

We want to take W (m, 1) to be the sum of Wi(m, 1) and its right translate by . If we do it
will be invariant under {2, ¢} and transform according to the representation 7 of {2, £}. To verify the
second condition we have to show that it is invariant under Hg. For this it is enough to show that
80(C, w) is invariant under the elements of Hr with support in G. The elements certainly leave the
space of functions in §(C, w) spanned by the functions transforming according to a one-dimensional
representation of SO(2,R) invariant. Any function in §(C,w) can be approximated uniformly on
compact sets by a function in 8¢(C,w). If in addition it transforms according to the representation
kyn of SO(2,R) it can be approximated by functions in 8y(C,w) transforming according to the same
representation. In other words it can be approximated by multiples of a single function in 8§ (C,w) and
therefore is already in 8y(C, w).

The growth condition need only be checked for the functions Wy in Wi (7, v). If a is negative

(s 1)~

B(z) = e 2"UZZp(2, %)

but if a is positive and

itis equal to
e—27r\u|ap(a1/27a1/2) w<a> ’a‘1/2’

and certainly satisfies the required condition.
We have still to prove the existence of W (m, ) when m = m(j1, p2) and is infinite dimensional.
As in the first paragraph we set

01, iz, ®) = / Oz () () ae

for ® in §(IR®) and we set

Wa(g) = p(detg) |detg|"/? 0 (1, p2, 7(9) ®)
= Q(Mla 25 Ty o (g)(I))
Ty, 1 the representation associated to the quasi-character (a,b) — 1 (a) p2(b) of R* x R*. If X is
in %
p(X)Walg) =W,, . (x)2(9)

Let W (1, p12; 1) be the space of those Wy which are associated to O(2, R)-finite functions ®. W (1, p2; 1))
is invariant under {2, ¢} and under Hg.
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Lemma 5.13.1 Assume py(x) puy ' (z) = |z|°® (ﬁ)m with Res > —1 and m equal to 0 or 1. Then
there exists a bijection A of W (1, po; ) with B(u1, pa) which commutes with the action of {A,e}.

We have already proved a lemma like this in the non-archimedean case. If ® is in §(R?) and w
is a quasi-character of R* set

2w, ®) = /cp(o,t)w(t)dX(t)

The integral converges if w(t) = [t|"(sgnt)™ with r > 0. In particular under the circumstances of the
lemma

fo(g) = pi(detg) |detg| %2 (1 p5 tam, p(g) @)

is defined. As usual ag(z) = |z|. A simple calculation shows that

(0 )9) = mle o) |22 foto)

ag CL_2
If @~ is the partial Fourier transform of ® introduced in the first paragraph then

p(g) fo~ = f<1>1~

if &1 = 74, 4, (f)®. A similar relation will be valid for a function f in Hg, that is

p(f)fo~ = f<1>1~

if &1 =1y, 4, (f)®. In particular if fg~ is O(2, R)-finite there is an elementary idempotent £ such that
p(§)fo~ = fo~. Thus, if 1 = 7, ,,(§)®, fo~ = fe~ and @7 is O(2,R) finite. Of course fo~ is
O(2, R)-finite if and only if it belongs to B (1, p2).

We next show that given any f in B(j1, po) there is an O(2, R)-finite function ® in §(R?) such
that f = fe~. According to the preceding observation together with the self-duality of §(R?) under
Fourier transforms it will be enough to show that for some ¢ in S(RQ), f = fo. In fact, by linearity, it
is sufficient to consider the functions ¢, in B(ju1, u2) defined earlier by demanding that

cosf sinf _ ind
P\ _sing cosh)) €

n must be of the same parity as m. If § = sgnn set

O(x,y) = 6_7r(w2+y2)(l' + i5y)‘"|

cosf sinf _ ind
p<<sin9 cosH))(I)_e ®

Since p(g) f& = fn(g)» when detg = 1 the function fg is a multiple of ¢,,. Since

Then

o
fae) = (i) [ e
— 00
—Unl+s+1)
2

plnl+s+1)
2 2
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which is not 0, the function fs is not 0.

The map A will transform the function Wg to fo~. It will certainly commute with the action of
{2, e}. That A exists and is injective follows from a lemma which, together with its proof, is almost
identical to the statement and proof of Lemma 3.2.1.

The same proof as that used in the non-archimedian case also shows that W (uy, p2;v) =
W (pz, p1;1) for all ¢. To prove the existence of W(m, 1) when m = m(p,12) and is infinite-
dimensional we need only show that when p; and p» satisfy the condition the previous lemma the
functions W in W (u1, p12; 1) satisfy the growth condition of the theorem. We have seen that we can
take W = Wy with

O~ (2,y) = e "I P(a,y)

where P(z,y) is a polynomial in = and y. Then
(z,y) = e " TVIQ(a, y)

where Q(z,y) is another polynomial. Recall that 1(z) = ¢*™“*. Then

0 > —m(a?t?>+u’t™2 — S m
Wo ((0 1))=m<a>a|1/2/ e Q ) o] (sgn £)™ At

The factor in front certainly causes no harm. If § > 0 the integrals from —oo to —¢ and from ¢ to oo
decrease rapidly as |a| — oo and we need only consider integrals of the form

é
/ 6—7r(a2t2+u2t72)tr dt
0

where 7 is any real number and w is fixed and positive. If v = % then u* = v* + % and e~ 3Tty
is bounded in the interval [0, 4] so we can replace u by v and suppose 7 is 0. We may also suppose that
a and v are positive and write the integral as

)
—1,2
e—27rav/ e—ﬂ'(at—i-vt ) dt.
0

The integrand is bounded by 1 so that the integral is O(1). In any case the growth condition is more
than satisfied.

We have still to prove uniqueness. Suppose Wi (m, 1) is a space of functions satisfying the first
two conditions of the lemma. Let x,, be a representation of the Lie algebra of SO(2,R) occurring in 7
and let W, be a function in Wi (7, v) satisfying

cosf) sinf _ ind
Wi <g(—sin0 0059>> =" W)

_ e 0
= << 0 7

If
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the function W is completely determined by (. It is easily seen that

= 0
(52
‘tll/Q
aw, ((77 0 e
P( ) 1 0 \tﬁ/? =t
7z 0
p(X)Wh (( MO 1 )) =iutpi(t).
IRE

Thus if ] and o] correspond to p(V, )Wy and p(V_)W;

=

d
pof (1) = 2t — (2ut —n) ¢

dt
and d
@1 (1) = 26~ + (2ut — ) e ().
Since )
1 U
D=-V.V,—iU - —
SV Vi =il = =
p(D)W; corresponds to
d ([ do; dpo 2,2
ot = (+ 22 _9p T2} 4 (9put — 2 :
tdt<tdt tdt>+(nut u?t?)py

Finally p(e)W; corresponds to ¢ (—t).

Suppose that 7 is either 7(uy, p2) or o(p1, p2). Let uypy *(t) = [t|*(sgnt)™. If s — m is an
odd integer we can take n = |s| + 1. From Lemma 5.6 we have p(V_)W; = 0 so that ¢ satisfies the
equation

d
2t % + (2ut — n)p1 = 0.
If the growth condition is to be satisfied ; must be 0 for ut < 0 and a multiple of [t|*/2e~% for ut > 0.
Thus W is determined up to a scalar factor and the space W (7, 1) is unique.

Suppose s — m is not an odd integer. Since p(D)W; = 82; LW, the function ¢, satisfies the
equation
d%p1 5 nu  (1—s?)
- == =0
a2 + 4 —u + v + 12 Y1

We have already constructed a candidate for the space W (m, ). Let’s call this candidate Wa (7, ).
There will be a non-zero function ¢ in it satisfying the same equation as ¢;. Now ¢; and all of
its derivatives go to infinity no faster than some power of |t| as ¢ — oo while as we saw ¢ and its
derivations go to 0 at least exponentially as |t| — co. Thus the Wronskian

dox _ dpy
#1 di P2 p
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goes to 0 as |t| — oo. By the form of the equation the Wronskian is constant. Therefore it is identically
0and p1(t) = apa(t) for t > 0 and ¢1(t) = Fa(t) for t < 0 where « and [ are two constants. The
uniqueness will follow if we can show that for suitable choice of n we have o = 3. If m = 0 we can
take n = 0. If py(t) = [t|** (sgnt)™ then w(e)W; = (—1)™2W7 so that p1(—t) = (—1)"p4(¢) and
w2 (—t) = (—1)™2¢y(t). Thus a = (3. If m = 1 we can take n = 1. From Lemma 5.6

W(V_l)Wl = (*1)mlS7T(€)W1

so that

2 2L 4 (2ut — 1) (1) = (~1) ™ sn (1),

Since 9 satisfies the same equation a = 3.

If 41 is a quasi-character of R* and w is the character of C* defined by w(z) = u(zZ) then
m(w) = w(w, un). We have defined W (7 (w), ¢) in terms of w and also as W (11, pi2; 1). Because of the
uniqueness the two resulting spaces must be equal.

Corollary5.14 Let m and n be two integers, one positive and the other 0. Let w be a quasi-character
of C* of the form
w(z) = (ZE)T_mTMzm zZ"

and let uy and ps be two quasi-characters of R* satisfying pipe(z) = |z|?"(sgnz)™ ™+ and
pipy t(x) = 2™ sgnx so that m(w) = o(p1, p2). Then the subspace Bg(uy, pa) of B(p, pa) is
defined and there is an isomorphism of B(p1, uo) with W (1, o3 1) which commutes with the action
of {A,e}. The image W(p1, po; ) of Bs(p1, u2) is W(rm(w), ). If ® belongs to §(R?) and Wy
belongs to Wy, pa; ) then We belongs to Wy (u, po; 1) if and only if

/ ' —®(x,0)dx =0
o Oy
for any two non-negative integers i and j with i +j=m+n — 1.

Only the last assertion is not a restatement of previously verified facts. To prove it we have to
show that fg~ belongs to B(u1, p2) if and only if ® satisfies the given relations. Let f = fg~. Itis
in B (u1, p2) if and only if it is orthogonal to the functions in By (uy ', uy ') Since By(ui !, uy ') is
finite-dimensional there is a non-zero vector f; in it such that p(X ) fo = 0. Then

oo(4 1)) -0

and f is orthogonal to fj if and only if

/Rf<w<(1) %)) dy = 0. (5.14.1)

The dimension of B f(,ul_l, p3 %) is m + n. It follows easily from Lemmas 5.6 and 5.7 that the vectors
p(XE) p(w) fo,0 < p <m+n—1spanit. Thus fisin B,(u1, p12) if and only if each of the functions
p(X%) p(w) f satisfy (5.14.1). For f itself the left side of (5.14.1) is equal to

/{/q)N (m’t)w((l) T))Ml(t)#zl(t) ItIdXt} da.
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Apart from a positive constant which relates the additive and multiplicative Haar measure this equals

/ / —t, —tx)t"™ " sgnt dt dx
1)m+"—1//<b’“(t,x)tm+"—1 dt dz

(—1)mtn—t / ®(t,0)t™ " dt. (5.14.2)

which is

or, in terms of @,

By definition
Ty, pe (w) (z,y) = (I)I(y7 z)
and an easy calculation based on the definition shows that
Ty e (XE) @(2,y) = (2imuzy)? @(z, y).

p . .
Thus 7,4, 1, (X)) 74y ue (w) ® is @ non-zero scalar times

o2p
oxP OyP

'(y, x)

For this function (5.14.2) is the product of a non-zero scalar and

821) l m+n—1
Sur ayp 0,2)x dx.

or —@'(0,z) 2™ P dg
OyPp ’

Integrating by parts we obtain

except perhaps for sign. If we again ignore a non-zero scalar this can be expressed in terms of ® as

aernfpf 1

W@(l‘, 0) SCp dl‘

The proof of the corollary is now complete.

Before stating the local functional equation we recall a few facts from the theory of local zeta-
functions. If F'is R or C and if ® belongs to 8(F') we set

Z(was, ®) = /q)(a)w(a) la|% d*a.

w is a quasi-character. The integral converges in a right half-plane. One defines functions L(s,w) and
(s, w, 1Y) with the following properties:
(a) For every ® the quotient
Z(wak, @)
L(s,w)
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has an analytic continuation to the whole complex plane as a holomorphic function. Moreover
for a suitable choice of @ it is an exponential function and in fact a constant.
(b) If @’ is the Fourier transform of ® with respect to the character ¢x then

Z(wtap @)

Z(wak, @)
L(1—s,w™l) '

L(s,w)

=e(s,w,¥p)

If F =Rand w(x) = |z|g(sgnz)™ with m equal to 0 or 1 then

L(s,w) = g 3(s4m+m) F<7S tr m)
’ 2
and if g (x) = e?™iu
. m s+r7%
e(s,w,¥p) = (isgnu)™ |ulg .

If F =Cand

w(z) = |z|gz™z"

where m and n are non-negative integers, one of which is 0, then
L(s,w) = 2(2m) =G+ +m+)D (s 4 1 4 m +n).

Recall that |z|c = zZ. If ¢ (2) = etm Re(w?)

e(s.w,1pp) = i w(w) Jw|l
These facts recalled, let 7 be an irreducible admissible representation of Hg. If m = m(u1, pi2) we
set
L(87 7T) = L(87 :Ufl) L(S7 /1’2)
and

5(5’ T, QZ)R) = 8(57 M1, wR) 5(57 H2, '(Z)R)

and if 7 = 7w(w) where w is a character of C* we set
L(s,m) = L(s,w)
and

5(37 T, wR) = /\(C/R7 wR) 5(87 W, 'L/}(C/]R)

if o /r(2) = ¥r(2+ Z). The factor A\(C/R, 1)r ) was defined in the first paragraph. It is of course neces-
sary to check that the two definitions coincide if 7(w) = (1, p2). This is an immediate consequence
of the duplication formula.
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Theorem 5.15 Let w be an infinite-dimensional irreducible admissible representation of Hgr. Let w
be the quasi-character of R* defined by

If W is in W(m, ) set

U(g,s, W)= W la|*"1/2 d%a

g) wl(a) a*" /2 d¥a

g,sW w

and let

U(g,s, W) = L(s,7) ®(g, s, W).

(i) The integrals defined ¥(g,s, W) and \fl(g, s, W) are absolutely convergent in some right half-
plane. B
(i) The functions ®(g,s, W) and ®(g,s, W) can be analytically continued to the whole complex
plane as meromorphic functions. Moreover there exists a W for which ®(e,s,W) is an
exponential function of s.
(iii) The functional equation

®(wg, 1 —s5,W) = &(s,m,¢) B(g, s, W)

1s satisifed.

(iv) If W is fized V(g,s, W) remains bounded as g varies in a compact set and s varies in the
region obtained by removing discs centred at the poles of L(s, ) from a vertical strip of finite
width.

We suppose first that 7 = 7(p1, p2). Then W (m,¢) = W (uq, p2; ). Each Win W (g, po; ) is
of the form W = W4 where s s
O(z,y) = e TV P(x,y)

with P(z,y) a polynomial. However we shall verify the assertions of the theorem not merely for W in
W (r,v) but for any function W = Wy with ® in §(R?). Since this class of functions is invariant under
right translations most of the assertions need then be verified only for g = e.

A computation already performed in the non-archimedean case shows that

\I/(G, S, W) = Z(Mlaﬁg@a /’LQCV]?% q))

the integrals defining these functions both being absolutely convergent in a right half-plane. Also for
s in some left half-plane

V(w1 —s,W)=2Z(u; o py ' ag ", )

if @’ is the Fourier transform of ®.

Since ® can always be taken to be a function of the form ®(z,y) = ®;(x) ®2(y) the last assertion
of part (ii) is clear. All other assertions of the theorem except the last are consequence of the following
lemma.
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Lemma5.15.1 For every ® in §(R?) the quotient
Z(Mla]f%l?:u’?a]%?(b)
L(57 :Ufl) L(Sa /‘LQ)
is a holomorphic function of (s1,s2) and
Z(pytag o py g 2, @)
L(1 = s1,p7) L(1 = 52,15

s equal to
Z(Mlaf&l > MQO‘IEZ > (I))
L(s1, 1) L(s2, p2) -
We may as well assume that j1; and 9 are characters so that the integrals converge for Re s; > 0
and Re so > 0. We shall show that when 0 < Res; < 1land 0 < Resy < 1

6(817M17¢) 8(82““’2’ w)

Z(mogt pu2ai?, @) Z(uy tog "ty oy W)

is equal to
Z(puy o~ gy a0, ) Z (o poog?, )

if ® and W belong to §(R?).
The first of these expressions is equal to

faeneiwnn(()u()

if we assume, as we may, that d*z = |z|~! dz. Changing variables we obtain

[ @ nat el 1 { [ @) Wi o) dudo | aoary

The second expression is equal to

/Mfl(ﬂf) pa () |7yl {/‘P'(ﬂcu’yv)‘l’(UW) dudv} d*zdy

which equals

[ 1)) b { [l @ ) W dudv} %z d*y.

Since the Fourier transform of the function (u,v) — ®(zu,yv) is the function |zy|~1® (x = u, y~1v)
the Plancherel theorem implies that

/fb(asu,yv) U (u,v) dudv = /\:cy|1<I>'(ac1u,y1v) U (u,v) dudv.

The desired equality follows.
Choose ®; and ®; in §(R) such that

L(s, pi) = Z(picg, ®:)
and take ¥ (z,y) = ®1(z) P2(y). The functional equation of the lemma follows immediately if 0 <
s1 < land 0 < s2 < 1. The expression on one side of the equation is holomorphic for 0 < Re s; and
0 < Re s2. The expression on the other side is holomorphic for Re s; < 1and Re sy < 1. Standard and
easily proved theorems in the theory of functions of several complex variables show that the function

they define is actually an entire function of s; and s,. The lemma is completely proved.
For m = 7(p1, p2) the final assertion of the theorem is a consequence of the following lemma.

S1 52

d*xd*ydudv

T

Y
u v
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Lemma 5.15.2 Let Q be a compact subset of $(R?) and C a domain in C* obtained by removing
balls about the poles of L(s1, 1) L(s2, u2) from a tube a1 < Resy < by, ag < Resy < by. Then

S1 So
Z(MlaR 7,“’204]1{ ) q))
remains bounded as ® varies in Q@ and (s1,s2) varies in C.

The theorems in the theory of functions alluded to earlier show that it is enough to prove this
when either both a; and ay are greater than 0 or both b; and b, are less than 1. On a region of the first
type the functions Z(u;og, poag, ®) is defined by a definite integral. Integrating by parts as in the
theory of Fourier transforms one finds that

Z(u1a§1+i71,u2a§2+i72, D) = 0(712 + 722)*”

as 7'12 + 7'22 — oo uniformly for ® in 2 and a; < o; < by, as < 02 < by which is a much stronger
estimate than required. For a region of the second type one combines the estimates just obtained with
the functional equation and the known asymptotic behavior of the I'-function.

Now let w be a quasi-character of C* which is not of the form w(z) = x(zz) with x a quasi-
character of R* and let 7 = m(w). W (m,v) is the sum of Wi (7, ) and its right translate by . It is
easily seen that

(I)(ga S, p(&)W) = w(—]_) (I)(S_lg&‘, S, W)

and that _ _
d(wg, s, p(e)W) = w(—1) ®(we'ge, s, W)

Thus it will be enough to prove the theorem for W in Wi (7, ). Since
®(cg, 5, W) = @(g,5, W)

and

;Iv)(weg,s, W) = ‘f(wg,s,W)
we can also take g in G1. Wi (m, 1)) consists of the functions Wg with @ in 8y(C,w). We prove the
assertions for functions Wy with ® in §(C,w). Since this class of functions is invariant under right
translations by elements of G, we may take g = e.
As we observed in the first paragraph we will have

U(e,s, W) = Z(wag, P)
U(w,1—5,W)=AC/R,¢) Z(w 'al™, &)

in some right half plane and the proof proceeds as before. If w(z) = (2Z)"2™ 2" and p — ¢ = n — m the
function
(I)(Z) _ 6727r\u|z22p2q

belongs to §¢(C, w) and

o0
Z(wag, ) = 27?/ eigﬂlu‘tQtQ(s +r+p+m)dt
0

= 727 |u|) TP D(s 4+ 1 4+ p + m)

Taking p = n we obtain an exponential times L(s,w). The last part of the theorem follows from an
analogue of Lemma 5.15.2.

The local functional equation which we have just proved is central to the Hecke theory. We
complete the paragraph with some results which will be used in the paragraph on extraordinary
representations and the chapter on quaternion algebras.
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Lemma 5.16 Suppose p1 and pe are two quasi-characters for which both m = w(pq, p2) and o =
o(p1, u2) are defined. Then
L(1—375)5(3707¢> L(1_37ﬁ>€(877r7w)

L(s,0) L(s,m)

and the quotient

1s an exponential times a polynomial.

Interchanging 111 and ps if necessary we may suppose that pi1 5 () = |2|*(sgn )™ with s > 0.
According to Corollary 5.14, W (o, ) is a subspace of W (1, pio, ). Although W (1, o, 1)) is not
irreducible it is still possible to define ¥(g, s, W) and ¥(g, s, W) when W lies in W (1, p12, ) and to
use the method used to prove Theorem 5.15 to show that

U(wg,1— s, W)
L(1—s,7)

is equal to
V(g,s, W)
L(s, )
Applying the equality to an element of W (o, 1)) we obtain the first assertion of the lemma. The second

is most easily obtained by calculation. Replacing iy and ps by ik and usa is equivalent to a
translation in s so we may assume fis is of the form () = (sgnz)™2. There is a quasi-character

(s, m)

w of C* such that 0 = 7(w). If w(z) = (22)"2™z" then py(z) = |z|> T+ (sgng)mtntmetl
pi(z) = ™ " (sgnx)™2*! so that r = 0. Apart from an exponential factor L(s,o) is equal to
I'(s + m + n) while L(s, ) is, again apart from an exponential factor,

F<S+m+2"+m1> r<5+2m2> (5.16.1)

where m; = m + n + my + 1 (mod 2). Since m + n > 0 the number

1
kzi(m+n+1+m17m2)fl

is a non-negative integer and my + 2k = m +n +my — 1. Thus

-1

k
s+ mgo 1 . s+tm+n+mp+1
F( 5 ): 2k+1H(s+m2+23) F( 5 >
j=0

By the duplication formula the product (5.16.1) is a constant times an exponential times

I(s+m+n+mq)
[Tj—o(s +m> +2)

If m; = 0 the lemma follows immediately. If m; =1

I(s+m+n+my)=(s+m+n)I'(s+m+n)

and my + 2k = m + n. The lemma again follows.
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Lemma5.17 Suppose w(z) = (22)"2™z" is a quasi-charaacter of C* with mn =0 and m +n > 0.
Suppose py and piy are two quasi-characters of F* with py e (z) = |2[? 2™ " sgnz and pypuy ' (x) =
™ " sgnz. Then for every ® in §(R?) such that

07D

' ——(x,0)dx =0
8y]( )

fori>0,5>0, and i+ j+1=m-+n the quotient

Z(pragy, proory, @)
L(S,ﬂ'(w))

is a holomorphic function of s and for some ® it is an exponential.

If Wg belongs to W (11, 112,) this is a consequence of Corollary 5.14 and Theorem 5.15. Unfor-
tunately we need the result for all . The observations made during the proof of Lemma 5.16 show
that if 7 = m(p1, p2) the quotient

Z(Mla]fv N2O‘]§> (I))
L(s, )

is holomorphic. Since L(s, ) and L(s, o) have no zeros we have only to show that the extra poles of
L(s, ) are not really needed to cancel poles of Z(u1a, paag, ®). As in the proof of Lemma 5.16 we
may take r = 0. We have to show that Z(ua, poag, ®) is holomorphic at s = —mg — 25,0 < j < k
if mi =0and at s = —my — 25,0 < j < kif my = 1. We remark first that if gy and po are two
quasi-characters of R*, ® belongs to §(R?), and Re s is sufficiently large then, by a partial integration,

1 0P
[ @ nato) ol ot (o) @ @y =~ [ pa(a) o) ) 2l ol G (o) ¥y

if n(y) = sgny. Integrating by parts again we obtain

0?P
[ @ nato) ol i+ G ) ¥ a .

[ @) lal* ol S a7y =

If & belongs to S(R?) the function defined by

/@(ac,y) lz|* T |y|* d¥ 2 d¥y (5.17.1)

is certainly holomorphic for Re s > 0. We have to show that if

/(I)(x,O)da::O

it is holomorphic for Re s > —1. Suppose first that ®(x, 0) = 0. Since

a(I) Yy 2(1)
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the function 1
U(z,y) = ” ®(z,y)

is dominated by the inverse of any polynomial. Thus (5.17.1) which equals

[ ) el ol ) ¥y
is absolutely convergent for Re s > —1. In the general case we set
O(z,y) = {®(z,y) — ®(z,0)e Y} + O(z,0)e Y
= ®1(2,y) + Pa(2,y).

Since ®;(x,0) = 0 we need only consider
/ Do(z, 00 o |yl d¥a ¥y

which is the product of a constant and

r(3) /@2(1:,0) 2]* da.

The integral defines a function which is holomorphic for Res > —1 and, when the assumptions are
satisfied, vanishes at s = 0.

We have to show thatif 0 < j < m +n — 1 and j — my is even then Z(ujap, poag, ®) is
holomorphic at —j. Under these circumstances the function Z(p o, poogy, @) is equal to

/n<m)ml n(y)™ ™ |z |y|* @ (x,y) d*zd”y

which equals
(=1’ / +m+ b 0 X . 1%
—_ )™ Py —(x,y) d e d ™y,
(o) n(z)™ || || aya( y) y

The factor in front is holomorphic at s = —j. If

i, 07D
q’(wvy):xm—i_n / 1a—y]($7y)

the integral itself is equal to
[ el W) d,
Since, by assumption,
/\IJ(J:,O) dx =0,

it is holomorphic at s = —j.
We observe that if m + n is even

O(z,y) = e TV ) gymin

satisfies the conditions of the lemma and, if » = 0 and ms = 0, Z(p105, peagy, ®) is equal to
/e—ﬂ'(mQ—l-yQ) |$|m+n+s+1 |y‘m+n+s dxxdxy

which differs by an exponential from I'(s + m + n) and L(s,7(w)). If my = 1 we take ®(z,y) =

e~ (@ %) ymEntl 4o obtain the same result. If m + n is odd and my = 0 the polynomial factor will
be y™ "1 but if m + n is odd and my = 1 it will again be xy™*".
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Proposition 5.18 Suppose © and 7' are two infinite-dimensional irreducible admissible representa-
tions of Hr such that, for some quasi-character w of F'*,

(5 R () e

-5y o)
L(s,x @)

If
L(]' - Saxil @ 7})

e(s,x ®@m,1p) =

for all quasi-characters x and © and 7' are equivalent.

Suppose m = m(u1, p12) or o1, pi2). From Lemma 5.16 and the definitions the expression on
the left is equal to

(Lmegetm) p (doepuims)
T (s+r12+m1 ) T (s+r22+mz )

(i sgn u)m1+m2 |u|23+81+32*1ﬂ-23+31+32*1

if x is trivial and p;(z) = |z|" (sgnx)™. If x(z) = sgnx and n; is 0 or 1 while m; + n; = 1 (mod 2)
the quotient is

T (lfsfglfnl) T (lfsfgngnz)

mi+mo |u|25+81 +s90 —17T25+51 +s2—1
I (=) T (5m)

(isgnu)

If we let 7" be (1}, p15) or o (], 5) we obtain similar formulae with r; replaced by r; and m; by m/.

Consider first the quotients for 7. The first has an infinite number of zeros of the form —r; —
my — 2p where p is a non-negative integer and an infinite number of the form —ry —mqy — 2p where pis
anon-negative integer, but no other zeros. Similarly the zeros of the second are at points —r; —n; —2p
or —r3 — ng — 2p. Thus if the quotients are equal 1 +my = ro +ng = r2 +ma + 1 (mod 2). Moreover
ifry +my = ro +mo + 1 (mod 2) then 7 = o(p1, 2) and, as we saw in Theorem 5.11, o (1, pan) =
o(p1, pe) so that the two quotients are equal. As a result either 7, +my = r2 + mg + 1 (mod 2) and
ry +m) =1, +mb + 1 (mod 2) or neither of these congruences hold.

Suppose first that 7 = 7(u1, o) and 7' (uf, 15). Then the first quotient for 7 has zeros at the
points —r; —mq, —11 —mq — 2,--- and —ry — mg, —ry — Mgy — 2, - - - while that for 7’ has zeros at
—ry —mf, —ry —mj —2,---and —ry — mf, —ry, —mb — 2 --.. Thus either r; + m; = r] + m] or
r1 + mi = ry + my. Interchanging ) and p5 if necessary we may assume that the first of these two
alternatives hold. Then 3 + mo = 15 + mb. Moreover r1 + 1o = 1] + 15 and |my — ma| = |m} —mb|.
If my = m/ it follows immediately that y; = ) and ps = ph. Suppose that my # m). Examining
the second quotient we see that either 71 + ny; = ] + nf or 11 + ny = r§ + nh. The first equality
is incompatible with the relations 4 + my = r{ + m{ and my # m/. Thus r; + ny = r} + n),. For
the same reason ry + ny = rj + n}. Interchanging the roles of p1, 12 and pf, it if necessary we may
suppose that m; = 0 and m) = 1. Thenr; = r] + 1. Since 1 + ro = r] + r5 we have ro = r5 — 1
so that mg = 1, my = 0. Thus ny = n = 1 and r; = 7} so that 7, = r}. It follows that 1 = p4 and
po = i

Finally we suppose that m = o (1, po) and 7@’ = o(p, p15). Then there are quasi-characters wy
and wj of C* such that 7 = 7(w;) and 7" = 7(w]). Replacing w;y by the quasi-character z — w;(2)
does not change 7(w;) so we may suppose that wi(z) = (2Z)"2™ while /| (z) = (22)" 2™ . Since
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wy and w} must have the same restriction to R* the numbers 2r + m and 27’ + m/’ are equal while
m =m’ (mod2). Apart from a constant and an exponential factor the quotient

L(1—s,)

e(s,m, 1) L(sm)

is given by
rl—s—r)
['(s+r+m)
whose pole furthest to the left is at 1 — r. Consequently r» = r’ and m = m/.

Corollary 5.19 Suppose © and ' are two irreducible admissible representations of Hg. Suppose
there is a quasi-character w of R* such that

() R (I

If for all quasi-characters x, L(s,x ® m) = L(s,x ® @), L(s,x ' @ 7) = L(s,x ' ® 7'), and
e(s,x @m, ) =e(s,x @ ',4) then m and 7’ are equivalent.

Combining Lemma 5.16 with the previous propositon we infer that there is a pair of quasi-
characters p1 and po such that both m and 7’ are one of the representations 7(u1, pi2) or (1, fi2).
However the computations made during the proof of Lemma 5.16 show that L(s, x @ 7 (1, p12) ) differs
from L(s, X ® o(p1, p2)) for a suitable choice of x.

Let K be the quaternion algebra of R. We could proceed along the lies of the fourth paragraph
and associate to every finite-dimensional irreducible representation 2 of K* a representation 7 ({2) of
Gr. Since we have just classified the representations of Gr we can actually proceed in a more direct
manner.

We identify K with the algebra of 2 x 2 complex matrices of the form

Then
2t = a —b
~\b a
and v(z) = z* is the scalar matrix (|a|? + |b|?)I while 7(z) is the scalar matrix (a + @ + b + b)I. Let
p1 be the two dimensional representation of K> associated to this identification and let p,, be the nth

symmetric power of p;. Any irreducible representation is equivalent to a representation of the form
X ® pn, where x is a quasi- character of R*. Thus

(X ® pu)(h) = x (v(R)) pu(h)

Since v(h) is always positive we may suppose that x is of the form x(z) = |z|".
Let ) be a finite dimensional representation and let €2 act on U. In the first paragraph we
introduced the space 8(K, U). Itis clear that if ® is in (K, U) the integrals

Z@%@Q,@):/ Q(h) [v(h)|* (k) d*h

KX
and
Zlaz 00 @) = [ 07l b) b)) o) a7
KX
converge absolutely in some right half-plane.



Chapter 1 106

Proposition 5.20 Suppose x(z) = |x|" and Q@ = x ® p,. Let w be the character of C* defined by
w(z) = (22)7~ Y227+, Set L(s,Q) = L(s,w) and

e(s, 2, ¢r) = MC/R, ¢Yr) e(s,w, ¥c/r)

The quotient
Z(a5™? 2 Q, )
L(s,)

can be analytically contained to the whole complex plane as a holomorphic function. Given u in U
there exists a ® in 8(K,U) such that

= d’u.

Z(azt'"?, @)
L(s,9)

For all ® the two functions
Z@¥* o1 @)
L(1—s,Q)

and
Z(a5™? 2 Q, )

*S(S,Q,wR) L(S Q)

are equal. Finally Z(oz]“f;rl/2 ® Q, ®) is bounded in any region obtained by removing discs about the
poles L(s,Q2) from a vertical strip of finite width.

Suppose K is the subgroup of K* formed by the elements of reduced norm one. Let ®; be the
function on R defined by

O (t) = /K Q(h) ®(th) dh

¥, belongs to §(R) and if wy is the quasi-character of R* defined by Q(t) = wq(t)I the function
wo(t)®1(t) is even. Moreover if the multiplcative Haar measures are suitably normalized

Z(a3™? @ Q,8) = Z(aZF wy, B).

Since wo(t) = [t|?"t" we can integrate by parts as in the proof of Lemma 5.17 to see that for any
non-negative integer m

0",

—1)m
Z(OéQerlu)O, (I)l) _ - ( /n(t)m+n |t‘2$+2r+m+n+1 dXt.
R [ 2s+2r+n+j+1) otm
The integral is holomorphic for Re(2s + 2r + m + n) > —1 and, if 8;31 vanishes at t = 0, for

Re(2s + 2r + m + n) > —2. Thus the function on the left has an analytic continuation to the whole
complex plane as a meromorphic function with simple poles. Since

1
L(s,Q) = 2(277)_(S+T+"+1/2)F(5 +r+n+ 5)



Chapter 1 107

we have to show that its poles occur at the points s +1r +n + % +7=0withj =0,1,2,---. Since 8;21

vanishes at 0 if m 4 n is odd its only poles are at the points 25 4 2r +2n + 2j + 1 = 0 with n + 25 > 0.
To exclude the remaining unwanted poles we have to show that 88 t?,il = 0at0if m < n. If we expand
® in a Taylor’s series about 0 we see that 88”;;31 = 0 at 0 unless the restriction of p,, to K7 is contained

in the representation on the polynomials of degree m on K. This can happen only if m > n.

Since (2 is equivalent to the representation h — Q~1(h*) the quotient

2@ @ 0 @)
L(1—s,Q)

is also holomorphic. The argument used to prove Lemma 5.15.1 shows that there is a scalar A(s) such
that, for all ®,

Z()* 00, o) (s) Z(as™? ® Q, @)
= = S
L(1—5,Q) L(s, Q)

We shall used the following lemma to evaluate A(s).

Lemma 5.20.1 Let ¢ be a function in 8(C) of the form
o(z) = e ™ P(x,T)
where P is a polynomial in x and . Suppose ¢(zu) = p(x)w ™ (u) if ut = 1. Define the function
d in K* by o
D(2) = pla) w(a) (aa) ™2 (u, Q(z)u)
if v(z) = aa. Then ® extends to a function in 8(K) and its Fourier transform is given by
®'(2) = —A(C/R, ¥w) ¢' (@) w ™} () (a@) " (Q(2)u, W)
if ¢’ is the Fourier transform of ¢.
By linearity we may assume that ¢ is of the form

—2mxx ( pi,n+1

o(a) = e~ (a7)

where p is a non-negative integer. We may suppose that the restriction of p,, to the elements of norm

one is orthogonal and identify the space U on which its acts with its dual U. Then Q = ag"" " ® pr.
Thus if

the value of ® at z is
—27(aa+bdb) [, = \r+n+p O/ N\ _ —2m(aa+bb)/ = 7\p ~
) ) n
e (aa + bb) (u, Q(z)u) =e (aa + bb)P{u, pp(2)u)

The expression on the right certainly defines a function in $(K).
We are trying to show that if
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when z = ad then the Fourier transform of F'is given by
F'(2) = =A(C/R,¢r) @' (o) w™ () (ad)_% Q(z). (5.20.2)

If h; and hy have norm one
F(hizhs) = Qhy ") F(z) (k1)

and therefore
Fl(hlzhg) = Q(hl) FI(Z) Q(hz)

In particular if z is a scalar in K the operator F'(z) commutes with the elements of norm one and is
therefore a scalar operator. The expression F(z) on the right of (5.20.2) has the same properties so that
all we need do is show that for some pair of vectors u and w which are not orthogonal

(F'(2)u, @) = (Fi(2)u, 1)

for all positive scalars z.
If we only wanted to show that F”(z) = ¢ F;(z) where cis a positive constant it would be enough
to show that
(F'(2)u,u) = c(F1(2)u, ). (5.20.3)

Once this was done we could interchange the roles of ¢ and ¢/ and ® and @’ to show that ¢> = 1. To
obviate any fuss with Haar measures we prove (5.20.3).
Recall that if

then, apart from a positive constant,

is equal to
(u, ) / sin(n + 1)0 sin @ f(a(9)) do
0

if f isa class function on K, the group of elements of norm one. The equality is of course a consequence
of the Weyl character formula and the Schur orthogonality relations.
If z is a positive scalar in K then, apart from a positive constant, ®'(x) is given by

| 2@ v(r(en) bR

which is a positive multiple of

/OOO (1) {/Kl (u, Q(k) ) ¢R(xt7(k))dk} e

Since 7(k) is a class function this expression is a positive multiple of

u, U T " in(n in T X
(u, >/0 tso(t){/o sin(n 4+ 1)0sin 0 ¥y (2 tcosé’)dﬂ}dt
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Integrating the inner integral by parts we obtain

_ 1
(u, Tyt

/000 to(t) {/Oﬂ cos(n + 1)0 Yr(2xt cosf) dQ} d*t.

dmiux

On the other hand if , which is a positive real number, is regarded as an element of C then ¢/ ()
is a positive multiple of

/ o(2) YR (T(xz))zZ d*z
CX

or of ,
/ t2p(t) {/ e D04 (it cosb) d@)} d*t.
0 0

Since

27 s
/ efi(n+1)9¢R($t cosf) df = 2 / cos(n + 1)0 g (xt cos ) df
0 0

and A(C/R) = isgn u the identity (5.20.3) follows for any choice of u and .
To evaluate \(s) we choose @ as in the lemma and compute

(Z(alTF @, 0),7) = /@(z) ()| (=)0, ) d” 2

and
(Z(a]l%_s Q7 ), 7) = /fb(z) ]u(z)]%*s(v,ﬁ(z)@ d*z.

The first is equal to

/Kx o { /K () e, ) dk} a*.

/K (=), ), (k) 70) d

Since

is, by the Schur orthogonality relations, equal to

1
deg 2

(v, u)(u,v)

the double integral is equal to

g (0D /K _¢la)w(a) (aa)*d 2

where aa = v(z). If the Haar measure on C* is suitably chosen the integral here is equal to Z (wag, ¢).
The same choice of Haar measures lead to the relation

—MC/R, ¢r)

2_s —
(z(ed @0 00,5 = =LY

(v, u){u, 5>Z(w*1a(1c_s, o).
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Since L(s,9) = L(s,w) and L(s,Q) = L(s,w ') we can compare the functional equation for
Z(wag, ¢) with that for Z(ozf{rl/2 ® €2, Pv) to see that

Als) = —AC/R, ¢r) e(s,w, Yc/r)

as asserted.
If
QO( ZE) — 6—27rri‘
then Z(agw, ¢) is an exponential times L(s,w) so that Z (af{rl/ > ® ), dv) is, with a suitable choice of
v and , a non-zero scalar times an exponential times L(s,w)u. The last assertion of the proposition is
proved in the same way as Lemma 5.15.2.

We end this paragraph with the observation that the space W (m, ¢) of Theorem 5.13 cannot exist
when 7 is finite-dimensional. If W = W (w, 1) did exist the contragredient representation 7 on the
dual space W would also be finite dimensional and 7(X4) would be nilpotent. However if A is the
linear functional ¢ — ¢(e) then (X )\ = —2ima if 1 (x) = €292,
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§6. Representations of GL(2,C). In this paragraph we have to review the representation theory of
Gc = GL(2,C) and prove the local functional equation for the complex field. Many of the definitions
and results of the previous paragraph are applicable, after simple modifications which we do not
always make explicit, to the present situation.

The standard maximal compact subgroup of GL(2, C) is the group U (2, C) of unitary matrices.
JH; will be the space of infinitely differentiable compactly supported functions on Ge¢. Ho will be
the space of functions on U(2,C) which are finite linear combinations of the matrix elements of
finite dimensional representations. H¢ = H; & H, can be regarded as a space of measures. Under
convolution it forms an algebra called the Hecke algebra. The notion of an elementary idempotent and
the notion of an admissible representation of Hc are defined more or less as before.

Let g be the Lie algebra of the real Lie group of GL(2,C) and let gc = g ®r C. 2 will be
the universal enveloping algebra of gc. A representation of 2 will be said to be admissible if its
restriction to the Lie algebra of U(2, C) decomposes into a direct sum of irreducible finite dimensional
representations each occurring with finite multiplicity. There is a one-to-one correspondence between
classes of irreducible admissible representations of Hc and those of 2(. We do not usually distinguish
between the two. The representation 7 contragredient to 7 and the tensor product of m with a quasi-
character of C* are defined as before.

If 41 and po are two quasi-characters of C* we can introduce the space B(j1, i2) and the
representation p(fu1, p2) of He or of A on B(p1, pi2). In order to study this representation we identify
gc with g¢(2,C) @ g¢(2,C) in such a way that g corresponds to the elements of X & X. If 2 is the
universal enveloping algebra of g,(2, C) we may then identify A with 2; ® ;.

In the previous paragraph we introduced the elements D and J of ;. Set D1 = D ® 1,
Dy =1®D,J; =J®1,and J; = 1 ® J. These four elements lie in the centre of . A representation
of 2 is admissible if its restriction to the Lie algebra of the group SU(2,C) of unitary matrices of
determinant one decomposes into the direct sum of irreducible finite dimensional representations each
occurring with finite multiplicity.

The first part of the next lemma is verified by calculations like those used in the proof of
Lemma 5.6. The second is a consequence of the Frobenius reciprocity law applied to the pair SU (2, C)
and its subgroup of diagonal matrices.

Lemma 6.1. Let .
i (2) = (27)5 - H 0t g0 b
and

pipzt(z) = p(z) = (z2)* FleFh) ez

where a;, b;, a, and b are non-negative integers and a;b; = ab = 0.
(i) On B(p1,p2) we have the following four relations

oo = g{(s+ %) 1}

oo = {5+ 75%) 1}

p(J1) :{sl+32 ““bl;“z*bz}f
)= {(or 404 bl—algbg—az}l
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(i) p(p1, p2) is admissible and contains the representation p, of the Lie algebra of SU(2,C) if
and only if n > a+b and n = a+b (mod2) and then it contains it just once.

pn is the unique irreducible representation of SU (2, C) of degree n + 1. Let B(pu1, pi2, prn ) be the
space of functions in B(u1, p2) transforming according to p,.

Theorem 6.2. (i) If u is not of the form z — 2Pz9 or z — z7Pz79 with p > 1 and q > 1 then
p(ua, po) is irreducible. A representation equivalent to p(py, ua) will be denoted by m(u1, p2),
() If u(z) = 2Pz% withp > 1, ¢ > 1 then

Ba(ui, i) = Y Blua, pa, pn)

n=p+q
n=p+q (mod 2)

is the only proper invariant subspace of B(p1, p2). o(u1, te) will be any representation equiv-
alent to the representation on Bg(u1, ua) and w(p1, ue) will be any representation equivalent
to the representation on the quotient space

By, p2) = B(ur, p2)/Bs(ur, p2)

(i) If u(z) = 27Pz=9 withp > 1, g > 1 then

Br(ppe) = Y Bl piz, pn)

[pP—ql<n<p+q
n=p+q (mod?2)

is the only proper invariant subspace of B(py,u2). w(p1,pne) will be any representation
equivalent to the representation B(pu1, p2) and o(p1, p2) will be any representation equivalent
to the representation on the quotient space

Bi(p1, p2) = Blpr, p2) /By, p2)-

(iv) m(p1, p2) is equivalent to w(puy, pis) if and only if (w1, p2) = (i, pa) or (1, p2) = (ks p17)-
(v) If o(p1, p2) and o(uy, ph) are defined they are equivalent if and only if (1, pe) = (ph, ph) or
(b1, p2) = (g, ph)-
(vi) If u(z) = 2Pz% with p > 1, ¢ > 1 there is a pair of characters vy,vy such that pips = vive
and Vlugl = 2Pz 9 and o(u1, pe) is equivalent to m(vy,va).
(vii) FEwvery irreducible admissible representation of He or A is a w(py, ue) for some choice of uy
and po.

The proofs of the first three assertions will be based on two lemmas.

Lemma6.2.1. If there exists a proper invariant subspace V' of B(1, u2) which is finite dimensional
then pypy *(2) = 27 P29 withp > 1, ¢ > 1 and V = B (1, pi2).

Lemma 6.2.2. Let V' be a proper invariant subspace of B(u1, p2) and let ng be the smallest integer
such that some subspace of V' transforms according to the representation p,, of the Lie algebra of

SU(2,C). Either
V = Z B(Mlaﬂ%ﬁn)

n>no
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or V' contains a finite-dimensional invariant subspace.

Grant these lemmas for a moment and let V' be a proper invariant subspae of B(y1, p12). As in
the case of the non-archimedean and real fields there is an invariant non-degenerate bilinear form on
B(p1, p2) X B(uy ', iy ') The orthogonal complement V4 of V in B(u; ', uy ') is a proper invariant
subspace. By Lemma 6.2.1 they cannot both contain an invariant finite dimensional subspace. Therefore
by Lemma 6.2.2 one of them is of finite codimension. The other must be of finite dimension. If V/
is finite-dimensional then ;' (2) = 27?27 % and V. = Bj(uy, p2). If V4 is finite dimensional
then p1yp5 ' (2) = 2PZ9. Since the orthogonal complement of B s (u1, 2) is B (j1, p12) we must have
V = Bs(p1, p2)-

We shall now show that B¢ (1, p2) is invariant when pyp5 ' (2) = 272z~ 1. It will follow from
duality that B,(u1, pz) is invariant when ;' (2) = 2P29. Every irreducible finite-dimensional
representation 7 of 2 determines a representation 7 of G¢. If 7 acts on X there is a nonzero vector vy

in X such that
z x mzn
W((O Zl>>’l)0:Z A

for all z in C* and all z in C. v is determined up to a scalar factor and m and n are non-negative
integers. Moreover there is a quasi-character wy of C* such that

(3o
™ <<Z01 Zi)) vo = wi(21) wa(z2) vo

where ww, ! (z) = 2™Zz". 7 is determined up to equivalence by w; and wy so we write 7 = K (w1, ws).
As long as wiwy '(2) = 22" with non-negative integers m and n the representation #(wy,ws) exists.
By the Clebsch-Gordan formula the restriction of x(w1, ws) or its contragredient to SU (2, C) breaks up
into the direct sum of the representations p; with [m —n| <i <m+nand 1 =m + n (mod?2). Letn

Thus

be k(w1,ws2) and let 7, the contragredient representation, act on X. To each vector v in X we associate
the function

©(g) = (vo, 7(9)v)

on G¢. The map v — ¢ is linear and injective. Moreover 7(g)v — p(g)y while

(3 2)a)=ertner G

so that if ¢ = wy 04(51/2 and po = w;l aé/Q the function ¢ belongs to B(f1, p2). As we vary w; and

ws the quasi-characters 1y and ji5 vary over all pairs such that i 5 ' (2) = 27PZ~% with p > 1 and
q>1

1

We have still to prove the two lemmas. Suppose V is a proper finite-dimensional subspace of
B(f11, p12). The representation of 2 on V is certainly a direct sum of irreducible representations each
occurring with multiplicity one. Let V' be an irreducible subspace of V' and let V' be the dual space of
V’. Let X be the linear functional A : ¢ — ¢(e) on V'. If 7 is the representation of A or of G¢ on V'

then
T <<2¥(’)1 ';I;>> )\:/‘LII(ZI)MEI(ZQ) (2121251251)_%A
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Thus if wy = p]! ac /2 and wo = fy ozé/ ? the representation 7 is k(w1,ws). It follows immediately

that yuy 5 " is of the form py ;' (2) = 277277 with p > 1 and ¢ > 1 and that V’ and therefore V is

By (jn, 12).
To prove the second lemma we regard g as the real Lie algebra of 2 x 2 complex matrices. Then

o {(2 ?)jacc)
e {( ) acniec)

is the Lie algebra of SU(2,C). If
a b
g_{<b a)\aeR,beC}

then u @ g is the Cartan decomposition of the Lie algebra of the special linear group. The space
gc = g ®r Cis invariant under the adjoint action of u on gc. Moreover u acts on gc according to the
representation ps. One knows that p; ® p,, is equivalent to p,, 12 @ p,, @ pp—2 if n > 2, that po ® p; is
equivalent to ps @ p; and, of course, that p; ® pg is equivalent to ps. The map of gc ® B(u1, 2, pn)
into B(p1, o) which sends X ® f to p(X)f commutes with the action of u. Thus p(X) f is contained
in

is the centre of g and

B(Mla 2, pn+2) S3] ‘B(:U’h:u’%pn) S3] B(N17M27Pnf2)-

It is understood that B (1, p2, pe) = 0if £ < 0.
Now let V be a proper invariant subspace of B(u, 112). Let ng be the smallest non-negative
integer n for which V' contains B(y1, pi2, pn). If n > ng set

Vi(n) = Z B(p1, p2, pr)

n>k>ng
k=ng (mod?2)

If V contains every V' (n) there is nothing to prove so assume that there is a largest integer n; for which
V contains V' (n1). All we need do is show that V' (n;) is invariant under g. It is invariant under a and
u by construction so we need only verify that if X lies in gc then p(X) takes V(nq) into itself. It is
clear that p(X) takes V(ny — 2) into V' (n1) so we have only to show that it takes B(p1, pi2, pr, ) into
V(n1). Take f in B(u1, fi2, pn, ) and let p(X) f = f1 + fo with f1in V(n1) and fo in B(p1, po, pny42)-
Certainly f; lies in V. Since

Vn B(:uh K2, pn1+2)

is either 0 or B (1, {12, pn, +2) and since, by construction, it is not B (1, p2, pn, +2) the function fs is 0.

The first three assertions of the theorem are now proved and we consider the remaining ones.
We make use of the fact that Dy, D5, J; and J> generate the centre of 2 as well as a result of Harish-
Chandra to be quoted later. Suppose 7 and 7’ are two irreducible representations of 2 which are
constituents of p(j1, p2) and p(], 1) respectively. Assume 7w and 7’ contain the same representations
of the Lie algebra of SU(2,C) and are associated to the same homomorphism of the centre of 2 into
C. Comparing the scalars 7(J;) and 7 (.J;) with 7/(J;) and 7’(J2) we find that e = pjps. Let
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papy t(2) = (ZE)S’GTHz“Zb and let b~ (2) = (zé)slfal;b/ 2% 2. Comparing 7(D;) and m(v)

with 7/(D1) and 7’ (D2) we see that
a—b\2 a —b'\2
(s+ 2 ) =+ 2 )

(s+ 5597 = (++552)"

and

These relations will hold if iy ' = 1) //271 or uy e = p} //271 and therefore, when p o = p b,
(1, po) = (W, ph) or (1, po) = (b, p}). If neither of these alternatives hold we must have

a - , a—>b
S =
2 2’

S =

or
b —ad , b—a
s’ = .

2 2

S =

Since pi1 e = )l the integers a + b and @ + b’ must have the same parity. Let u = pip; - and
i = gy, In the first case py/ is of the form pp'(z) = 227 and pu' ™" is of the form 227 and in the
second pu(2) = z2P while /™' (2) = 224. Since {1, pio} is not {11}, b} neither p nor ¢ is 0. In the
first case u = 2Pz% and i/ = 2Pz~ 7 and in the second p = 29zP while p/ = 279zP.

In conclusion we see that 7 and 7’ contain the same representations of the Lie algebra of SU(2, C)
and are associated to the same homomorphism of the centre of 2 into C if and only if one of the following
alternatives holds.

(i) For some pair of quasi-characters 14 and v, we have {7, 7'} = {m(v1,1v2), m(1v1,12) }or {m, 7'} =

{71'(1/1, Vg), 7'('(V27 Vl)}.

(ii) For some pair of quasi-characters vy and 1o we have {7, 7'} = {o(v1,10),0(v1,10)}or {7, 7'} =

{o(v1,v2),0(v2,11)}.

(iii) For some pair of quasi-characters vy and v, with vjv5 1(z) = 2Pz% wherep > 1, g > 1 we have

{m, 7'} = {o(v1,1n), (v}, 4)} where 111, = /|1 and /1, (2) is either 2Pz~ or 2P z4.

(iv) For some pair of quasi-characters v, and v, with vy 1(2) =2Pz79wherep > 1,q > 1 we

have {m, 7'} = {o(v1,v2), (v}, 1/})} where vy v = 1|1} and /b " (2) is either 2Pz~ or 2P 4.

The remaining assertions are now all consequences of a theorem of Harish-Chandra which, in
the special case of interest to us, we may state in the following manner.

Lemma 6.2.3. If m is an irreducible admissible representation of A there exists a pair of quasi-
characters 1 and ps such that p(py, u2) and ™ contain at least one irreducible representation of
the Lie algebra of SU(2,C) in common and are associated to the same homomorphism of the centre
of A into C. When this is so 7 is a constituent of p(p1, i2).

As before x @ (1, pi2) is w(xp1, xp2) and x ® o (1, p2) is o (xp1, xp2). If

(5 2) -

then 7 = wy ' @ 7.



Chapter 1 116

Theorem 6.3. Let m be an infinite dimensional irreducible admissible representation of He and let
¥ be a non-trivial additive character of C. There is exactly one space W (w, ) of functions on G¢
which satisfies the following three conditions.

(i) Every function W in W (mw, ) satisifies

w((o 1)a)=rvewe.

(i) The functions in W (mw, 1) are continuous and W (mw, 1) is invariant under the operators p(f)
for f in Hc. Moreover the representation of He on W (mw, ) is equivalent to 7.
(i) If W is in W(m, 1)) there is a positive number N such that

(5 1)-ou

Since every T is of the form 7 = m(u1, p2) the existence is rather easy to prove. If @ is in §(C?)

as [t| — oo.
let
Oz, ®) = [ @647 pa(0) 3 ()¢
Cx
We let W (1, p2, 1) be the space of functions on G of the form

W (g) = Wal(g) = 1 (detg) |detg| &> (1, pa, 7(9) ®)

where @ in §(C?) is SU(2, C)-finite under the action defined by r. It is clear that W (u, pa,¥) =
W (pa, pi1,v) and that W (uq, 2, 1) is invariant under right translations by elements of Hc and of .

The existence of W (7, 1) will, as before, be a consequence of the following analogue of Lemma 5.13.1.

Lemma 6.3.1 Suppose fi1py (t) = (t0)s~“="t*® with Res > —1. Then there is a bijection A of
W (1, po, ) with B(uy, po) which commutes with the action of Hc.

As before A associates to Wg the function

fa~(g) = p (detg) |detg|/* 2 (15 Lac, p(g) @)

The proof of course proceeds as before. However we should check that A is surjective. Theorem 6.2
shows that, under the present circumstances, there is no proper invariant subspace of B (i, 1) con-
taining B (11, (2, pa+b) S0 that we need only show that at least one nonzero function in B(fu, 112, Pa+b)
is of the form fs where ® is in §(C?) and SU (2, C)-finite under right translations.
If
(I)(l‘, y) _ e—2ﬂ(zi+yﬂ)gayb

then, since a + b = 0, ¢ transforms under right translations by SU (2, C) according to g, so we need
only check that fg is not 0. Proceeding according to the definition we see that

f@(e) = /(C>< @(O7t)(tDS—QT+btafb d*t

:/ e—27rtf(tf)1+s+a7+b dxt.
CX
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Apart from a constant which depends on the choice of Haar measure this is

. b
(2m) = (145 + %)

and is thus not 0.
Just as in the previous paragraph W (u, 112,) is spanned by functions Wg where @ is of the

form
(I)(l‘,y) _ 672ﬂ(mi+uﬁygj)mp‘f:qymgn

where p, ¢, m, and n are integers. u is determined by the relation ¥(z) = etmiReuz We can show that

t 0
(1)
decreases exponentially as [t| — oc.

To prove the uniqueness we will use a differential equation as in the previous chapter. This time
the equations are a little more complicated. Suppose W;(7,) is a space of functions satisfying the
tirst two conditions of the theorem. We regard p,, as acting on the space V,, of binary forms of degree
n according to the rule

P ((Z Z)) e(@,y) = plaz + cy, bz + dy)

If
p(r,y)= > raithai=h

[kl<n

n _
> kEZ

then ¢* is called the k' coordinate of . On the dual space 17'” we introduce the dual coordinates.
If p,, is contained in 7 there is an injection A of V}, into W1 (7, 1) which commutes with the action

of SU(2,C). Let ®(g) be the function on G¢ with values in V;, defined by

(¢, @(9)) = Ap(g)-

It is clear that Wy (m, 1) is determined by ® which is in turn determined by W; (7, 1)) up to a scalar
factor. The function ®(g) is determined by the function

o-s(( )

on the positive real numbers. If ©*(t) is the k' coordinate of () and if 7 is a constituent of p(y, yiz)

the differential equations
1 a—b\2
p(Dl)q):—{(s+ ) —1}<1>

N|=

2 2
1 b—a\?2
e = (o157 1
may, if our calculations are correct, be written as

1r1,d 2 lu|? n e 1 a—b\2
e k—l] LRl N (— k)t k 1:—( ) k
2[dt+ y p ¥ T g )i Tt o) ¥
1. d 2 |u|? n 1 b—a\2
—t——k—l} kg2 U k:7<_7k)t-— k+1:_( ) k
2[ dt v 2 ¥ T\3 e Pt ) ¥
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We have set ¥ = 0 if |[k| > n/2. Recall that ¢)(z) = e*™*Re%% These equations allow one to solve for
all ©* in terms of ©"/2 or ="/,
For k = 5 the second equation may be written as
1d2¢"/2+ _l_ﬁ ld_(pn/z_i_ _M_FM n/2_(5_b_a’)2 n/2 (%)
2 d? 2 2) ¢t dt 2 22 ¥ T 2 ) ¥

If we have two independent solutions of this equation their Wronskian W (¢) is a non-trivial solution
of the equation

dW — (n+1)
At
and therefore a non-zero multiple of . Since we already have shown the existence of a solution of
(*) which decreases exponentially we see that there cannot be another solution which is bounded by a
power of t as t — oo. The uniqueness of the space W (, 1) follows
Every irreducible admissible representation of H¢ is of the form @ = m(u1,12). Moreover
m(p1, po) = m(ph, ph) if and only if {p1, ua} = {p), pb }. Thus we may set

L(Sv’ﬂ) = L(Snul) L(SHU’Q)

w

tn+1

and

6(37 T, 1/}) = 6(*97 M, ¢) 6(37 K2, ¢)
Then
L(s,7) = L(s, M;l) L(s, M;l)'
The local functional equation which is proved just as in the real case read as follows.

Theorem 6.4. Let m be an infinite-dimensional irreducible admissible representation of He. Let w
be the quasi-character of C* defined by

(3 1)

fora in C*. If W is in W (m, 1)) the integrals

\I’(g,s,W):/CX W<<8
T(g, s, W) :/CX W(<8

converge absolutely in some right half-plane. Set
U(g,s,W) = L(s,m)®(g,s, W),
U(g,s,W) = L(s,7) ®(g, s, W).
The functions ®(g,s, W) and 5(9,3, W) can be analytically continued to the whole complex plane

as holomorphic functions of s. For a suitable choice of W the function ®(e, s, W) is an exponential
function of s. The functional equation

;Iv)(wg, 1—s,W)=c¢€(s,m,1)P®(g,s, W)

is satisfied. Moreover, if W is fized |U(g, s, W)| remains bounded as g varies over a compact subset
of Gc and s varies in a vertical strip of finite width from which discs about the poles of L(s,)
have been removed.

The following lemma can be verified by an explicit computation. The first assertion may also be
proved by the method of Lemma 5.16.
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Lemma 6.5 If 0 = o(p1,p2) and m = w(uy, p2) are defined then

L(1—s,0)e(s,0,¢) L(1—s,7)e(s,m, 1)

L(s,0) L(s,m)

and the quotient
L(s,x®0)
L(s,x ®m)

1 the product of a constant, a polynomial, and an exponential. Moreover the polynomial is of
positive degree for some choice of the quasi-character x.

We verify the last assertion. There is no harm in supposing that 0 = 7(v4, 1) and that x i (2) =
20PN o (2) = 292°, xvi(2) = 291P2b, and xe(z) = 292°T9. p > 1 and ¢ > 1 are integers.
Varying x is equivalent to varying a and b through all the integers. If m, is the largest of a + p and
b+ q and my, is the largest of a and b while n; is the largest of a + p and b and ny is the largest of a and
b + g the quotient

L(s,x®0)
L(s,x ® )
differs from
I'(s+nq) (s +ng)

I'(s+my)T'(s+ my)

by a constant times an exponential. It is clear that n; and ny are both greater than or equal to my and
that either n; or ny is greater than or equal to m;. Thus the quotient is a polynomial. If p > ¢ choose a
and bso thatb+ ¢ > a > b. Thenn; = m + 1 and ny > my so that the quotient is of positive degree.
If ¢ > pchoose a and bso that a +p > b > a. Then ny = my and ny > mo.

Lemma 6.6. Let m and @' be two infinite-dimensional irreducible representations of Hc. Suppose
there is a quasi-character w of C* such that

(5 2)) =etor
7((5 1)) =etor

LA-sxt®7)
L(s,x® )

and

for all a in C*. If

L(1—s,x t®7)
L(s,x ®)

= €(s,x @, 1))

e(s,x @', 1)

or all quasi-characters x then @ and 7' are equivalent.
q X q

Let m = (1, o) and let 7' = (uf, ph). We let
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and ’
i = )

with a; and a} in Z. By assumptions s; + s2 = s} + sh and a1 + as = af + af. Choose

= {gm)

with n in Z. The quotient on the right has the same zeros and poles as

I‘(l—s—sl—i—]%\) I‘(l—s—@—i—]%])

D(s+ 514|252 ) D(s + 59 4 | 2522

A pole of the numerator can cancel a pole of the denominator if and only if there are two
non-negative integers ¢ and m such that

51— sy =1+ 0+m+ | 4|22

2 2
or i i
sy—s1= 1+ Cm 4 [T+ |52,

This can happen only if 15 ' is of the form pyus ' (2) = 2P29 or s *(2) = 27729 where p > 1
and ¢ > 1 are integers. Since 7(u1, pi2) is infinite-dimensional it cannot be of either these forms and no
poles cancel.

Consequently for every integer n, {s1 + |“52|, 5o + | 2522 |} = {s] + |25 |, s5 + |“522|}. This
can happen only if s; = 57, a1 = a}, s2 = s, and ay = a) or 51 = sh, a1 = ah, $2 = s}, and as = af.
Thus 7 and 7’ are equivalent.

The following proposition is an easy consequence of these two lemmas.

Proposition 6.7.  Suppose m and 7' are two irreducible admissible representations of Hc. Suppose
there is a quasi-character w of C* such that

(5 1)
(3 9) -

If L(s,x®m) = L(s,x®7'), L(s,x '®@) = L(s,x ' @) and

and

€(s,x @m,1p) = e(s,x @', ¢)

for all quasi-characters x the representations m and 7' are equivalent.
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§7. Characters. If F' is a non-archimedean local field and 7 is an admissible representation of G the
operator 7 ( f) is of finite rank for every f in Hy and therefore ha a trace Tr 7( f). In this paragraph we
prove that if 7 is irreducible there is a locally integrable function x. on Gy such that

Trm(f) = : f(9) xx(g) dg.

Although Tr7(f) depends on the choice of the Haar measure the function x, does not.
The following simple lemma shows that x, determines the class of 7.

Lemma7.1 If {m,---,m,} is a set of inequivalent irreducible admissible representations of Hp the
set of linear forms Trmy, Trmy, - -+, Trm, is linearly independent.

Let 7; act on V; and let £ be an elementary idempotent such that none of the spaces ;(§)V;
1 <i < p,are 0. Let 7; be the representation of {J{ ¢ on the finite dimensional space m;(§)V; = Vi(§).
Suppose 7; and 7; are equivalent. Then there is an invertible linear map A from V; (&) to V;(£) which
commutes with the action of £Hp&. Choose a non-zero vector v; in V;(§) and let v; = Av;. We are
going to show that 7; and 7; are equivalent. It is enough to show that, for any f in Hp, m;(f)v; = 0
if and only if 7;(f)v; = 0. But m;(f)v; = 0 if and only if m;(§ * h)m;(f)v; = 0 for all h in Hp. Since
mi(Exh)mi(f)vi =mi(Exh* fx&v;and € x hx [ * £ isin EHpE the assertion follows.

Thus the representations 7y, - - -, T, are inequivalent. Using this we shall show that the linear
forms Tr 7y, -, Tr 7, on {HpE are linearly independent. The lemma will then be proved. Take h in
EH €. Since ; is irreducible and finite-dimensional Tr7;(hf) = 0 for all f in {Hp€ if and only if
7i(h) = 0. Suppose we had hy, - - -, b, in EHpE so that for at least one i the operator 7;(h;) was not 0
while

=1

for all f in £HpE. There must then be at least two integers j and k such that 7;(h;) # 0 and
7, (hi) # 0. Since 7; and 7, are not equivalent we can find an h in £Hg¢ such that 7;(h) = 0 while
7 (h) is invertible. Replacing h; by h;h we obtain a relation of the same type in which the number of 4
for which 7;(h;) = 0 has been increased. By induction we see that no such relation is possible. Since
§H p& contains a unit the required independence follows.

For most of these notes the existence of x is irrelevant. It is used only toward the end. The
reader who is more interested in automorphic forms than in group representations will probably want
to take the existence of x for granted and, for the moment at least, skip this paragraph. To do so will
cause no harm. However he will eventually have to turn back to read the first few pages in order to
review the definition of the Tamagawa measure.

Choose a non-trivial additive character ¢ of F'. If X is an analytic manifold over F' and w is a
differential form of highest degree on X we can associate to w a measure on X which is denoted by
|w|F or sometimes simply by w. If X = F and w = dz is the differential of the identity application
the measure |w|p = dx is by definition the Haar measure on F' which is self-dual with respect to 1. In
general if p belongs to X and x', - - -, 2™ are local coordinates near p so that

w=a(z, -, 2")dz' Ao A da™

then, if f is a continuous real-valued functions with support in a small neighborhood of p,

/f\w[F:/f(x1,~--,xb) la(zt, -, 2)| dat - - - da™.
b
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The absolute value |a(z!, - - -, 2™)| is the normalized absolute value in the field F'. To prove the existence
of the measure w one has to estabish the usual formula for a change of variable in a multiple integral.
For this and other facts about these measures we refer to the notes of Weil [12].

If GG is an algebraic group over F' then G is an analytic space. If w is a left-invariant form of
highest degree on Gy the measure |w|r is a Haar measure on G . It is called the Tamagawa measure.
It depends on w and 1.

If M is the algebra of 2 x 2 matrices over F' the additive group of M is an algebraic group. If a
typical element of M is

then
w=daANdbAdcAdd

is an invariant form of highest degree and || = dz is the additive Haar measure which is self-dual
with respect to the character 1y (z) = ¢ (7(z)) if 7 is the trace of z.
On the multiplicative group G of M we take the form w(z) = (detz) 2u(x). The associated
Haar measure is
lw(z)| = |detx|z? dz = |z|;; dz.

An element of G is said to be regular if its eigenvalues are distinct. The centralizer in G of a
regular element in G is a Cartan subgroup of Gr. Such a Cartan subgroup Bp is of course abelian.
There seems to be no canonical choice for the invariant forms on Br. However the centralizer of Br in
MTF is an algebra F of degree two over F'. It is either isomorphic to the direct sum of F’ with itself or it
is a separable quadratic of . Bp is the multiplicative group of E. In the first paragraph we introduced
amap v from E to F'. Once a form pg on E which is invariant for the additive group has been chosen
we can set up(z) = v(z) 'ug(x). pp is an invariant form on Br. The associated measure is invariant
under all automorphisms of £/ over F'. We should also recall at this point that two Cartan subgroups
By and BY, are conjugate in G if and only if the corresponding algebras are isomorphic.

Once pp and therefore pp has been chosen we can introduce on Br \ G which is also an
analytic manifold the form wp which is the quotient of w by pp. Then

flg)w(g) = /

Br\GFr

{ . f(bg) MB(b)} wp(g).

GFr

The centre of the algebra of M is isomorphic to F' and the centre Zr of G is isomorphic to F*. On
F* we have the form 2! dz. We take 1 to be the corresponding form on Zp. % will be the quotient
of up by pz and w° will be the quotient of w by pz. The corresponding integration formulae are

RCZCE / » { RE MZ(Z)} W)

and

fG)wlo) = [

Zp\GF

{ [ 1ea) uzl2)} o)

GFr

If g belongs to G'f its eigenvalues «; and ax are the roots of the equation

X2 —1(9)X +v(g) =0
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and
(a1 —a2)? _ {7(9)}* — dw(g)
Q1 v(g)
belongs to F'. Set
5(g) = (a1 —az)? '
[e5Ke D) F

Since g isregular if and only if §(g) # 0 the set Gr of regular elements is open in G’z and its complement
has measure zero.

There are two more integration formulae that we shall need. Their proof proceeds as for
archimedean fields. Choose a system S of representatives of the conjugacy classes of Cartan sub-
groups of Gr. Then

1 -1
[ wew= Y 5[ 5<b>{ / L bg)wB(g)}uB(b) (7.2.1)

BreS
0/, _ 1 . .
~/ZF\GF f(g) “ (g) B Z 2 ~/ZF\BF 5(b) {~/BF\GF f(g bg) B(g)} 'MB(b) (722)

BresS

if f is an integrable function on G or Zp \ Gr. Notice that the sum on the right is not necessarily
finite. Let B = Br N G and let

BY ={g7"bg |be Br, g € Gr}.

Then G is the disjoint union
| BS.
BreS
There is a simple lemma to be verified.
Lemma7.2 (i) For any Cartan subgroup Br the set Eg s open.

(ii) The set (:?F s open.
(iii)) The set Gg of g in Gp whose eigenvalues do not belong to F is open.

The second statement is a consequence of the first. If By corresponds to the separable quadratic
extension E then B¢ is the set of matrices with distinct eigenvalues in £ and if By splits and therefore

corresponds to the direct sum of F’ with itself, Eg is the set of matrices with distinct eigenvalues in F.
Thus the first assertion is a consequence of the following lemma which is a form of Hensel’s lemma or
of the implicit function theorem.

Lemma7.2.1 Let E be a separable extension of F'. Assume the equation
Xp—i-alXp*l—i--"-i-CLp:O

with coeficients in F has a simple root A in E. Given € > 0 there is a § > 0 such that whenever
by, -+, b, are in F and |b; — a;|p < § for 1 <i <p the equation

XP by XP 4o+ b, =0
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has a root  in E for which |\ — p|p < e.

There is no need to prove this lemma. To prove the third assertion we have to show that the set
of matrices with eigenvalues in F'is closed. Suppose g, — g and g,, has eigenvalues \,, and p,, in
F. Then A\, + p, — 7(g) and A\, 1, — v(g). If A\, and p,, did not remain in a compact subset of F'*
then, since their product does, we would have, after passing to a subsequence, |\,| — 0, |p,| — o0 or
|[An| — 00, || — 0. Ineither case A, + iy, could not converge. Thus, again passing to a subsequence,
we have \,, — Aand p,, — p. A and p are the eigenvalues of g.

If the characteristic of F is not two the sets G F and G r are the same. We now introduce a
function on G’ which plays an important role in the discussion of characters. If Br is a split Cartan
subgroup we set ¢(Bp) = 1 but if B is not split and corresponds to the quadratic extension E we set

41
«(Br) = ||

w is a generator of pr and p}“ is the discriminant of £ over F. If g in G r belongs to the Cartan
subgroup Br we set

&(9) = c(Br)s~?(g).

If g is singular we set {(g) = oo. The factor ¢(Bp) is important only in characteristic two when there
are an infinite number of conjugacy classes of Cartan subgroups.

Lemma 7.3 The function £ is locally constant on @F and bounded away from zero on any compact
subset of Gg. It is locally integrable on Zr \ Gg and on Gp.

It is of course implicit in the satement of the lemma that & is constant on cosets of Zr. The two
previous lemmas show that ¢ is locally constant on Gr. To prove the remaining assertions we recall
some facts about orders and modules in separable quadratic extensions of non-archimedean fields.

If E is a separable quadratic extension of F' an order R of E is a subring of O which contains
Or and a basis of £. A module [ in F is a finitely generated Or submodule of £ which contains a
basis of E. If I is a module the set

{a e E|lal C 1}

is an order R;. Itis clear that an order is a module and that Rgr = R. Two modules I and J are said to
be equivalent if there is an ovin £ so that J = . Then R; = R;.

Suppose the module I is contained on Og and contains 1. Since I/Op is a torsion-free Op
module the module [ has a basis of the form {1,§}. Since ¢ is integral §2 belongs to I. Therefore I is
an order and R; = I. Since any module is equivalent to a module which contains 1 and lies in Of, the
collection of modules I for which R; = R forms, for a given order R, a single equivalence class.

As observed any order has a basis, over Op, of the form {1,d}. The absolute values of the
numbers ¢ occurring in such bases are bounded below. A basis {1,d} is said to be normal if ¢ has
the smallest possible absolute value. It is easily seen, by considering the ramified and unramified
extensions separately, that if {1, } is normal

R=0fr+ 60g.

Thus R determines and is determined by |d|g. It is easily seen that if E//F is unramified |d|g is any
number of the form |wg|% with n > 0. wg is a generator of pg. We set n = w(R). If E/F is ramified,
|6| z is any number of the form |wg|%' ™! with n > 0. We set w(R) = n. In the ramified case

[EX : F*(Ug N R)] = 2|wp|p".
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In the unramified case "
[B* . F*(Ug NR)] = lop 3" 1+ |op|r)

unless w(R) = 0 and then
[EX : F*(UgNR)] =1.

It is clear that R’ contains R if and only if w(R') < w(R). Thus w(R) + 1 is the number of orders
which contain R. If v belongs to O but not to O let R(7y) be the order with basis {1,7} and let

w(y) =w(R(7)).
Lemma 7.3.1 Let ¥ be the conjugate of v in £ and let

O =M1 = e 5.
If ptEJrl is the discriminant of E and v belongs to Ok but not to Op then

m(y) = w(y) + L

2
Let {1, } be a normal basis of R(y). Then v = a + b with a and b in Op. Moreover § = ¢+ dy
with cand d in Op. Thus v = (a + bc) + bdy so that a + bc = 0. and bd = 1. Therefore b is a unit and
|y — 4| = |0 — §|. We can thus replace by &. Suppose first that £/ F is unramified so that ¢ + 1 = 0.
We take § = ew: where n = w(R(7)) and ¢ is a unit of O. Since

§—6=(c—&)wh

we have only to show that € — £ is a unit. ¢ is not congruent to an element of Or modulo pg and
therefore {1,c} determines a basis of Og/pg. Since the Galois group acts faithfully on Og/pg the
number € — £isnotin pg.

If E/F is ramified we may take 0 = whiwpg with n = w(J). It is well-known that

lwg — @l = |ws|y!

Thus

= 9211/2 <1/2 1 +
(6= 0)2} 2 =16 — 8} = |wr|p ok e = |orly

The lemma follows.
There are two more lemmas to be proved before we return to the proof of Lemma 7.3.

Lemma 7.3.2 Let C' be a compact subset of Zr \ Gr and let xc be the characteristic function of
C and of its inverse image in Gg. There is a constant ¢ such that for every b in Gp which is
contained in an anisotropic Cartan subgroup

/ xelg~1bg) o (g) < c£(b).
Zr\GFr

The assertion is trivial unless b is regular. Then the assumption is that its eigenvalues are distinct
and do not lie in . Any h in G can be written as

p
Wg
g1 92
( w%)
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where g1 and g2 belongs to GL(2,0F) and p < ¢q. The numbers w’. and wf. are the elementary
divisors of h. Let T}. be the set of all those i for which g — p < r. T} is the inverse image of a compact
subset T of Zp \ Gp. If r is sufficiently large C is contained in 7). Thus we may replace x¢c and X,
the characteristic function of 7).

If h belongs to GL(2, Or) then h~1g~1bgh belongs to T, if and only if g~ bg belongs to T;.. Thus
the integral is the product of the measure of GL(2,0r) N Zp \ GL(2, OF) by the number of right cosets
of Zr GL(2,OF) whose elements g are such that g~'bg belong to T,.. If H is such a coset and Bp is
the Cartan subgroup containing b then for any ¥ in By the coset &’ H has the same property. Thus the
integral equals

measure(GL(2,0r) N Zp \ GL(2,0r)) Y _[Brg GL(2,0F) : Zr GL(2,0p)].

The sum is over a set of representatives of the cosets in Bp \ Gr/GL(2,0p).

Let Bf correspond to the separable quadratic extension E. Choose a basis of Og over Op. It
will also be a basis of I/ over F'. By means of this basis we identify G with the group of invertible
linear transformations of F over F'. GL(2,0p) is the stabilizer of Og. Every v in E* determines a
linear transformation b, : x — vz of E. The set of all such linear transformations is a Cartan subgroup
conjugate to Br and with no loss of generality we may assume that it is Br. Choose 7 so that b = b,,.

Every module is of the form gOp with g in Gr. Moreover ¢1Of and g2OF are equivalent if
and only if g; and g2 belong to same double coset in Br \ Gr/GL(2,0F). Thus there is a one-to-
one correspondence between the collection of double cosets and the collection of orders of E. Let
BrgGL(2,0F) correspond to the order R. The index

is equal to
[Br : Bp N Zp gGL(2,0r)g7 ]
Two elements by and b in By belong to the same coset of Br N Zp g GL(2,0F) g tifand only if there
isa zin Zp and an h in GL(2, OF) such that
b1g = bazgh
This can happen if and only if
b1gOE = bazgOg.

Let I = gOg and let b; = b,,. If we identify Zr and F'* so that z may be regarded as an element of
F the last relation is equivalent to

Yl =22l
or 71_1722 € RN Ug. Thus

[BFgGL(Q,OF) : ZFGL(Q,OF)] = [EX : FX(Rﬂ UE)]

Let |deth|r = |v|x = |wr|R. Let wh and @, with p < g be the elementary divisors of g~ bg.
Certainly p + ¢ = m. The matrix g~ 'bg belongs to T, if and only if g — p = m — 2p < r. If s is the

rT—m

integral part of “5™ this is so if and only if g~ 'bg has integral coefficients, that is if and only if

wh g 'bgOp C Op
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orwgy € R.
Our integral is therefore equal to

measure(GL(2,0r) N Zp \ GL(2,0r)) > [E*: F*(RNUg)). (%)
wEYER

The sum is over all orders of F¥ which contains w$.y. @w%y does not lie in F. If it does not lie in O
the sume is zero. If it lies in Ok then w3y belongs to R if and only if w(R) < w(w?}y). In this case the
expression (x) is bounded by

2 measure(GL(2,0p) N Zp \ GL(2,0p)) Y |=@pls"
0<k<w(w§)

This in turn is bounded by a constant, which is independent of By and 7, times
—w(@g7)

’wF’F

t41

We have ¢(Br) = |wp|2 , m(wiy) = s +m(y) < 55 + m(y), and

‘(fy - ,?)2 A —m/2
5(0)/? = St = [wrl " ||
oledrs

m(7y)
Fo

To prove the lemma we have only to show that

m t+1

—m(y) + 5ty T w(wpy)

is bounded above by a constant which depends only on r. By the previous lemma

t+1
w(@wpy) = m(@py) = —5—
so that P41
m s r—-m m r
- A < =,
m(’y)—i—z—i- 5 + w(wiy) < 5 +2 5

Suppose the Cartan subalgebra B corresponds to the algebra E. Once the measure pp on E
has been chosen we can form the measure 15 on Br and the measure wg on Br \ Gp. Once pg and
therefore g and wp are chosen we let n(Bp) be that constant which makes n(Bp)ug self-dual with
respect to the character z — ¢ (7(z)) on E.



Chapter 1 128

Lemma7.3.3 Ifr is a non-negative integer there is a constant d, such that for any Cartan subgroup
Bpr and any b in Bp

/ Yo(971b9) wi(g) < dyn(Br) 5(5)~1/2.
Br\Gr

We may again suppose that b belongs to Bp. If Bpis anisotropic the left side is equal to

1
measure(Zp \ Br)

/ Xr(g~"bg) w°(g).
Zp\GF

Suppose B corresponds to the quadratic extension E. If E/F' is unramified

1
n(Br)

measure(Z; \ Bp) = (1+ |wrl)
because n(Bp)ug assigns the measure 1 to Og. If E/F is ramified n(Bp)ug assigns the measure
|wF|% to Og and

2 t41 2

n(Br) |wp| 2z = w(Br) ¢(Br)

measure(Zp \ Br) =

In these cases the assertion is therefore a consequence of the previous lemma.

If the inequality of the lemma is true for one Cartan subgroup it is true for all conjugate subgroups.
To complete the proof we have to verify it when Br is the group Ap of diagonal matrices. Since we are
now dealing with a fixed Cartan subgroup the choice of Haar measure on Br \ G is not important.
Moreover GL(2,0r) T, GL(2,0F) = T, so that, using the Iwasawa decomposition and the associated
decomposition of measures, we may take the itnegral to be

Joo (o )G 5) o 7)) e
= (5 5)
(556 )

Changing the variables in the integral we obtain

o foe (G5 (6 1)

Let |a| = wr|%, |B] = |@r|™, and |z| = |r|™. With no loss of generality we may suppose |a| > |3|.

If n > 0 the elementary divisors of
a 0 1
0 B 0 1

if

The argument in the integrand is
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are @', and @ so that it is in 7}, if and only if m — ¢ < r. If n < 0 its elementary divisors are w

and wy " so that it is in 7. if and only if m — ¢ — 2n < r. Thus the integral is at most

l+n
F

measure{z | |z| < ]wF]mizbr}

m—e—r
which is, apart from a factor depending on the choice of the Haar measure, |cwp|™ 2 . Since

m—~L—r

e "5 = |2 a5

and

the lemma follows.

We return to Lemma 7.3 and prove first that { is bounded away from zero on each compact
subset C'. In other words we show that there is a positive constant ¢ such that {(h) > con C. There is
a zin Zp such that every matrix in zC has integral entries. Since £(zh) = £(h) we may as well assume
that every matrix in C itself has integral entires. There is a constant ¢; > 0 such that

\deth!}p/2 >

on C and a constant ¢ such that
7(h)? — v (B)[? <
on C. 7 and v are the trace and determinant of h. Thus

5H2(p) > 2
C2

on C. &(h) is certainly bounded away from 0 on the singular elements and the preceding inequality
shows that itisbounded away from 0 on the regular elements in C' which lie in a split Cartan subalgebra.
Suppose h is regular and lies in the anisotropic Cartan subgroup Br. Let B correspond to the field E/
and let h have eigenvalues v and 74 in F. Then

_1 t
(v = 3)%p? e(Br) = |wp| ™™ |@p| T = |op|7)
Since w(y) > 0 we have £(h) > ¢;.

The function § is certainly measurable. It is locally integrable in G if and only if it is locally
integrable on Zp \ G . Let C be a compact setin Zr \ Gr. We have to show

/ xe(9) €(9) °(9)
Zrp\Gr

is finite. As usual it will be enough to show that

/ %o (9) €(9) ()
Zp\GF
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is finite for every non-negative integer r. According to formula (7.2.2) this integral is the sum of

1

3 /ZF\AF &(a) é(a) {/AF\GF Xr(9 " ag) wA(g)} 1 (a)

and
1

b . /ZF\BF §(b) 4(b) {/BF\GF xr(g™"bg) wB(g)} 15 ().

BreS’

It is easy to see that there is a compact set Cj in Zp \ A such that x,.(¢ ag) = 0 for all g unless
the projection of a lies in Cy. Thus the first integral need only be taken over Cy. The inner integral is
at most d,n(Ar) d(a)~'/2. Since £(a) d(a) §(a) ~'/2 = 1 on Ay the first integral causes no trouble. We
can also use Lemma 7.3.3 to see that the sum over S’, which is by the way a set of representatives for
the conjugacy classes of anisotropic Cartan subgroups, is less than or equal to

5 > dn(BeeBe) [ )

BreS’ ZF\BF

If the characteristic is not two this sum is finite and there is no problem.

In general if By corresponds to the field £ and p'Z ™! is the discriminant of E we have ¢(Br) =
tp+1
|wp| ™2 and

w(Be) [ ) < et
Zp\BFr

To complete the proof we have to show that
2wl
E

is finite if F' has characteristic 2. The sum is over all separable quadratic extensions of F'. Let M (t) be
the number of extensions F for which tg = t. Associated to any such F is a quadratic character of F'*
with conductor p4'. Thus

M(t) < [F* - (F*)*(1+pE )] = 2[Up : Up (1 +pE )]

if t > 0. Of course M (—1) = 1. Any element of U is congruent modulo 1 + p’f! to an element of the

form
t
apt+arwp + -+ awg.

Such a number is a square if a; = 0 for ¢ odd. Thus
M(t) = O(jewr|™=)

and the series converges.
We can now begin the study of characters.
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Proposition 7.4 The character of an absolutely cuspidal representation exists as a locally integrable
function whose absolute value is bounded by a multiple of £&. It is continuous on Gp U Gp.

If the character . of 7 exists and x is a quasi-character of F'* then the characterof 7’ = y @ 7
also exists and x,/(g9) = x(detg) x»(g). Thus the proposition has only to be proved for unitary
representations 7. 7 is then square integrable and we can make use of the following lemma for which,
although it is well-known, we provide a proof.

Lemma 7.4.1 Let f belong to Hp and let u be a vector of length one in the space on which the
absolutely cuspidal unitary representation w acts. Then

Ten(f) = d(a) [ . { [ (et gy dh} dg

if d(m) is the formal degree of .
Let () be the operator
w(f)= [ F(h)w(h)dn.

GFr

Let {v;} be an orthonormal basis of the space on which 7 acts. All but a finite number of the coefficients
Qij = (Qui, v))

are zero. We have
(m(97") Q(g)u,u) = (Qm(g)u, m(g)u)
The right side equals
Z (Qm(g)u, vi) (vi, 7(g)u)

%

ZZ u vy sz(vla (g)u)

In both series there are only a finite number of non-zero terms. Thus

which in turn equals

/ZF\GF (m(g™") Qn(g)u, u) dg = ;Qﬂ/ (m(9)u,vj) (vi, 7(g9)u) dg

Zrp\Gr

The integrals on the right exist because the representation is square-integrable. Applying the Schur
orthogonality relations we see that the right side is equal to

ZQU vzavj ZQ’L’L = —TI‘?T(f)

Since

(g™ ") Qu(g)u,u) = [ f(h) (w(g~") 7 (h) w(g)u,u) dh

GFr

the lemma follows.
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Observe that the integral of the lemma is an iterated and not a double integral. It is the limit as
r approaches infinity of

/ ; { [ 1) (g gy ) dh} dg

Since T is compact this integral is absolutely convergent and equals

/GF J(h) {/T (m(9™ " hg)u, u) dg} dh.

To prove the first part of the proposition we show that the sequence of functions
or(h) = /T/ (m(g~ " hg)u,u) dg

is dominated locally by a multiple of £ and converges almost everywhere on G. We shall set

Xr(h) = d(m) lim ¢, (h)

T—00

whenever the limit exists.
When proving the second part of the proposition we shall make use of the following lemma.

Lemma 7.4.2 Let Cy be a compact subset of ép and let Cy be a compact set in Gg. The image in

Zr \Gp of
{g € Gp | gflClgﬂ ZpCy # 0}

18 compact.

The set is clearly closed so we have only to show that it is contained in some compact set. We
may suppose that GL(2,0r) Co GL(2,0F) = Cs. Let

(o =z B 0
i=(5 1) (5 5)r
g 'C1gN ZpCy # 0

a z\ 7" a

(5 ) (3 )amarro

We have to show that this condition forces « to lie in a compact subset of F* and x to lie in a compact
subset of F. Since

with hin GL(2,0F). Then

if and only if

det(gcg) = detc

we may replace Zr C by the compact set

Cs = {h € Zp(Cy ‘ deth € detCl}.
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(¢ a)

be a typical element of C';. The entry c is never 0 on C; and therefore its absolute value is bounded

below,
—1
a x a b a v\ _  [a-—=xc Y
(0 1) <c d><0 1>_< ca cac—i—d)'

The number y is of no interest. The matrix on the right cannot lie in C5 unless |cx + d| is bounded
above by some number depending on Cs. Since |d| is bounded above and |c| is bounded below z is
forced to lie in some compact set (2 of F'. If C} is the compact set

{<éf>h<é§v\xeﬁh60ﬁ

we have finally to show that if
a”t 0 a 0
<o 1>@<01>ﬂ@#0

then « is forced to lie in a compact subset of F'*. We now let

(¢ 0)

be a typical element of Cy. On C} both |b| and |c| are bounded blow. Since

a 0 a b a0\ _[a bla
0 1 c d 0 1) \ea d
and all matrix entries are bounded above in absolute value on Cj the absolute value || must indeed
be bounded above and below.
If w acts on V' then for any w in V' the support of the function (7(g)u, u) has been shown, in the

second paragraph, to be compact modulo Zp. Let C be its compact image in Zp \ Gp. Let C be a
compact subset of G'r. By the previous lemma the set of g in G r such that

(W(gilhg)u,u) #0

for some h in C; has an image in Zr \ G which is contained in a compact set Cy. Therefore the integral

Let

/ (W(gflhg)u,u) dg = / (W(gflhg)u, u) dg
Zp\GF

Ca

is convergent for h in C;. Moreover if r is large enough 7, contains C and
oty = [ (g™ hg)u,u)do.
Zi\GF

Therefore the sequence { i, } converges uniformly on any compact subset of G- and its limit d~* () x (1)
is continuous on G'r. We may state the following proposition.
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Proposition 7.5 If h belongs to ép then
/ (m(g~ " hg)u, u) dg
Zrp\Gr

exists and is equal to d= () X (h).

Since
|[(m(g)u, u)| < xc(9)

it follows from Lemma 7.3.2 that, for some constant ¢,

lor(h)] < c€(h)

on Gp. The set Gp — G is A\g which is open. To complete the proof of Proposition 7.4 we show that
on the intersection of A\g with a compact subset of G the sequence {¢, } is dominated by a multiple
of { and that it converges uniformly in a compact subset of g%f

Let C'3 be a compact subset of Gr. Any h in Ap may be written in the form

_ 1 —=z a 0 1 =z
et (o ) (6 B) G 1)m

where h; belongs to GL(2,0p) and a # . In C3 N Eg the absolute values of o and (3 are bounded
above and below. If (3 is contained in A% the absolute value of 1 — g is also bounded above and below

on Cs. Since
(b )56 - 56 )

the absolute value of x will be bounded above.
Since GL(2,0p) T, GL(2,0F) = T, the integral which defines ¢, (h) is equal to

/, (W(g_lh/g)u, u) dg

r

(3 )32

and we may as well assume that 5 itself is of this form. We are going to show that there is a constant c
such that

()] < et~ 2|

for all r and all such h and that the sequence {¢, } converges uniformly if x remains in a compact subset
of Fland o, Band 1 — g remain in a compact subset of F'*. Then the proof of the proposition will be
complete.

The stabilizer of u is some open subgroup U of GL(2,0F). Let hq,---,h, be a set of coset
representatives for GL(2,0p)/U and let u; = m(h;)u. apart from an unimportant factor coming from

the Haar measure ¢,.(h) is given by
P
> ei(h)
i=1
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with
i _ RAAS! RAAS! o X
cpr(h)—/<7r<<0 1 )h(o 1 >)ul,ul> dxy d™7.
The integral is taken over the set of all those v and ; for which
REES!
0 1
belongs to 7;.. Since
-1
v oyx (7 ) _ (a 0 1 ( 72)(7’1x+x1)
0 1 0 1 0 B 0 1
we can change variables in the integral to obtain
B -1 a 0 1 7_1(1—§)x+x1 y
‘1 - a| T 0 3 0 la ug, u; | dry d™y. (7.4.3)
The integration is now taken over all those x; and ~y for which
B\—1
v o(1-5) = 7.4.4
(7709 ™) (7.4.4)
isin T,..
Let |1 — g\ =|wrl', |7| = |wr|™, and |z| = |wp|". Let wh and w be the elementary divisors

of the matrix (7.4.4). We now list the possibilities for p and g together with the condition that the matrix

belong to 7T}, that is that ¢ — p be at most 7.
@m2>0,-t4+m+4+n>0,p=0q¢g=m:0<m<r
b)) m>0,—t+m+n<0,p=—t+m+nqg=n—t:—r<m+2n—2t
m<0,—t+m+n<<m,p=—t+m+nqg=n—t:—r<m+2n—2t
(d m<0,—-t+m+n>m,p=m,q=0:—r <m <0.

These conditions amount to the demand —r < m < r and that 2n > 2t — r — m. On the other hand

we know that there is an integer s such that

()
|z|<|wr|d
forl1 <i<pifj <s.

Thus if |7| = |wp|™ the integral

[ (5 0 (2700 ) )

taken over all z; for which
7 (1= 5)m
0 1

isin T} is zero if 2t — r —m < 2s. Therefore in (7.4.3) we need only take the integral over those v and x
for which |y| = |wp|™ with 0 < m, < 2(t—s) and |z| < ]wp|t’mT+T. We should also have m < r but
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since we are about to replace the integrand by its absolute value that does not matter. For each such v
the integration with respect to  gives a result which is bounded in absolute value by a constant times

|wp |t~ 3. Integrating with respect to y we obtain a result which is bounded in absolute value by a
constant times
+ —k k
jwrl’ > el <|wp* ) |wr|?
k=0 k=0

The right side depends on neither r nor ¢.
The value of |1 — §|<p§a(h) is

FEE el 708 e

The integration is taken over those v and 27 for which |y| = |wp|™ with 0 < m < 2(t — s) and
|z| < |wp|t~%. Of course |1 — | = |wp|!. Since we are now interested in a set of @ and 3 on which
t takes only a finite number of values we may as well assume it is constant. Then the integral is taken
over a fixed compact subset of F' x F'*. The integrand converges uniformly on this set uniformly in
the o, 8 and = under consideration as r approaches infinity.

We have still to prove the existence of the character of a representation which is not absolutely
cuspidal. Most of them are taken care of by the next proposition.

PrOpOSItlon 7.6 Let i1 and po be a pair of quasi-characters of F*. Let Xy, u, be the function which
15 0 on GF N GF, undefined on the singular elements, and equal to
af 1/2

{p1(a) p2(B) + p2(B) pa ()} a—pp

at an element of g of ﬁg with eigenvalues a and 3. Then X, ., 5 continuous on (A;F and s
dominated in absolute value by some multiple of . Moreover if m = p(p1, p2)

Trr(f) = /G Xu1.u2(9) f(9) dg

for all f in Hp.

Only the last assertion requires verification. Since the absolute value of X, ., is bounded by a
multiple of § the function x,,, ., is locally integrable. Suppose f belongs to Hr. When applied to the
function x,, ., f the relation (7.2.1) shows that

/ X2 (9) F(9) dg (7.6.1)

F

is equal to

N =

/ é(a) {/ Xpt,pz (g_lag) f(g_lag) dg} da.
AR Ap\GFr
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Since X, ., is a class function this may be written as

T in(0) pa(8) + pale) i (8}

2 Jap

(o — p)?

- {/AF\GF flg™! <g g) g)dg} da

if
Since a is conjugate to

we have

Joa 7 (5 5)o) =, 7 (7 (5 2)o)

Thus (7.6.1) is equal to
1/2 o 0
{/A . f<gl (0 B>g> dg} da. (7.6.2)

As long as the measure on Ap \ G is the quotient of the measure on G by that on Ap the
choice of Haar measure on Ay and G'r is not relevant. Thus we may write (7.6.2) as
(a—pB)?

1/2 0
o <f (k—ln—l (8‘ /B> nk> dk:dn} da.

The inner integral is taken over GL(2,0p) X Np. If

(3
o (5 9)- 96 )

Changing variables in the last integral we obtain

/AF pa (@) p2(B) !%!1/2) {/f <k1 (‘5 2) nk> dkdn}da. (7.6.3)

To evaluate Tr 7( f) we observe that if ¢ belongs to B (1, p2) then, if ky isin GL(2, Op)

(o — p)?

[, m@ ) |

/ nfa) )

then

7 (f) (k) = / o(k19) f(g) dg.

GFr

Replacing g by k; 'g and writing the integral out in terms of the Haar measure we have chosen we

obtain
/GL@,oF)SO(kl) {/f(kl_l (3 g) nka)p1(e) p2(0) !%!”2 dadn} dks.
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The inner integral is taken over Ar x Np. We have of course used the relation

e (5 5) k) = ml@hma(s) 51 20(ha)

If

_ 0 a1/2
K(k1, ko) = /f <k1 ' <g ﬁ) nkz) pa(a) pa(3) ‘B "% da dn
then
w(Oete) = [ K ke)olhs) dia,
GL(2,0p)

B(p1, p2) may be regarded as a space of functions on GL(2,0p). Then 7(f) is the integral
operator with kernel K (k;, kz). It is easily seen that this operator, when allowed to act on the space
of all GL(2, Op)-finite functions on GL(2, OF), has range in B(j1, pt2). Thus the trace of 7(f) is the
same as the trace of the integral operator which is of course

/ K (k, k) dk.
GL(2,0F)

When written out in full this integral becomes (7.6.3).

Theorem 7.7 Let w be an irreducible admissible representation of Hp. There is a function x, which
is continuous on Gg and locally bounded in absolute value of Gg by a multiple of & such that

Ten(f) = /G x=(9) f(9) dg

for all f in Hp.

The theorem has only to be verified for the one-dimensional and the special representations. If 7
is a one-dimensional representation associated to the quasi-character y we may take x-(g) = x(detg).
X~ is locally bounded and therefore, by Lemma 7.3, locally bounded by a multiple of &.

Suppose 7, w2 and w3 are three admissible representations of F' on space Vj, V5, and V3
respectively. Suppose also that there is an exact sequence

0—-Vi—-Vo—>V3 -0
of Hp-modules. If f is in H all the operators 71 (f), m2(f) and w3 (f) are of finite rank so that

TI‘T{'Q(f) = Tl'ﬂ'l(f) —|—TI'7T3(f>.

Thus if xr, and X, exist so does xr,. Applying this observation to w3 = o (p1, p2), T2 = p(u1, 2),
and m = w(p1, i2) we obtain the theorem.

If F' is taken to be the real or complex field Theorem 7.7 is a special case of a general and difficult
theorem of Harish-Chandra. The special case is proved rather easily however. In fact Proposition 7.6
is clearly valid for archimedean fields and Theorem 7.7 is clearly valid for archimedean fields if 7 is
finite-dimensional. There remains only the special representations and these are taken care of as before.
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8. Odds and ends  In this paragraph various facts which will be used in the discussion of the constant
term in the Fourier expansion of an automorphic form are collected together. If H is a locally compact
abelian group a continuous complex-valued function f on H will be called H-finite or simply finite if
the space spanned by the translates of f is finite dimensional.
Let H be a group of the form
H=HyxZ™ xR"

where Hj is compact. We regard Z™ x R" as a subgroup of R™*". The projection

& th=(ho,T1, , Tmn) = T

may be regarded as a function on H with values in R. If p;, - - -, p4r is @ sequence of non-negative
integers and x is a quasi-character we may introduce the function

m-+n

x [ &
=1

on H.
Lemma 8.1 For any sequence pi,---,Pm+n and any quasi-character x the function x Hf:in & s
continuous and finite. These functions form a basis of the space of continuous finite functions on

H.

If x is a fixed quasi-character of H and p is a non-negative integer let V' (x,p) be the space
spanned by the functions x H?:{n &P with 0 < p; < p. Since it is finite-dimensional and invariant
under translations the first assertion of the lemma is clear.

To show that these functions are linearly independent we shall use the following simple lemma.

Lemma8.1.1 Suppose E1,---, E,. arer sets and F1,---F,. are linearly independent sets of complex-
valued functions on Fy,---, E, respectively. Let F be the set of functions

(@1, 20) = fi(@n) fo(wa) -+ fr(r)

on By x -+ x E.. Here f; belongs to F;. Then F is also linearly independent.

Any relation
> alfioe f) falwn) o folar) =0
flv"',fr

leads to

Z Z a(fi, - fr) frlzr) - fr—a(@e—1) p fr(2r) =0

f7‘ flv"'vfrfl
As F, is linearly independent this implies that

ST alfro f) @) - froi(zeo1) =0
firfro1

and the lemma follows by induction.

To show that the functions XHZTL &P span the space of continuous finite functions we use

another simple lemma.
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Lemma 8.1.2. Let Hi and Hy be two locally compact abelian groups and let H = Hy x Hy. Then
every continuous finite function f on H is a finite linear combination of the form

flz,y) = ZN‘ wi(x) Yi(y)

where the ©; and Y; are continuous functions on Hy and Hy respectively.

Let V' be any finite dimensional space of continuous functions on H. We associate to any point
¢ in H the linear functional f — f(§) on V. Since no function but zero is annihilated by all these
functionals we can choose &1, - - - , &, so that the corresponding functionals form a basis of the dual of
V. Then we can choose a basis fi, - -, f, of V so that f;(§;) = 0;;.

Now suppose V' is invariant under translations. It could for example be the space spanned by
the translates of a single finite continuous function. The space V; of functions ¢ on H; defined by
o(z) = f(x,0) with f in V is finite dimensional and translation invariant. Therefore the functions
in it are finite and of course continuous. We define V5 in a similar manner. If f is in V' the function
h — f(g+ h)is, for any g in H, also in V. Thus

flg+h) = Zw) fi(h).

Since

Xilg) = flg+ &)
the function \; belongs to V. If ;(z) = A\;(z,0) and ¥;(y) = fi(0,y) then

f(z,y) = Z wi(2) ¥i(y)

as required.

These two lemmas show that we need prove the final assertions of Lemma 8.1 only for H
compact, H =Z,or H =R.

Suppose H is compact. If we have a non-trivial relation

Z a; xi(h) =0
i=1
we may replace i be g + h to obtain
> aixi(9) xi(h) = 0.
i=1

If such a relation holds we must have r > 2 and at least two coefficients say a; and a; must be different
from zero. Choose g so that x1(g) # x2(g). Multiplying the first relation by x1(¢) and subtracting the
second relation from the result we obtain a relation

=2
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Since ba = {x1(9) — x2(g) }a2 the new relation is non-trivial. The independence of the quasi-characters
can therefore be proved by induction on r.

To prove that when H is compact the quasi-characters span the space of finite continuous
functions we have just to show that any finite-dimensional space V' of continuous functions which is
translation invariant is spanned by the quasi-characters it contains. Choose a basis { f; } of V' as before

and let
p(9) fi =D Xij(9) fi-

We saw that the functions \;;(g) are continuous. Thus the action of H on V by right translations is
continuous and V is the direct sum of one-dimensional translation invariant spaces. Each such space
is easily seen to contain a character.

When applied to a locally compact abelian group the argument of the previous paragraph leads
to weaker conclusions. We can then find subspaces Vi, - - -, V;. of V' and quasi-characters x1,-- -, x, of

H such that .
V=> eV
i=1

and, for every hin H, '
{p(h) — xi(h)} Vi

annihilates V;. Now we want to take H equal to Z or R. Then H is not the union of a finite number
of proper closed subgroups. Suppose i1, - -, j12 are quasi-characters of H and for every h in H the
operator

[[{o(h) — pa(n)} (8.13)
i=1
on V is singular. Then for every hin H there is an ¢ and a j such that ;(h) = x;(h). If

Hij ={h|pi(h) = x;(h)}

then H;; is a closed subgroup of H. Since the union of these closed subgroups is H there must be an
tand a j such that H;; = H and p; = ;. If the operator (8.1.3) were zero the same argument would
show that for every j there is an 7 such that ;; = x;.

If 1t is a quasi-character of H, now taken to be Z or R, we let V (1, p) be the space spanned by the
functions 1 &%, with 0 < i < p. £ is the coordinate function on H. It is clear that V' (j, p) is annihilated
by {p(h) — u(h)}P*! for all h in H. Suppose i, ji1, - - - , 12 are distinct and

s

V =V(u,p) Z V (i, pi)

i=1
is not zero. Decomposing V' as above we see that X1, - - -, ;- must all be equal to ;2 on one hand and

on the other that every y; is a x;. This is a contradiction. Thus if there is any non-trivial relation at all
between the functions x £ where x is any quasi-character and 7 is a non-negative integer there is one

of the form )
Z ai fi =0.
i=0

Since the polynomial }_%_ a; £ would then have an infinite number of zeros this is impossible.
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To prove the functions y &' span the space of finite continuous functions we have only to show
that if y is a given quasi-character and V' is a finite-dimensional space of continuous functions which is
invariant under translations and annihilated by {p(h) — x(h)}%™V for all h in H then every function
in V is the product of y and a polynomial. Since we can always multiply the functions in V by x~!
we may as well suppose that x is trivial. We have only to observe that any function f annihilated by
the operator {p(h) — 1}" for all h in H is a polynomial of degree at most n. This is clear if n = 1 so
by induction we can assume that p(h)f — f is a polynomial Z?:_ol a;(h) &". We can certainly find a
polynomial f’ of degree n such that

pOF = f = 3 ai(1)€

and we may as well replace f by f — f’. The new f satisfies p(1)f = f. It is therefore bounded.
Moreover p(h) f — f is a bounded polynomial function and therefore a constant ¢(h). ¢(h) is a bounded
function of h and satisfies ¢(hy + ha) = c¢(h1) + ¢(h2). It is therefore zero and the new f is a constant.

Lemma 8.1 is now completely proved. Although it is trivial it is important to the notes and we
thought it best to provide a proof. We might as well prove Lemma 2.16.4 at the same time. Let B be
the space of all functions f on Z such that for some ny depending on f we have f(n) = 0 for n < ny.
Let Ay be the space of functions on Z which vanish outside a finite set. Z acts on B and on A; by
right translations and therefore it also acts on B = B/Ajy. In particular let D = p(1). We have merely
to show that if P is a polynomial with leading coefficient 1 then the null space of P(D) in B is finite

dimensional. If .

P(X)=[](X - a;)
i=1
the null space of P(D) is the direct sum of the null spaces of the operators (D — «;)P*. The null space
of (D — «)P is the image in B of the functions in B which are zero to the left of 0 and of the form

n — a" Q(n)

to the right of 0. () is a polynomial of degree at most p.

Lemma 8.1 is certainly applicable to the direct product of a finite number of copies of the
multiplicative group of a local field F. If H = (F*)™ any finite continuous function on H is a linear
combination of functions of the form

flar,-mn) = [ [Oa(@) (og 2| #)™ -

=1

Let B = Br be the space of continuous functions f on G which satisfy the following three
conditions.
(i) f is finite on the right under the standard maximal compact subgroup K of Gf.
(ii) f isinvariant on the left under Ng.
(iii) f is Ap-finite on the left.
B is invariant under left translations by elements of Ap. If f is in B let V be the finite-dimensional

space generated by these left translates. Choose g1, - - - , g, in G so that the linear functions ¢ — ¢(g;)
are a basis of the dual of V and let fi, - - -, f, be the dual basis. If a is Ap we may write
P

fla,g) = 291'(@) fi(g)-

i=1
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Then
0i(a) = f(ag:)

so that
f j bgz

I M@

Thus the functions ¢; are continuous and finite. We may write them in the form

= G #a1) v(az) (logar )™ (log |as )"

o aq 0
a_<0 O[Q)l

The sum is over all quasi-characters 1 and v of F™* and all non-negative integers m and n. Of course

only a finite number of the coefficients c; are different from zero.

m,mn,u,V
We may replace p by aF/ wand v by aF1/2

P
fm,n,,u,l/ - Cm,n,,u,,l/ fl
1=1

if

v in the sum. Thus if

we have
aq

Qg

flag) = Zu a) v(ag) (loglas])™ (loglaz))™ fim.n.p.(9)- (8.2)

Let M be a non-negative integer and S a finite set of pairs of quasi-characters of F'*. B(S, M) will be
the sset of f in for which the sum in (8.2) need only be taken over those m, n, p, v for whichm +n < M
and (u, v) belong to S. Observe that the functions f, » .. are determined by f. B is the union of the
spaces B(S, M); if S consists of the single pair (y1, 12) we write B(p1, po, M) instead of B(S, M). If
fisin (p1, po, M)

1/2

pi(an) pz(az) Y (loglar)™ (loglaz])™ fnn(9)-

03]

flag) = |—

Qo

The space B (1, 2, 0) is just B, p2).

The functions f,, ., are uniquely determined and by their construction belong to the space
spanned by left translates of f by elements of Ar. Thus if f belongs to B(.S, M) so do the functions
fmnu,v- We want to verify that fj o, belongs to B(u, v, M). If

b= ﬂl 0
0 [
and we replace a by ab in the relation (8.2) we find that

041

- Zu ar) v(az) (loglaa])™ (loglaz])™) fm,n.uv
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is equal to

1/2

Sk > (e Br) v(azs)(log |on | + log[B2])™ (log |az| + 10g | B2])" fon.nuw(9).

g 3o

Fix b and g are regard this equality as an identity in the variable a. Because of Lemma 8.1 we can
compare the coefficients of the basic finite functions. The coefficient of p(q)v(z) on one side is
f0,0,,,(bg). On the other it is

Bu|'*

% D u(Br) v(B2) (log |B1])™ (10g[B2])" fmmw(9)-

m+4n<M

The resulting identity is the one we wanted to verify.
Taking @ = 1 in (8.2) we see that

flg) = Z Jo.0,uw(9)-

(n,v)eS

Therefore

BS,M)= S B(uvM).
(n,v)eS

The sum is direct.
It is fortunately possible to give a simple characterization of B.

Proposition 8.3 Let ¢ be a continuous function on Gg. Assume ¢ is K-finite on the right and
invariant under Ng on the left. Then ¢ belongs to B if and only if the space

{P(ff)80|f € Hr}

is finite dimensional for every elementary idempotent in Hp.

We have first to show that if ¢ belongs to B

{p(&f)¢| f e Hr}

is finite dimensional. ¢ belongs to some B(S, M). Both B and B(S, M) are invariant under right
translations by elements of H . Thus we have only to show that the range of p(£) as an operator on
B(S, M) is finite dimensional. This is tantamount to showing that any irreducible representation of K
occurs with finite multiplicity in the representation of B(S, M).

Let 0 be such a representation and let V' be the space of continuous functions on K which
transform according to o under right translations. V' is finite dimensional. If f is in B(.S, M) we may
write
631

1/2
f(ag) > nlar) v(as) (loglax])™) (logaa])™ fm,n.puu(9)

Qs
The restriction of f,, 5 ., to K liesin V. Call this restriction fmm, u,v- Moreover f is determined by its
restriction to Ar K. Thus

F= D Ofmmpw

(n,v)eS
m4n<M
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is an injection of the space of functions under consideration into the direct sum of a finite number of
copies of V.

The converse is more complicated. Suppose ¢ is K-finite on the right, invariant under Np on
the left, and the space

{p(ef) ¢ | f € Hr}

is finite dimensional for every elementary idempotent £. Choose £ so that p(¢)¢ = ¢. There is actually
a function f in EH ¢ such that p(f)ep = ¢. If F' is non-archimedean ¢ is itself a function so this is clear.
If F' is archimedean we observe that if f; is an approximation to the J-function then p( f1)y is close to
. Then if f{ = & * f1 % £ the function f] is in EHp& and p(f])p is also close to ¢. The existence of
f then follows from the fact that p({H &)y is finite dimensional. This argument was used before in
Paragraph 5.

Take F' to be archimedean. Then ¢ must be an infinitely differentiable function on Gr. Let 3 be
the centre of the universal enveloping algebra of the Lie algebra of Gp. If Z is in 3 then

p(Z2)p =p(Z) p(f)p=p(Z* f)p

and Z x f is still in EH €. Thus ¢ is also 3-finite. For the rest of the proof in the archimedean case we
refer to Chapter I of [11].

Now take F' non-archimedean. We may replace £ by any elementary idempotent £ for which
¢'¢ = €. Inparticular if we choose n to be a sufficiently large positive integer and let /&’ be the elements
of K which are congruent to the identity modulo p” we may take

£=> &

where the sum is over all elementary idempotents corresponding to irreducible representations of K
whose kernel contains K’. Notice that n is at least 1. Then {H € is the space of functions on G which
are constant on double cosets of K.

Let V be the space spanned by the functions p(k)¢ with k in K. It is finite dimensional and all
the functions in V satisfy the same conditions as . Let ¢;, 1 < i < p, be a basis of V. If k belongs to

K we may write
P

p(gk) = 0i(k) i(g)

i=1

and ¢ is determined by the functions 6; and the restrictions of the functions ¢; to Ap. To show that ¢
is Ap-finite on the left we have merely to show that the restriction of each ¢; to A is finite. We may
as well just show that the restriction of ¢ to A is finite.

Suppose fisin EHpé and p(f)p = ¢. If aisin Zp then

Ma)p = pla™" ) = p(6,-1 = f)p

if ,-1 is the 6-function at a=!. Since 6,1 * f is still in £H £ the function ¢ is certainly Zp-finite and
S0 is its restriction ¢ to Ap. If v and 3 are units and o = 3 = 1(mod p”) then

(6 5)e=e
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Thus the translate of ¢ by the elements of A¢ N K span a finite dimensional space and if o is a generator
of p we have only to show that the translates of ¢ by the group

= (T ) ey

span a finite-dimensional space. Suppose the span W of

P T )ele=e)
(5 9)

maps W into itself and annihilates no vector but zero so that it has an inverse on W which must be
w 0
(5 7))

Thus W is invariant under H and ¢ is finite.
To show that W is finite dimensional we show that if

(w0
“@=\ o 1

with p > 0 there is a function f, in EH € such that

is finite dimensional. Then

Ma)p =&’

if ' = p(fa)p. Thereis an f in EH g€ such that

If fi(h) = f(ah) the integral is equal to

/ o(bh) f(h) dh.
Gr

If f1 were in £H & we would be done. Unfortunately this may not be so. However fi(hk) =
f1(h) if k belongs to K'. If
_(a B
- <v 5>
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fﬁMQ:f<<;% wgw>m0.

Thus fi(kh) = fi(h)if« = =1 (modp™), v = 0 (mod p™), and 3 = 0 (mod p™*P). Set

o=, (¢ 1))

where the Haar measure is so chosen that the measure of the underlying space p™/p™*? is 1. Since
p(bnh) = p(bh) for all n in Np

then

Aa) @(b) = /G (Bh) fa(l) dh.

We show that f; lies in EH €.
Certainly fo(hk) = f2(h) if k is in K'. Moreover, because of its construction, fa(kh) = fa(h) if

- (%)

witha = 4§ =1 (modp™) and 8 = 0 (mod p™). Since every element of K’ is a product

(1) 5)

where both terms lie in K’ we have only to show that f; is invariant under the first factor. If

10
k_<71>
1
_ (1 0 ey U

(3 o= (3 7).

fi(k1(2)g) = f1(g)-

1 =z
/pn/w f ((O 1>kh> dz

with v = 0 (mod p™) and

then

Moreover if z isin O

Thus f2(kg) which is given by

is equal to
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14a~vy
and the above integral is equal to f>(h).

Analyzing the above proof one sees that in the non-archimedean case the left translates of ¢ are
contained in the space X obtained by restricting the functions in p({Hp€)p to Ap. Thus if Y is the
space of the functions on K/ K’ the left translates of ¢ by elements of A are contained in the space of
functions on N \ G of the form

Since the map z — is a one-to-one map of the finite set p” /p™ 7 onto itself it is measure preserving

¢'(ak) = 0i(k) pi(a)

with 6; in Y and ¢; in X.

In the archimedean case Y is the space of continuous functions 6 on K for which 0§ = £+60 = 6.
It is again finite dimensional. X is defined in the same way. In this case there are a finite number of
invariant differential operators Dy, - - -, D, on Ap such that the left translates of ¢ by elements of Ap
are contained in the space of functions Ng \ G of the form

¢'(ak) = 0;(k) pi(a)

with §; in Y and ¢; in Z;Zl D;X.

There is a corollary of these observations. Let 7, - - -, F}, be a finite collection of local fields. Let
G; =GpF, N; = Np,, A; = Ap,, and let K, be the standard maximal compact subgroup of G;. We set
G =11-,Gi N =][—, N; and so on. If H; = Hp, we let X = ®;3;. H may be regarded as an

algebra of measures on G.

Corollary 8.4 Let ¢ be a continuous function on N \ G which is K-finite on the right. If for every
elementary idempotent & in H the space

{p(Ef)p| f eI}

is finite dimensional ¢ is A-finite on the left.

If o satisfies the conditions of the lemma so does any left translate by an element of A. Thus we
need only show that ¢ is A;-finite on the left for each i. If g is in G we write g = (g;, g;) where g; is in
G;and §; isin G; = [1;.; G- We may suppose that there is a £’ of the form ¢’ = ®;{; where ¢} is an
elementary idempotent of 3; such that (') = ¢. By means of the imbedding f — f ® [],; & the
algebra J(; becomes a subalgebra of J{. The left translates of ¢ by A; all lie in the space of functions of
the form

plaiki, g1) = > 0; (ki) p(ai, 1)
J

where 6; lie in a certain finite dimensional space determined by &; and the ¢; lie in the space obtained
by restricting the functions in p(&H; )¢ to 4; x (A?z or, in the archimedean case, the space obtained from
this space by applying certain invariant differential operators. & is a certain elementary idempotent
which may be different from &;.

With the odds taken care of we come to the ends.
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Proposition 8.5 Let B(u,v,00) = Jpys0 B(w, v, M). If an irreducible admissible representation
of H is a constituent of the representation p(u,v,o0) on B(u,v,00) it is a constituent of p(u,v).

There are two invariant subspaces V4 and Vs of B(u, v, 00) such that V; contains V5 and 7 is
equivalent to the representation on H on V; /V5. Choose M so that V3 N B(u, v, M) is not contained
in V5. Since 7 is irreducible

Vi=V,+ (Vl N B(,u, v, M))

and
Vi/Vo={Vo+ (Vi nB(u,v, M))}/Vs

is isomorphic as an Hr module to
Vi NB(u, v, M)/Va N B, v, M)

so that we may as well suppose that V; is contained in B(u, v, M).
Given m we choose M as small as possible. If M = 0 there is nothing to prove so assume M is
positive. If ¢ is in B(u, v, M) we can express

(% a)o)

plar) vlaz) D (loglar])™ (loglaz))™ wm,n(9)
m4n<M

(5 ) (5 5)9)

in two ways because the second factor can be absorbed into the first or the third. One way we obtain

as
aq

Qg

We can express

% 2 1 m(] n ﬁl 0
p(on)vias) > (loglas])™(log oz )™ @um.n 0 )9
@2 m+4n<M 2
and the other way we obtain

1/2
a /8 m n
| plaaB)viazBs) Y (loglan| +log|Bi)™ (log as| + log|Ba])" @um.n(9)-
BYe m+n<M

On comparing coefficients we see that if m +n = M

Pm,n <<ﬂ01 502> g) = ﬁl

so that ¢, ,, is in B(p, v). Consider the map

Ba
¥ — @ Pm,n

m+n=M

1/2

1(B1) v(B2) m.n(9)

of V] into
@ B, v).
m+n=M
Its kernel is V4 N B(u, v, M — 1). Since V, + (Vi N B(u, v, M — 1)) cannot be V; the image of V4 is not
the same as the image of V. Since the map clearly commutes with the action of Hr the representation
7 is a constituent of @, ,,_ s P(11, V).
Proposition 8.5 is now a consequence of the following simple lemma.
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Lemma 8.6 Suppose 7 is an irreducible representation of an algebra H. Suppose p is a representa-
tion of H of which 7 is a constituent and that p is the direct sum of the representations py, A € €.
Then m is a constituent of at least one of the py.

Let py act on X, and let p act on X the direct sum of X. Supose that Y; and Y5 are invariant
subspaces of X and that the representation on the quotient Y; /Y5 is equivalent to 7. There is a finite
subset Ay of A such that

vin() X

AEAQ

is not contained in Y. We may as well replace Y1 by Y1 N (3o, Xa)and Yo by Yo (32, o4, Xa) and
suppose that A is finite. If A = {Aq,---, A\, } we have only to show that 7 is a constituent of py, or of
P, & - @ py, for we can then use induction. Thus we may as well take p = 2. If the projections of Y]
and Y3 on X, are not equal we can replace Y; and Y5 by these projections to see that 7 is a constituent
of p,. If they are equal Y7 = Y5 + (Y1 N X, ) and we can replace Y; and Y, by Y1 N X, and Yo N X,
to see that 7 is a constituent of p), .
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Chapter II: Global Theory

§9. The global Hecke algebra.  Let I be a global field, that is, an algebraic number field of finite
degree over the rationals or a function field in one variable over a finite field. A will be the adele ring of
F'. Before studying the representations of GL(2, A) or, more precisely, the representations of a suitable
group algebra of GL(2, A) we introduce some simple algebraic notions.

Let {V\ |\ € A} be a family of complex vector spaces. Suppose that for all but a finite number
of A\ we are given a non-zero vector e, in V). Let VO be the set of all x = II \ Iy in II V) such that
x) = ey for al but a finite number of A. Let C be the free vector space with complex coefficients over
VY and let D be the subspace generated by vectors of the form

{(aYN +0Z,) x H xA} fa{yu X H xA} - b{zu X H xA}.
AFp AFp AFp

a and b belong to C and p is any element of A. The quotient of C by D is called the tensor product of
the V), with respect to the family ey and is written

V = ®e>\V)\

or simply ®V). It has an obvious universal property which characterizes it up to isomorphism. The
image of [[ 2 in V is written ®x}.
If A’ is a subset of A with finite complement we may form the ordinary tensor product

®xren—nrVa

and we may form
DxearVa

with respect to the family e. Then ®,ea V) is canonically isomorphic to

{ @rer-n } ® { @ren Va}

If S is a finite subset of A let
Vs = @xesV

If S is so large that ey, is defined for A not in S let g be the map of Vs into V which sends ®ycsx ) to
{®@reszr} @ {®rgser}. If S’ contains S there is a unique map ¢g g of Vg into Vg which makes

¥s,s’

Vs

es N\ o

v

Vs

commutative. If we use these maps to form the inductive limit of the spaces Vs we obtain a space
which the layman is unable to distinguish from V.

Suppose that for every A we are given a linear map B, of V), into itself. If By ey = e, for all but a
finite number of A there is exactly one linear transformation B of ®V) such that

B :®x)y — Bz
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B is denoted by ®B.
For example if Ay, A € A is a family of associative algebras, which may or may not have a unit,
and if, for almost all ), &, is a given idempotent of Ay one may turn

A= ®§>\A>\

into an algebra in such a way that
(®a>\)(®b,\) = ®(a,\ b/\).

Let V), A € A, be an Ay module. If for almost all A a vector ey such that {xe, = e, is given we
may turn V' = ®,, V) into an A = ®¢, A\ module in such a way that

(®ay)(®@z)) = @(axzy)

Suppose the family {e, } is replaced by a family {¢/, } but that, for all but a finite number of \, €}, = a) ey
where «), is a non-zero scalar. Suppose for example that €} = a e, if A is not in the finite set S. There
is a unique map of ®., V) to ®,; V which sends

{ ®res xA} ® { @rgs 56,\}

to
{ Xres 36,\} ® { Xags ax UCA}

Itis invertible and commutes with the action of A. Moreover apart from a scalar factor it is independent
of S.

Now suppose F'is a global field. A place of F' is an equivalence class of injections, with dense
image, of I into a local field. If \; takes F'into F; and A, takes F'into F5 they are equivalent if there
is a topological isomorphism ¢ of F; with F5 such that Ay = ¢ o A\;. The symbol for a place will be v.
If v contains the imbedding \; and a belongs to F' we set |a|, = |A1(a)|. To be definite we let F), be
the completion of F' with respect to the absolute value a — |al,. v is archimedean or non-archimedean
according to the nature of F;,. Non-archimedean places will sometimes be denoted by p.

If Grp = GL(2, F) we set

G, = Gp, = GL(2,F,).

K, will be the standard maximal compact subgroup of G,. then Gy = GL(2, A) is the restricted direct
product of the groups G, with respect to the subgroups K.

If v is non-archimedean we set O, = Op, and U, = Up,. O,, is the ring of integers of F;, and U,
is the group of units of O,. Suppose M' is a quaternion algebra over F. Let M, = M}y, = M’ @ F,.
For almost all v the algebra M is split, that is, there is an isomorphism

0, : M) — M(2,F,)
where M (2, F),) is the algebra of 2 x 2 matrices over F;,. For every place v at which M is split we want
to fix such an isomorphism 6,. Let B be a basis of M over F' and let L,, be the O, module generated in

M, by B. We may and do choose ¢, so that for almost all v

0,(Ly) = M(2,0,).
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If B’ is another basis and {# } a family of isomorphism associated to B’ then for every place v at
which M splits there is a g, in GL(2, F),) such that

0,0, =goag,’

for all @ in M (2, F,,). Moreover g, belongs to K, for all but a finite number of v.
Suppose the family of isomorphisms 6, has been chosen. If M) is split we define a maximal
compact subgroup K. of G, the group of invertible elements of M, , by the condition

0,(K)) = K,.

If M is not split we set
K, ={re M) | lv(z)], = 1}.

This group is compact. In any case K7, is defined for all v. Since many of the constructions to be made
depend on the family K which in turn depends on the family of 6, it is very unfortunate that the family
of 0, is not unique. We should really check at every stage of the discussion that the constructions are,
apart from some kind of equivalence, independent of the initial choice of ¢,. We prefer to pretend that
the difficulty does not exist. As a matter of fact for anyone lucky enough not to have been indoctrinated
in the functorial point of view it doesn’t. We do however remark that any two choices of the family of
K lead to the same result for almost all v. G, is the restricted direct product of the groups G/, with
respect to the subgroups K.

We have now to introduce the Hecke algebras H{ and H' of G4 and G/. Let 3, be Hp,. If
M is split G, isomorphic, by means of 6,, to G, and we let I/ be the algebra of measures on G/,
corresponding to H,,. Suppose M/ is not split. If v is non-archimedean 3, is the algebra of measures
defined by the locally constant compactly supported functions on G,. If v is archimedean 3 will
be the sum of two subspaces, the space of measuures defined by infinitely differentiable compactly
supported functions on G/, which are K -finite on both sides and the space of measures on K, defined
by the matrix coeffients of finite-dimensional representations of K.

Let ¢, and €/, be the normalized Haar measures on K, and K. €, is an elementary idempotent of
H, and €} is an elementary idempotent of H/. We set

H = ®.,H,

and
J’C/ — ®E,vf]-(j;

If S is the finite set of places at which M, does not split we may write
H= { Bves g{v} ® { ®U€S J-CU} = g{s ®j:fs

and

H' = { @ues H,} @ { Qugs H,} = H. @ K,

By construction, if M) is split, H,, and 3, are isomorphic in such a way that ¢, and ¢, correspond.
Using these isomorphism we may construct an isomorphism of s and Hs. We may also write

Ga={]] G} x {[] Gv} =G5 xGs

veS vegS



Chapter 2 155

and

6, —(T1 6} < (160} =G5 x G5

vES vgS

The second factor is in both cases a restricted direct product. There is an isomorphism 6 : @fg Sy

defined by
0( H g;) = H ev(g;)

vgS vgS

We will interpret Hgand fJA{’S as algebras of measures on Gsand G 's and then the isomorphism between
them will be that associated to 6.

We can also interpret the elements of H and H' as measures on G, and G’;. For example any
element of HH is a linear combination of elements of the form f = ®, f,. Let T" be a finite set of places
and suppose that f, = ¢, for v notin 7. If 7" contains 7, on the group

Gaery = { [ Go} x { I K.}

veT’ vgT’

we can introduce the product of the measures f,. Since G is the union of these groups and the
measures on them are consistent we can put the measure together to form a measure f on Gy. If each
fv is the measure associated to a function then f is also. Such measures form a subalgebra J(; and .
The notion of an elementary idempotent of J{ or H’ is defined in the obvious way. If £ is an
elementary idempotent of J{ there is another elementary idempotent &; of the form §; = ®,&, where
&, is an elementary idempotent of }, and &, = €, for almost all v so that ;& = £.
We shall now discuss the representations of J. A representation 7 of H on the vector space V'
over C will be called admissible if the following conditions are satisifed
(i) Every w in V is a linear combination of the form > 7 (f;) w; with f; in J;.
(ii) If £ is an elementary idempotent the range of 7(¢) is finite dimensional.
(iii) Let vy be an archimedean place. Suppose that for each v an elementary idempotent ¢, is given
and that §, = ¢, for almost all v. Let { = ®,&,. If wisin V' the map

foo = 7 (fuo @ { Doy &} )0

of &y H oy, o, into the finite dimensional space 7(§)V is continuous.

Suppose that an admissible representation 7, of Hy on V,, is given for each v. Assume that for
almost all v the range of 7, (&, ) is not zero. Assume also that the range of m,(¢,) has dimension one
when it is not zero. As we saw in the first chapter this supplementary condition is satisified if the
representations m, are irreducible. Choosing for almost all v a vector e, such that m,(¢,) €, = e, we
may form V' = ®,, V.. Let 7 be the representation ®,m, on V. Because of the supplementary condition
it is, apart from equivalence, independent of the choice of the e,,.

7 will be admissible. To see this observe first of all that condition (i) has only to be verified for
vectors of the form w = ®, w,. Suppose w, = e, when v is not in the finite set 7" which we suppose
contains all archimedean places. If v is not in T' let f,, = ¢, so that w, = 7(f,) w,. fvisin T let

Wy = Zﬂv(f:)) wzz

Then o
w = { Quer Zﬂ'v(f;) w:)} ® { Qugr W(fv)wv}-
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Expanding the right hand side we obtain the desired relation. The second condition has only to be
verified for elementary idempotents of the form { = ®,&,. Then

T(§)V = @m(&) Ve

Since m(&,)V, is finite dimensional for all v and 7 (&,)V, = w(e,)V,, which has dimension one, for
almost all v the right side is finite dimensional. The last condition results from the admissibility of =, .

m cannot be irreducible unless each 7, is. Suppose however that each , is irreducible. If &, is an
elementary idempotent of I, and if 7, (£,) # 0 we have a representation ¢, of &, I, &, on 7, (&,) V4.
Since it is irreducible 7¢, determines a surjective map

e, - gv J_Cv gv - L(gv)

if L(&,) is the ring of linear transformations of V' (&,) = m,(£,)V,. To show that 7 is irreducible we
have only to show that for every elementary idempotent of the form { = ®, &, the representation of
EHE on V(&) = w(§)V is irreducible. Suppose that {, = ¢, if visnotin 7. Then

V(g) = ®vv<fv)

is isomorphic to ®,e7V (&,). The full ring of linear transformations of this space is

®7JETL(§7J)

and therefore the full ring of linear transformations of V(&) is

{ ®ver L(&)} @ { @ugr mo(e0) }-

This is the image under 7 of
{ Quer gv g—fv gv} ® { ®v€T 51}}

which is contained in §HE.
An admissible representation equivalent to one constructed by tensor products is said to be
factorizable.

Proposition 9.1 FEwvery irreducible admissible representation of H is factorizable. The factors are
unique up to equivalence.

Suppose 7 is such a representation. Let I be the set of elementary idempotents of the form £ = ®¢&,
for which 7(§) is not 0. I is certainly not empty. Let V(§) = w(§)V if V is the space on which 7 acts. If
¢ and ¢’ are elementary idempotents we write { < ¢’ if £’§ = €. Then £’ will also equal &. If £ = ®&,
and ¢’ = ®¢] then ¢ < ' ifand only if &, &) = & &, = &, forall v. If £ < ¢’ and £ belongs to I so does
&', £H¢E is a subalgebra of £'HE' . Let o(£, €) be the corresponding injection and let L(&) and L(¢') be
the spaces of linear transformations of V'(§) and V' (¢’). There is exactly one map

p(€,€6) + L&) — L(&)

which makes

ere LY, ggge
W
L 55 L)
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commutative.

There is a map of £, 3, &, into {IE which sends f, to f, ® {®y20&w . Composing this map with
m¢ we obtain a map ¢ of ,3(,€, onto a subalgebra L, (£) of L(§). L(§) and L, (£) have the same unit,
namely 7¢(€). If v # w the elements of L, (§) commute with those of L,,(§). If we form the tensor
product of the algebras L, (§) with respect to the family of units there is a map from ®, L, (§) to L(§)
which sends ®,\, to [ [, Ay. Moreover we may identify ®, &,H,&, and £3€. Since the diagram

Ry & Hp&y — EHE

I
®y Ly(§)  — L(§)
is commutative the bottom arrow is surjective.

Lemma9.1.1 The algebras L,(§) are simple and the map ®,L,(§) — L(&) is an isomorphism.

To show that L, (&) is simple we need only show that the faithful L, (£)-module V (£) is spanned
by a family of equivalent irreducible submodules. Let M be any irreducible submodule. Then the
family {T'M} where T" runs over the image of 1, ® {®uwxyLw(§)} spans V (£) and each T'M is 0 or
equivalent to M because T' commutes with the elements of L,, (). 1, is the unit of L, (£). We have only
to show that ®, L, (§) — L(§). Since ®,, L, (§) is the inductive limit of ®,ec7 L, (§), where T is a finite
set, we have only to show that the map is injective on these subalgebras. As they are tensor products
of simple algebras they are simple and the map is certainly injective on them.

If ¢ < ¢ there is a commutative diagram

L(€,8)
—

@y &o Hy &y @ &, Hy &,
. Lf@) &0 Lfm
e 28D e

Moreover if ¢, (£, €) is the imbedding of &,H,&, into &, H, &, then «(£,&) = @yty(£,E). We want
to verify that a horizontal arrow ®,¢,(£’,&) can be inserted in the middle without destroying the
commutativity. To do this we have only to show that if f, is in &,3(,&, and therefore in £, ¢, then
m¢(fy) = Oif and only if 7¢, (f,) = 0. Let U = m¢(f,) and let T' = w§, (f,). If

E =g (€8 { Sum €u})

then
TE = e (fo ® { Qupo €0}

is determined by its restriction to V' (§) and that restriction is U.

Itis clear that if S is a sufficiently large finite set the map ®y,c 5L, (£') — L(¢') is an isomorphism.
We suppose that S contains v. F belongs to the image M of 1, ® {®u2vL.w(£')}. Since M is simple
and F is not 0 there are A4;, B; 1 < ¢ < rin M such that

XT:AiEBi =1
=1
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Thus
T:ZTAiEBZ- = ZAZ-TEBZ-
) )

and 7' = O if and only if U = 0.

Since the necessary compatibility conditions are satisifed we can take inductive limits, over I, to
the left and right. The inductive limit of the §}¢ is J{ and that of the &,3(,{, is H,. Let L,, be that of
L, (&) and L that of L(). There is a map n" : H,, — L, and, for almost all v, 7¥(e,) = p,, is not zero.
We have a commutative diagram

QH, — H
ol ]
®L, — L

in which the rows are isomophisms. Moreover L acts faithfully on V' and the representation of H on V'
can be factored through L.

If A is an algebra with a minimal left ideal .J then any faithful irreducible representation of A on a
vector space X is equivalent to the representation on J. In fact we can choose x( in X so that Jxy # 0.
The map j — jxg of J to X gives the equivalence. Thus to prove that 7 is factorizable it will be enough
to show that L has a minimal left ideal, that the representation of L on this minimal left ideal is a tensor
product of representations o, of L,, and that o, o 7" is admissible.

Suppose A is a simple algebra and J is a left ideal in A. If a in A is not 0 and aJ = 0 then
Aa AJ = AJ = 0. If J is not 0 this is impossible. Suppose e is an idempotent of A and A; = eAe. Let
J1 be a minimal left ideal of A; and let J = AJ;. If J were not minimal it would properly contain a
non-zero ideal J'. J' N A; would have to be 0. Since Je = J we must have eJ = eJe = 0. Since this
is a contradiction J is minimal. Suppose for example that A is the union of a family { Ay} of matrix
algebras. Suppose that for each ) there is an idempotent ey, in A such that Ay = ey Aey and that given
A1 and g there is a A3 such that Ay, contains Ay, and Aj,. Then A is certainly simple and, by the
preceding discussion, contains a minimal left ideal.

The algebras L and L, satisfy these conditions. In fact, speaking a little loosely, L is the union of
the L(£) and L, is the union of L, (§). Choose £ so that V(§) # 0 and let .J, be a minimal left ideal
in L,(&). Since L, () is one-dimensional for almost all v the ideal J, = L, (&) for almost all v. Thus
J = ®J, exists and is a minimal left ideal of L(¢). Thus LJ = ®L,J,. LJ is a minimal left ideal of L
and L, Jy is a minimal left ideal of L,,. The representation of L on LJ is clearly the tensor product of
the representations o, of L, on L, Jy.

Thus 7 is equivalent to the tensor product of the representations 7, = o, om". The representations
m, are irreducible. Since it is easily seen that a tensor product ®, is admissible only if each factor is
admissible we may regard the first assertion of the proposition as proved.

If 7 is an admissible representation of H{ on V' and v is a place we may also introduce a represen-
tation of H,, on V which we still call 7. If u is in V' we choose £ = ®,,&,, so that 7(§)u = u. Then if f
belongs to }, we set

w(f)u=7(f € ® { Supo €u})u

The second part of the proposition is a consequence of the following lemma whose proof is immediate.
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Lemma 9.1.2 Suppose T = ®y,Tyw. Then the representation m of H, is the direct sum of represen-
tations equivalent to m,.

Let S, be the set of archimedean primes. One can also associate to an admissible representation
m of H on V a representation of G s, the group formed by the elements of G 4 whose components at
every archimedean place are 1, on V. If v is archimedean one can associate to 7 a representation of 2,
the universal enveloping algebra of the Lie algebra of G, on V. Finally 7 determines a representation
of the group Z, of scalar matrices in GL(2, A). If 7 is irreducible there is a quasi-character 7 of I the

group of ideles such that
a 0
(5 2)) =

forall ain I. If 7, is associated to 7, and ™ = ®,m, then 7 is associated to the quasi-character 1 defined
by

n(a) = ] [ no(an)-

One may define the contragredient of m and the tensor product of = with a quasi-character of /. All the
expected formal relations hold. In particular 7 is equivalent to ! ® 7 if 7 is irreducible.

The above discussion applies, mutatis mutandis, to the algebra H’. The next proposition, which
brings us a step closer to the theory of automorphic forms, applies to J alone.

Proposition 9.2 Let m = ®m, be an irreducible admissible representation of H. Suppose that m, is
infinite dimensional for all v. Let v be a non-trivial character A/F. There is exactly one space
W (m, ) of continuous functions on G with the following properties:

(1) If W is in W(m,v) then for all g in G and all x in A

w((o 1)a)= v

(i) W(m, ) is invariant under the operators p(f), f € H, and transforms according to the repre-
sentation m of H. In particular it is irreducible under the action of J.
(iii) If F' is a number field and v an archimedean place then for each W in W (r, 1)) there is a real

number N such that
a 0
w (6 1)) =0t

In the last assertion F is regarded as a subgroup of I. F,, is a subgroup of A and the restriction
1, of ¢ to F, is non-trivial. Thus for each place v the space W (m,, 1, ) is defined and we may suppose
that 7, acts on it. Moreover for almost all v the largest ideal of F,, on which 1, if trivial is O, and
7, contains the trivial representation of K,. Thus by Proposition 3.5 there is a unique function ¢ in
W (74,10, ) such that ¢9(g, k.,) = ©°%(g,) for all k, in K, and ¢©%(I) = 1. Then ¢{(k,) = 1 for all k,, in
K,. mactson

as a — oo in F.

® 0 W<7Tv7 %)

If g is in G4 and ®¢, belongs to this space then ¢,(g,) = 1 for almost all v so that we can define a
function ¢ on G by

o(9) =[] ev(90)-
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The map ®¢, — ¢ extends to a map of @W (m,, ¥, ) into a space W (7, 1) of functions on Gx. W (m, )

certainly has the required properties. We have to show that it is characterized by these properties.
Suppose I is another space with these properties. There is an isomorphism 7" of @W (7, )

and 91 which commutes with the action of J{. All we have to do is show that there is a constant ¢ such

that if ¢ = ®¢, then
g9) =c[]#ulgw).

Let S be a finite set of places and let
WS - ®v€SW(7rva %)
and .
WS = ®U¢SW(7TU> %)
Then .
& W(ﬂva %) = WS & WS-

We first show that if S is given there is a function cs on G s X WS such that if
= T({ Kves 901)} ® 90)

with ¢ in WS then
f(gh - CS H Po gv

vES

if gisin Gg and h isin GS
Suppose that S consists of the single place v. If ¢ belongs to W and h belongs to G 5 associate to
every function ¢, in W (m,, 1, ) the function

©u(90) = fguh)

on G,. fisT(p, ® p). By construction, if ¢, is replaced by p(f,)p, with f, in 3, the function ¢, is
replaced by p(f,)¢),. Moreover if x is in F},

a((o 1)) =w@ o

Since any conditions on rates of growth can easily be verified we see that the functions ¢, are either all
zero or they fill up the space W (m,, ). In both cases the map ¢, — ¢/, is a map of W (m,, ) into
itself which commutes with the action of }(,, and therefore consists merely of multiplication by a scalar

Cs (h’ ) ()0) :
Now suppose that S’ is obtained by adjoining the place w to S and that our assertion is true for S.

Take hin G s and @ in /WS/. If
f= T({ Qves’ Spv} ® 90)

then, for g in Gg, and g, in G,

F(gguwh) = cs(guh, 0w @ @) [ ©v(gv)-
vES
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The argument used before shows that for a given i and ¢ the function

Juw — cs(guh, puw @ @)
is a multiple cg/ (h, ) of @y,.
To prove the existence of ¢ we obseve first that if S is the disjoint union of S} and S5 we may write
any hy in Gg, as hy = h[],cg, ho with hin Gs. Suppose ©1 = {@ues, Pu} @ @ With ¢ in Wy is in

Wg,. Then

Cs, (hla(pl) = { H @v(hv)} CS(ha 90) (9'2'1)
vES>

because the right hand side has all the properties demanded of the left. If S is large enough that
exists for v not in S then, by its definition, cg, (h, @,¢s, ¢°) has a constant ¢(5;) on

I =
v€S1

The formula (9.2.1) shows that ¢(S) = ¢(51) if S contains S;. We take ¢ to be the common value of
these constants. Given ¢ = ® ¢, and g = [ g, we choose S so that ¢, = ¢¥ and g, € K, for v not in

S. Then
T(,O(g) = C( H v, ®U€SSOU) H Sov(gv)
vgS veS

= CH @v(gv)'

We observed that if 7, is finite dimensional the space W(m,,1,) cannot exist if v is non-
archimedean or real. Although we neglected to mention it, the argument used for real field also
shows that W (m,, 1, ) cannot exist if v is complex. The proof of Proposition 9.2 can therefore be used,
with minor changes, to verify the next proposition.

Proposition 9.3 If m = ®m,, is given and if one of the representations m, is finite dimensional there
can exist no space W (m,1) satisfying the first two conditions of the previous proposition.

An admissible representation 7 of 3{ on the space V' is said to be unitary if there is a positive
definite hermitian form (v, v5) on V such that, if f*(g) = f(g™!),

(W(f)vl,vz) = (Ul,ﬁ(f*)vz)
for all fin .

Lemma9.4 If 7 is unitary and admissible then V is the direct sum of mutually orthogonal invariant
wrreducible subspaces.

The direct sum of the lemma is to be taken in the algebraic sense. We first verify that if ; is an
invariant subspace and V4 is its orthogonal complement then V' = V; @ V5. Certainly V; NV, = 0. Let
¢ be an elementary idempotent and let V (), V1(§), Va(€) be the ranges of w(€) in V, V3, and V5. let
Vi (€) be the range of 1 — 7(€) acting on V4. Then V (€) and Vi (€) are orthogonal and

Vi =Vi(§) @ Vi (€).
Thus V2 (&) is just the orthogonal complement of V; (§) in V(). Since V' (£) is finite dimensional
V(&) = Vi(§) & Va(§).

Since every element of V' is contained in some V() we have V' = V; + V5.
To complete the proof we shall use the following lemma.
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Lemma 9.4.1 If 7 is a unitary admissible representation of H on the space V then V contains a
minimal non-zero invariant subspace.

Choose an idempotent £ so that V(§) = w(§)V # 0. Since V() is finite dimensional amongst
all the non-zero subspaces of it obtained by intersecting it with an invariant subspace of V' there is
a minimal one N. Let M be the intersection of all invariant subspaces containing N. If M is not
irreducible it is the direct sum of two orthogonal invariant subspaces M) and M. Then

N = MAV(E) =m(€) M = n(€) My & (€) My

The right side is
{(MinV(©)}e MV ()}

so that one of M7 NV (§) and Mz NV () is N. Then M; or M, contains M. This is a contradiction.
Let A be the set consisting of families of mutually orthogonal invariant, and irreducible subspaces
of V. Each member of the family is to be non-zero. Let {V} } be a maximal family. Then V' = @&, V). If
notlet Vi = @, V). The orthogonal complement of V; would be different from zero and therfore would
contain a minimal non-zero invariant subspace which when added to the family {} } would make it
larger.
If T' is a finite set of places most of the results of this paragraph are valid for representations 7 of

Hr. For example 7 is factorizable and W (m, ) exists as a space of functions on Gr.
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§10. Automorphic Forms.  In this paragraph F' is still a global field. We shall begin by recalling a
simple result from reduction theory. If v is a place of A and a is in A then |al, is the absolute value of
a, the vth component of a. If a is in 1
jal =TT lal.
v

Lemma 10.1 There is a constant cy such that if g belongs to G there is a v in Gg for which

1
[ [ max{lclo.|dl.} < coldetg]>
v

_fa b
fyg_cd

If F'is a number field let O be the ring of integers in F' and if I’ is a function field take any
transcendental element = of I’ over which F is separable and let O be the integral closure in F' of the
ring generated by 1 and z. A place v will be called finite if |al, < 1 for all a in OF; otherwise it will be
called infinite. If S is a finite set of places which contains all the infinite places let

A(S)={aeA|lal, <1ifv#S}
I(S)={a€c||al,=1ifv# S}

Then A = F' + A(S) and if S is sufficiently large I = F'*I(S). We first verify that if I = F*I(S) then
Gy = GrGys)

where G5y = GL (2, A(S )) If v is not in .S then v is non-archimedean and we can speak of ideals of
F,. Any element of Gy may be written as a product

= (5 ) (2 4)

K:HKU

and therefore to G5 (g). It will be sufficient to show that the first factor is in Gr G (g). If @ = a1z and
v = 7172 with ag and 7 in F* and ay and 72 in 1(S)

a B\ _ (o 0 1 Blary2) [a2 O

0 ~ 0 7 /\0 1 0 72
The first factor is in G and the third in G (g). Since %W belongs to F' + A(S) the second factor is in
G Gy(s) and the assertion follows.

There is certainly a v in O such that |u|, < 1 atall finite places in S. Enlarging S if necessary we
may assume that a finite place v belongs to S if and only if |u|, < 1. Then

in which the second factor belongs to

FNAS) = {-— |2 € Op, meZ}.
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We identify the prime ideals of O with the places corresponding to them. By the theory of rings of
quotients the proper ideals of F' N A(S) are the ideals of the form

(FAS) [T pm

pEsS

Since I = F*I(S) every such ideal is principal. Thus F' N A(S) is a principal ideal domain.
To prove the lemma we show that there is a constant ¢y such that if g belongs to G () there is a
in G pny(s) such that

[T max{lclo. [l } < coldetg|

veES
_(a b
Vg'_ c d .

Fix a Haar measure on the additive group A(S). This determines a measure on A(S) & A(S).
The group L = (F NA(S)) ® (F NA(S)) is a discrete subgroup of A(S) @& A(S) and the quotient
A(S) @ A(S)/Lis compact and has finite measure c;. If g belongs to G () the lattice Lg is also discrete
and the quotient A(S) & A(S)/Lg has measure c; |detg|.

Suppose (m,n) = (u,v)g belongs to Lg. If a # 0 belongs to F' N A(S) then

[T max{laml,. lanl,} = (T lalu) ( [T max{lcl,. d.})-

if

veS ves veS
Since
1=TITlal, = (I] lal.) (TT lal.)
v veS v#£S

the product [, ¢ |al, is at least 1 and

[ max{laml,, lanl,} = ] max{|mlo, [nl,}-

veS vES

Let R be a positive number and consider the set

E={(m,n) € Lg| H max{|m|,,|n|,} < R}.
veS

The previous inequality shows that if I contains a non-zero element of Lg it contains one (m,n) =
(1, v)g for which p and v are relatively prime. Then we may choose x and A in F' N A(S) so that
kv — A= 1. If

then ~y belongs to Gp N A(S) and if
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then ¢ = m and d = n so that

[ max{iclv, d].} < R.

vES

To prove the lemma we have to show that there is a constant ¢y such that if g is in G (s) and

R = co|detg|? the set E is not reduced to {0}. We will show in fact that there is a constant ¢, such that
for all g there is a non-zero vector (m,n) in Lg with

L
2s

sup max{|ml,, |n|,} < co|detg
veS

if 5 is the number of elements in S. There is certainly a positive constant c3 such that the measure of

{(m,n) € A(S) ® A(S) | ilelg max{|m|,, |n|,} < R}

is, for any choice of R, at least c3 R?3. Choose ¢5 so that

¢ >2(Z_;)2—ls.

If Lg contained no non-zero vector satisfying the desired inequality the set

L
25}

{(m.n) € A, & As | supmax{imly, |n|,} < Z|detg
veES

would intersect none of its translates by the elements of Lg. Therefore its measure would not be
changed by projection on A(S) & A(S)/Lg and we would have
C2\2s
c1 < c3 (52)
which is impossible.
Choose some place v of I’ which is to be archimedean if F' is a number field. If c is any positive
constant there is a compact set C'in I such that

{a€I||a|zc}

is contained in
{abla € F), |a| > ¢, be C}

If wy is a compact subset of A, wy a compact subset of I, and ¢ a positive constant we may introduce
the Siegel domain & = &(w1, wa, ¢, v) consisting of all

(D) )

with zinwy, ain I, bin wsy, by in F* with |b;| > ¢, and kin K. Then Z,& = &. If we use the Iwasawa
decomposition of G to calculate integrals we easily see that the projection of & on Z, \ G has finite
measure. Moreover it follows readily from the previous lemma that, for a suitable choice of w;, w9, and
&

Gy =Gr 6.
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Thus Z, G \ G has finite measure.

Let ¢ be a continuous function on Gr \ G. If it is Z,-finite the space V spanned by the functions
pla) g, a € Z,, is finite dimensional. We may choose a finite set of points g1, - -, g, and a basis
1, -+, pp of V so that p;(g;) = d;;. Then

Since \;(a) = ¢(ag;) the function \; are continuous and finite as functions on Zy or Zr \ Z4. Since
Zp \ Zy is isomorphic to F'* \ I it satisfies the hypothesis of Lemma 8.1 and J); is a finite linear
combination of functions of the form

s ((59)) =@ toglapy”

where Y is a quasi-character of F'* \ I.
A continuous function ¢ on G \ G4 which is Z-finite will be called slowly increasing if for any
compact set {2 in Gy and any ¢ > 0 there are constants //; and M5 such that

| ((g (1))9> | < My a|™

for gin Q, ain I, and |a| > c. If such an inequality is valid, with suitable choice of Ms, for any M; we
will say, for lack of a better terminology, that ¢ is rapidly decreasing.

Suppose ¢ is a continuous function on Gp \ G4. Assume it is K -finite on the right and that for
every elementary idempotent § in H the space

{p(&f)e| f € H}

is finite dimensional. An argument used more than once already shows that there is a { and an f in
EH1& such that p(f)p = ¢. If a belongs to Z,

pla) e =p(da* f)e
so that ¢ is Z-finite. Thus we can make the following definition.
Definition 10.2 A continuous function ¢ on G \ Gy is said to be an automorphic form if
(i) Itis K-finite on the right
(ii) For every elementary idempotent £ in J{ the space

{p(Ef)p | f €9}

is finite dimensional.
(iii) If F'is a number field £ is slowly increasing.

We observe, with regret, in passing that there has been a tendency of late to confuse the terms
automorphic form and automorphic function. If not the result it is certainly the cause of much misun-
derstanding and is to be deplored.

Let A be the vector space of automorphic forms. If ¢ is in A and f is in H then p(f)¢ is in A so
that H operates on A. A continuous function on ¢ on G \ G4 is said to be cuspidal if

Jou# (o 1)) o=

for all g inGxy. An automorphic form which is cuspidal is called a cusp form. The space Ag of cusp
forms is stable under the action of .



Chapter 2 167

Proposition 10.3 Let F' be a function field and let ¢ be a function on Ggp \ Ga. If ¢ satisfies the
following three conditions it is a cusp form.
(i) ¢ is K-finite on the right.
(i1) o s cuspidal.
(iii) There is a quasi-character n of F* \ I such that

@ <<8 2)9) =n(a) ¢(g)

If £ is an elementary idempotent of H there is an open subgroup K’ of K such that ¢ is invariant
under translations on either side by the elements of K’. Therefore the functions p(& f)y are invariant
under right translations. To prove the proposition we show that if K’ is a given open subgroup of K
and 7 is a given quasi-character of F* \ I then the space V of all continuous functions ¢ on Gr \ Ga
which are cuspidal and satisfy ¢(gk) = ¢(g) for all k in K’ as well as

@ <<8 2) g) =n(a) ¢(g)

for all @ in F* \ I is finite-dimensional.

We shall show that there is a compact set C'in G such that the support of every ¢ in V' is contained
in GpZ7C'. Then the functions in V' will be determined by their restrictions to C'. Since C' is contained
in the union of a finite number of left translates of K’ they will actually be determined by their values
on a finite set and V' will be finite dimensional.

Choose a Siegel domain & = &(wq,ws, ¢,v) so that Gy, = Gp6. If

6’:{<(1) f) (bgl ?)Mxem,bem, by € FY, b1]20,keK}

we have just to show that the support in & of every ¢ in V' is contained in a certain compact set which
is independent of . In fact we have to show the existence of a constant ¢; such that ¢ vanishes on

(1) (% D)

as soon as |b1| > c¢1. Let ky,---, ky, be a set of representatives of the cosets of K/K’ and let ;(g) =
©(gk;). If k belongs to k; K’ then ¢(gk) = ¢i(g) and it will be enough to show that there is a constant

co such that, for 1 < i < n,
‘ 1 z a O —0
Zi\lo 1)\o 1))~

if x belongs to A and |a| > ¢;. Itis enough to show this for a single, but arbitrary, ;. Since ; satisifes
the same hypothesis as ¢, perhaps with a different group K’, we just prove the corresponding fact for

@Y.

foralla in I.

We use the following lemma which is an immediate consequnce of the theorem of Riemann-Roch
as described in reference [10] of Chapter I.
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Lemma 10.3.1 Let X be an open subgroup of A. There is a constant co such that A = F +aX if a
belongs to I and |a| > ca.

Ly

0 1

(o 7)E D)= D6 )
(0 )6 1) =+ D)

if zisin aX. The equation also holds for z in F' and therefore for all z in A if |a| > &. Then

(6 7)) = s Lo (G D)6 7))

which by assumption is zero.
There is a corollary.

belongs to K. Since

we have

Proposition 10.4  Suppose ¢ is a cusp form and for some quasi-character n of F* \ I

@ ((3 2) g) =n(a) ¢(g)

for all a in I. Then ¢ is compactly supported modulo Gg \ Zy. Moreover the function
0 a 0
Z\lo 1
The first assertion has just been verified. We know moreover that there is a constant c such that
a 0
7o 1
w — 0 1
S \-1 0

and ¢'(g) = ¢(gw) then ¢’ is also a cusp form. Since

(5 9)) =l (o)) = (7 0)

there is also a constant ¢; such that it vanishes for |a| < ¢;.

on F*\ I is compactly supported.

is 0 for |a| > c. If
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Proposition 10.5 Let F' be a function field and n a quasi-character of F*\ 1. Let Ag(n) be the space

of cusp forms ¢ for which
a 0
¥ ((0 a) g) = 1(a) p(g)

for all a in I. The representation of H on Ag(n) is the direct sum of irreducible admissible
representations each occurring with finite multiplicity.

The proof of Proposition 10.3 showed that the representation 7 of H on Ay(7) is admissible. Let
7' () = [n(a)|"'n(a). The map ¢ — ¢’ is an isomorphism of Ag(n) with Ag(n’) which replaces 7 by
m @ mif n(a) = |n(a)| /2. Thus we may as well suppose that 7 is a character. Then if ¢; and ¢y
belong to Ag(n) the function 193 is a function on G Z, \ G,. Since it has compact support we may
set

(wl,wz)I/G e ©1(9) p2(g) dg.

It is easily seen that

(p(f)er,02) = (¢1,p(f*)p2)

so that, by Lemma 9.4, 7 is the direct sum of irreducible admissible representations. Since 7 is admissible
the range of (&) is finite dimensional for all £ so that no irreducible representation occurs an infinite
number of times.

The analogue of this proposition for a number field is somewhat more complicated. If ¢ is a
continuous function on Gy, if v is a place of F', and if f, belongs to J{,, we set

p(fu)p = / oghs) fulhs) dh.

v

Since f, may be a measure the expression on the right is not always to be taken literally. If v is
archimedean and if the function ¢(hg,) on G, is infinitely differentiable for any & in G then for any
X in 2, the universal enveloping algebra of G, we can also define p(X ). If S is a finite set of places
we can in a similar fashion let the elements of

Hs = QuesHy
or, if every place in S is archimedean,
s = QuesUy

act on ¢. It is clear what an elementary idempotent in Hg is to be. If S' = S, is the set of archimedean
places we set H, = Hsg.

Proposition 10.6  Suppose F' is a number field. A continuous function ¢ on Gp\ Gy is a cusp form
if it satisfies the following five conditions.
(i) ¢ is K-finite on the right.
(ii) ¢ is cuspidal.
(iii) There is a quasi-character n of F* \ I such that

@ <<8 2)9) =n(a) ¢(9)

foralla in I.
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(iv) For any elementary idempotent & in H, the space

{p(&f) o |f € Ha}

s finite dimensional.
(v) ¢ s slowly increasing.

There is a £ in 3, such that p(§)p = ¢. Because of the fourth condition ¢ transforms according
to a finite dimensional representation of {H,{ and the usual argument shows that there is a function
fin H, such that p(f) ¢ = .

Since ¢ is invariant under right translations by the elements of an open subgroup of [ [, zs, Ko
this implies in turn the existence of another function f in H such that p(f)y = ¢. From Theorem 2 of
[14] one infers that ¢ is rapidly decreasing.

As before we may assume that 7 is a character. Then ¢ is bounded and therefore its absolute value
is square integrable on G Z, \ G which has finite measure. Let L?(n) be the space of measurable

functions h on G \ G, such that
a 0
h <<o a> g> = n(a) h(g)

/ Ih(g)P? dg < oo.
GrZa\Ga

According to a theorem of Godement (see reference [11] to Chapter I) any closed subspace of L?(n)
which consists entirely of bounded functions is finite dimensional.
What we show now is that if £ is an elementary idempotent of H the space

V=A{p&f)e|f e}

is contained in such a closed subspace. The functions in V' itself certainly satisfy the five conditions
of the proposition and therefore are bounded and in I*(1). Replacing ¢ by a larger idempotent if

for all gin G, and all ¢ in I and

necessary we may suppose that { = §, ® éa where &, is an elementary idempotent in H,. There is
a two-sided ideal a in £, H,&, such that p(f)p = 0 if f belongs to a. The elements of a continue
to annihilate V' and its closure in L?(n). Approximating the d-function as usual we see that there is
a function f; in 3, and a polynomial P with non-zero constant term such that P(f;) belongs to a.
Therefore there is a function f; in H, such that fo — 1 belongs to a. To complete the proof of the
proposition we have merely to refer to Theorem 2 of [14] once again.

For a number field the analogue to Proposition 10.4 is the following.

Propositon 10.7  Suppose ¢ is a cusp form and for some quasi-character n of F* \ I

@ ((3 2) g) =n(a) ¢(9)

for all a in I. Then for any real number M, there is a real number My such that

(5 2)

for all a in I. Moreover the absolute value of ¢ is a square integrable on GpZy \ Ga.

< M |a|™

We need another corollary of Proposition 10.6. To prove it one has just to explain the relation
between automorphic forms on Gy and G, which is usually assumed to be universally known, and
then refer to the first chapter of reference [11] to Chapter I. It is perhaps best to dispense with any
pretence of a proof and to rely entirely on the reader’s initiative. We do not however go so far as to
leave the proposition itself unstated.
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Proposition 10.8 Let 3, be the centre of A, and let T be an ideal of finite codimension in 3 =
Ques, v Let € be an elementary idempotent of H and n a quasi-character of F* \ I. Then the
space of infinitely differentiable functions ¢ on G \ Ga which satisfy the following five conditions
18 finite dimensional.

(i) ¢ is cuspidal.

(i) p(§)y = ¢.
(iii) If a is in I then

(iv) p(X)e =0 forall X inJ
(v) @ is slowly increasing.

Proposition 10.9  Let n be a quasi-charcter of F* \ I and let Ay(n) be the space of cusp forms ¢ for

which
v <<8 2) g) =¢(9)

for all a in I. The representation of H on Ag(n) is the direct sum of irreducible admissible
representations each occurring with finite multiplicity.

Every element of A(n) is annihilated by some ideal of finite codimension in 3. If J is such an
ideal let Ag(n,J) be the space of functions in A (n) annihilated by J. It is enough to prove the first
part of the proposition for the space Ay (7, J). Then one may use the previous proposition and argue
as in the proof of Proposition 10.5. To show that every representation occurs with finite multiplicity
one combines the previous proposition with the observation that two functions transforming under the
same representation of J{ are annihilated by the same ideal in 3.

X acts on the space A. An irreducible admissible representation m of H is a constituent of the
representation on A or, more briefly, a constituent of A if there are two invariant subspaces U and V' of
A such that U contains V' and the action on the quotient space U/V is equivalent to 7. A constituent
of Ay is defined in a similar fashion. The constituents of Ay are more interesting than the constituents
of A which are not constituents of Ay.

Theorem 10.10 Let m = ®m, be an irreducible admissible representation of H which is a constituent
of A but not of Ag. Then there are two quasi-characters i and v of F* \ I such that for each place
v the representation m, is a constituent of p(tiy, Vy)-

[ty is the restriction of p to F,*. Let B be the space of all continuous functions ¢ on G, satisfying

the following conditions.
1 =z
¥ <<0 1) g) = ¢(9)-

(i) Forall z in A
a 0 — »(g)
(iii) ¢ is K-finite on the right.
(iv) For every elementary idempotent £ in J{ the space

{p(Ef)p | f €90}

(ii) Forall « and B in F*

is finite dimensional.
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Lemma 10.10.1 A continuous function ¢ on G, which satisfies the first three of these conditions
satisfies the fourth if and only if it is Ap-finite on the left.

A is the group of diagonal matrices. Since ¢ is a function on A \ Gy itis Ay finite if and only if
itis Ap \ A, finite. If itis Ap \ Ay finite there is a relation of the form

p(ag) = Z Ai(a) pi(g)

where the )\; are finite continuous functions on Ar \ Ax. Since A \ A, is isomorphic to the direct
product of F'* \ I with itself it is a group to which Lemma 8.1 can be applied. Thus there is a unique
family ¢, ., Of functions on G such that

ay 0 _
' O a9 g -
The functions ¢y, ., also satisfy the first three conditions. Moreover there is a finite set .S of pairs

(i, v) and a non-negative integer M such that ¢y, ..., is 0if (11, ) does not belong to S or m+n > M.
Given S and M let B(.S, M) be the space of continuous functions f on G which satisfy the first

three conditions and for which
f ay 0
0 ag g

" S ) (az) (g Jar )™ (1oga])™ Fon v (9)

ai
ag

> ular) v(az) (loglas )™ (logaz)" @mm.pu (9)

can be expanded in the form

ai
a2

where the sum is taken only over the pairs (u, ) in S the pairs (m, n) for which m +n < M. B(S, M)
is invariant under H. To show that if ¢ is Ap \ Ay finite it satisfies the fourth condition we show that
the range of p(§) on B(.S, M) is finite dimensional.

A function f in B(S, M) is determined by the restriction of the finitely many functions f,,, », .. to
K. If f is in the range of p(&) these resrictions lie in the range of p(&) acting on the continuous functions
on K. That range is finite dimensional.

We have also to show that if ¢ satisifes the fourth condition it is Ay finite. The space V' spanned
by the right translates of ¢ by the elements of K is finite dimensional and each element in it satisfies
all four conditions. Let ¢1, - - -, ¢, be a basis of V. We can express ¢(gk) as

p

Z Ai(k) pi(g)-

=1

Because of the Iwasawa decomposition Gy = Ny A, K it is enough to show that the restriction of each
©; to A, is finite. Since ¢; satisfies the same conditions as ¢ we need only consider the restriction of ¢.
Since ¢ is K finite there is a finite set S of places such that ¢ is invariant under right translations

by the elements of [, ¢ K. Let
Ig = H FX.

veES
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We regard I as a subgroup of I. If we choose S so large that I = F*I(S) then every element « of [ is
a product of & = agasag with oy in F*, g in Ig, and a3 in 1(S) such that its component at any place
in Sis 1. If Bin [ is factored in a similar fashion

(5 5)=#((% 2))

Thus we need only show that the restriction of ¢ to

AS:{<3 g) ‘Oé,ﬂEfs}

is finite. This is a consequence of Corollary 8.4 since the restriction of ¢ to Gg clearly satisfies the
conditions of the corollary.
The next lemma explains the introduction of B.

Lemma 10.10.2 If w is a constituent of A but not of Ag then it is a constituent of B.

If ¢ belongs to A the functions

Oy /F\A“" (DE

belongs to B. The map ¢ — o commutes with the action of H and its kernel is Ay. Suppose U and V'
are two invariant subspaces of A and 7 occurs on the quotient of U by V. Let U, be the image of U and
Vo be the image of V' in B. Since 7 is irreducible there are two possibilities. Either Uy # V{ in which
case 7 is equivalent to the representation on Uy /Vj and is a constituent of B or Uy = V;. In the latter
case

U=V +UnNA

and 7 is equivalent to the representation on
UNnAy/VNAg

which is precisely the possibility we have excluded.

Lemma 10.10.3 If 7 is a constituent of B then there is a pair of quasi-characters p, v and a
non-negative integer M such that 7 is a constituent of B(u,v, M).

If S consists of the single pair (u, /) then, by definition, B(u, v, M) = B(S, M). Suppose 7 occurs
on the quotient of U by V. Choose the finite set .S of pairs of quasi-characters and the non-negative
integer M so that U N B(S, M) is different from V N B(S, M). Then 7 occurs on the quotient of
UNB(S,M) by VNnB(S,M)and we may as well assume that U is contained in B(S,M). The
argument used in the eighth paragraph in an almost identical context shows that

‘B(S7 M) = ®(M,V)ESB(M7 v, M)

so that the lemma is a consequence of Lemma 8.6.
The next lemma is proved in exactly the same way as Proposition 8.5
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Lemma 10.10.4 If 7 is a constituent of B(u,v, M) for some M then it is a constituent of B(u,v) =
B(p,v,0).

Let 1, and v, be the restrictions of y and v to F,*. For almost all v the quasi-characters y,, and v,
are unramifed and there is a unique function ¢ in B (., v,,) such that ©2(g,k,) = ©2(g,) for all k, in
K, while ©{(e) = 1. We can form

R0 B (Ho, Vo)

There is clearly a linear map of this space into B(u, v) which sends ®¢, to the function
0(g) =[] ev(90)
v

Itis easily seen to be surjective and is in fact, although this is irrelevant to our purposes, an isomorphism.
In any case an irreducible constituent of B(yu, V) is a constituent of @, p(py, V).
With the following lemma the proof of Theorem 10.10 is complete.

Lemma 10.10.5 If the irreducible admissible representation m = Q,m, is a constituent of p = Qp,,
the tensor product of admissible representations which are not necessarily irreducible, then, for each
v, T, 1§ a constituent of p,.

As in the ninth paragraph 7 and p determine representations 7 and p of },. The new 7 will be a
constituent of the new p. By Lemma 9.12 the representation 7 of JH, is the direct sum of representations
equivalent to m,. Thus m, is a constituent of = and therefore of p. Since p is the direct sum of
representations equivalent to p,, Lemma 8.6 shows that 7, is a constituent of p,,.

The considerations which led to Proposition 8.5 and its proof will also prove the following propo-
sition.

Proposition 10.11 If 7 is an irreducible constituent of the space Ay then for some quasi-character
n it is a constituent of Ag(n).

Observe that if 7 is a constituent of Ay () then

R

for all @ in I. There are two more lemmas to be proved to complete the preparations for the Hecke
theory.

Lemma 10.12 Suppose there is a continuous function ¢ on G with the following properties.
(i) ¢ is K finite on the right.
(ii) For all a and B in F* and oll x in A

(5 2=

(iii) There is a quasi-character n of F* \ I such that

v <<8 2)9) =n(a) p(9)

foralla in I.
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(iv) There is a finite set S of non-archimedean places such that the space
V= p(Hs)p

transforms under ﬂ/:fs according to the irreducible admissible representation m = ®,gsm,.
Then V' is a subspace of B and there are two quasi-characters p and v of F* \ I such that m,
is a constituent of p(y,vy) for all v not in S.

If one observes that there is a finite set 7" of places which is disjoint from S such that I = F* I
one can proceed as in Lemma 10.10.1 to show that ¢ is A-finite on the right. Thus there is a finite set R
of pairs of quasi-characters and a non-negative integer M such that V' is contained in B(R, M ). The
same reduction as before shows that 7 is a constituent of the representation of Hg onsome B (u,v)and
that , is a constituent of p(u,, v,) if visnotin S.

Lemma10.13 Let ¢ be a continuous function on Grp\Gya. If p satisfies the four following conditions
it is an automorphic form.

(i) ¢ is K finite on the right.

(i) There is a quasi-character n of F* \ I such that

v <<8 2) g> =n(a) p(g)
for alla in 1.

(iii) There is a finite set S of non-archimedean places such that p(fJA{g)go transforms according to

an irreducible admissible representation of f]/%s.
(iv) If F is a number field ¢ is slowly increasing.

We have to show that for every elementary idempotent £ in H the space p({H)¢ is finite dimen-
sional. If f is a continuous function on G \ G, let

00) = e B /F\Af (6 7)) ar

The map f — fo commutes with the action of H or of ﬂ/:fs. Consquently g satisfies the conditions
of the previous lemma and belongs to a space B(R, M) invariant under H on which p(§) has a finite
dimensional range.

We need only show that

V={feplEH)e|fo=0}

is finite dimensional. If F'is a function field then, by Proposition 10.3, V' is contained in Ay(n).
More precisely it is contained in the range of p(£), as an operator on Ay (n), which we know is finite
dimensional. Suppose F' is a number field. Since every place of S is non-archimedean the third
condition guarantees that ¢ is an eigenfunction of every element of 3. In particular there is an ideal J of
finite codimension in 3 which annihilates ¢ and therefore every element of p({J)¢. By Proposition 10.6
the space V is contained in A (n) and therefore in Ay(n,T). By Proposition 10.8 the range of p(¢) in
Ao(n,T) is finite dimensional.
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§11. Hecke theory. The preliminaries are now complete and we can broach the central topic of these
notes. Let ¢ be a non-trivial character of F'\ A. For each place v the restriction v, of ¢ to F), is
non-trivial. Let 7 = ®,7, be an irreducible admissible representation of }{. The local L-functions
L(s,m,) and the factors £(s, 7,, ¢, ) have all been defined. Since for almost all v the representation ,
contains the trivial representation of K,, and O, is the largest ideal on which 1, is trivial almost all of
the factor £(s, m,, 1, ) are identically 1 and we can form the product

g(s,m) = H€(877FU7¢U)~

In general it depends on ). Suppose however that

and that 7 is trivial on F'*. If 1) is replaced by the character x — ¢ (ax) with ovin F* then (s, 7y, 1y, )
is multiplied b 7, () |a|>* =1 so that (s, ) is multiplied by

[Tn(@) e = n@)a*~ =1
v

The product

HL(s,ﬂv)

does not converge and define a function L(s, 7) unless 7 satisfies some further conditions.

Theorem 11.1 Suppose the irreducible admissible representation m = ®m, is a constituent of A.
Then the infinite products defining L(s, ) and L(s,T) converge absolutely in a right half-plane and
the functions L(s,m) and L(s,7T) themselves can be analytically continued to the whole complex
plane as meromorphic functions of s. If w is a constituent of Ay they are entire. If F' is a number
field they have only a finite number of poles and are bounded at infinity in any vertical strip of
finite width. If F' is a function field with field of constants F, they are rational functions of ¢=*.
Finally they satisfy the functional equation

L(s,m) =e(s,m) L(1 — s,7).

Observe that if 7 = ®,, 7, then ™ = ®,,7,. Consider first a representation 7™ which is a constituent
of A but not of Ay. There are quasi-characters p and v of F'* \ I such that 7, is a constituent of p(ji,, i)
for all v. Since , has to contain the trivial representation of K, for all but a finite number of v it is
equal to 7(u,, 14,) for almost all v.

Consider first the representation 7" = ®,,7(f1y, v, ). Recall that

L(s,m(po, ) = L(s, o) L(s, 1)
L(s, (o o)) = Lis, ) Lis,v,)

and

S(S,ﬂ-(:uva Vv)a¢v) = S(Sa Mvawv) 8(57 Vvawv)
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If x is any quasi-character of F'* \ I the product
126 x0)

is known to converge in a right half plane and the funtion L(s, x) it defines is known to be analytically
continuable to the whole plane as a meromorphic function. Moreover if

€(SX) = H 5(57 Xvs %)

the functional equation
L(S, X) = 8(57 X) L(l - S, X_l)
is satisifed. Since
L(s,7") = L(s,u) L(s,v)
and
L(s,#) = L(s,p~") L(s, v ™)

they too are defined and meromorphic in the whole plane and satisfy the functional equation
L(s,7") =e(s,n") L(1 — s,7").

The other properties of L(s, ') demanded by the lemma, at least when 7’ is a constituent of A, can be
inferred from the corresponding properties of L(s, ;1) and L(s, v) which are well known.
When 7, is not 7(fiy, fby ) it is o(py, 14, ). We saw in the first chapter that

L(S, o (fhy, I/U))
L(s7 7 (o, VU))
is the product of a polynomial and an exponential. In particular it is entire. If we replace 7 (1, v,,) by

m, we change only a finite number of the local factors and do not disturb the converge of the infinite
product. If S is the finite set of places v at which 7, = o(u,, v,) then

= L(s. 7 M
L(s,m) = L(s, >EL(5,W(MU,VU))

and therefore is meromorphic with no more poles that L(s, 7’). For L(s, ) the corresponding equation

is
L(s,o(uyt,vyt))
L(s,m(uatve h))

L(s,7) = L(s,#) [ [

vES

The functional equation of L(s, ) is a consequence of the relations

L(s,0(po, ) &(8,0 (o, ), o) L(1 = s,0(uy b vy t))
L(s,ﬁ(uv, uv)) 5(5, (o, Vv),wv) L(l — s, (o, Vv_l))
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which were verified in the first chapter. It also follows from the form of the local factors that L(s, )
and L(s, ) are rational functions of ¢—* when F is a function field. If F' is a number field L(s, 7) is
bounded in vertical strips of finite width in a right half-plane and, because of the functional equation,
in vertical strips in a left half-plane. Its expression in terms of L(s, 7’) prevents it from growing very
fast at infinity in any vertical strip of finite width. The Phrigmen-Lindeldf principle implies that it is
bounded at infinity in any such strip.

Now suppose 7 is a constituent of Ay. It is then a constituent of A (n) if

(3 2)-er

for a in I. Since the representation of I in Ay(7) is the direct sum of invariant irreducible subspaces
there is an invariant subspace U of A (n) which transforms according ot 7. Let ¢ belong to U. If g is

in Gy
pyla) = ¢ <<(1) T>g>

is a function on F\ A. Since ¢, is continuous it is determined by its Fourier series. The constant term

is
__ / Lo dx
measure '\ A Jp\ ?\\o 1)9

which is 0 because ¢ is a cusp form. If ¢ is a given non-trivial character of F' \ A the other non-trivial
characters are the functions z — ¥ (ax) with ain F*. Set

w1(9)=mL\Aap<<é gf)g) (—z)dx.

Since @ is a function on G \ Gj.

(5 2)9) - s L, (3 2)5) s

if a belongs to F'*. Thus, formally at least,

ORIACESY 901<<g ?)g>-

acFXx

In any case it is clear that (; is not 0 unless ¢ is.
Let

Ur={¢1|peU}
Since the map ¢ — ¢; commutes with the action of I the space U; is invariant and transforms
according to 7 under right translation by J}{. Moreover

1 <<(1) T) g) = (@) p1(g)

if z isin A. If F'is a number field ¢ is slowly increasing. Therefore if {2 is a compact subset of G there

is a real number M such that
a 0 i M
(1)) =otar

as |a] — oo for all g in Q. Propositions 9.2 and 9.3 imply that all 7, are infinite dimensional and that
Uy is W (m, ). Therefore Uy is completely determined by 7 and ¢ and U is completely determined by
. We have therefore proved the following curious proposition.
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Proposition 11.1.1  If an irreducible represntation of H is contained in Ag(n) it is contained with
multiplicity one.

For almost all v there is in W (m,,,) a function ¢ such that ©%(g,k,) = ¢%(g,) for all k, in K,
while ¢{(e) = 1. W(m,1)) is spanned by functions of the form

p1(9) = [ [ #ol90) (11.1.2)

where ¢, is in W (m,, 1, ) for all v and equal to gog for almost all v.

Suppose ¢ corresponds to a function ¢; of the form (11.1.2). Suppose ¢ = ¢! so that 7, contains the
trivial representation of K. If €, is the normalized Haar measure on K, let \, be the homomorphism
of e,H,¢e, into C associated to m,. If f, isin €,H, &, then

M(f) lg) = /G o(gh) fu(h) dh

and if X, is the homomorphism associated to |1,| /% @ 7,

X,(f2) In(detg)| =% o(g)

is equal to
/G [n(detgh)| =2 @(gh) f, (k) dh.

Since ¢ is a cusp form the function |n(detg)|~'/2 p(g) is bounded and )/ satisifies the conditions of
Lemma 3.10. Thus if 7, = 7 (fy, V) both u, and v, are unramified and

if w, is the generator of the maximal ideal of O,. Consequently the infinite products defining L(s, )
and L(s, ) converge absolutely for Re s sufficiently large.
We know that for any v and any ¢, in W (7, 1,,) the integral

a, 0 sl x
SO’U g’l} a/’U 2 d a"U
/F << 0 1 ) ) |

converges absolutely for Re s large enough. Suppose that, for all a in I, [n(a)| = |a[" with 7 real.
Applying Lemma 3.11 we see that if s + 7 > 1 and ¢ is defined

Jo (5 1))

1
1 2”
(1 — ‘wv‘“r*i)

\av]s*% d*a,

is, for g, in K, at most
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Thus if ¢; is of the form (11.1.2) the integral

a 0 s 1
\If(g,s,wl)=/so(<o 1>9) la*"% d"a
I

is absolutely convergent and equal to

[T %0 5. 00)

for Re s sufficiently large. Since ®(g., s, ¢y ) is, by Proposition 3.5, equal to 1 for almost all v we can set
®(g, s, 1) H<I> (v, 5, pv)

so that
\Ij(g7 S, ()01) = L(S77T) @(97 S, 901)

U(g,s, 1) = /I<P1 ((8 (1)> g) n~Na) |a|*~ % d¥a

{IVj(gu S, 901) = L(S,?TF) 5(97 S, ()01)

We can also introduce

and show that

if
9>5901 H(I)gvasggv

Lemma 11.1.3 There is a real number so such that for all 1 in W (m, 1) the integrals

‘1’(975,901)2/1801 <<g ?)g) la|*~% d¥a
U(g,s,¢1) 2/1801 <<g (1))9) nY(a)|a|*~% d*a

are absolutely convergent for Res > sg. The functions V(g,s,p1) and \Ti(g,s,gpl) can both be
extended to entire functions of s. If F' is a number field they are bounded in vertical strips and if
F is function field they are rational functions of ¢=*°. Moreover

\I/(U}g7 1- 87901) = \11(9787901)'

We have seen that the first assertion is true for functions of the form (11.1.2). Since they form a
basis of W (m, 1)) it is true in general. To show that

o)=Y %((Cg (1)>9>

acFX%
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we need only show that the series on the right is absolutely convergent. We will do this later on in this
paragraph. At the moment we take the equality for granted. Then, for all ¢y, ¥(g, s, ¢1) which equals

R (CDIRIE

acFXx

a 0 s—1 ox
@ g lal®2d%a
/F><\I <<0 1> >| |

for Re s sufficiently large. Also (g, s, ¢1) is equal to

/FX\I‘P <<3 (1)) 9> n~'(a)|a]*"? d*a.

We saw in the previous paragraph that, for a given g and any real number M,

(5 )] -ona

as |a| approaches 0 or co. Thus the two intregals define entire functions of s which are bounded in
vertical strips. If F' is a function field the function

(5 1))

has compact support on F* \ I so that the integral can be expressed as a finite Laurent series in ¢~ *.

is equal to

The function ¥(wg, 1 — s, ¢1) is equal to

/‘P<<g ?)1"9) n~(a) a2 d*a.

Since w is in G the equality ¢(wh) = ¢(h) holds for all h in G and this integral is equal to

[o((b 8)s) =
()-GO )

we can change variables in the integral to obtain

a 0 s—1
Jol(5 5)o) -t
which is U(g, s, ¢1).

If we choose 7 of the form (11.1.2) we see that L(s, 7) ®(g, s, ¢1) is entire and bounded in vertical
strips of finite width. For almost all v the value of ®(g,, s, ©!)) at the identity e is 1 and for such v we

Since
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choose ¢, = ¢0. At the other places we choose ¢, so that ®(e, s, ,) is an exponential e** with real
a,. Then ®(e, s, 1) is an exponential. Consequently L(s, ) is also entire and bounded in vertical
strips of finite width. If F' is a number field ®(e, s, 1) will be a power of ¢~° so that L(s, 7) will be a
finite Laurent series in ¢~ °. Similar considerations apply to L(s, 7).

To prove the functional equation we start with the relation

L(s,m) H (e, s,p,) = L(1 — s,7) H D(w,1— s,0,).
By the local functional equation the right hand side is

L(1 —s,) H {s(s, T, Uw) Ple, s, gov)}.

Cancelling the term [ [, ®(e, s, p,,) we obtain
L(s,m) =¢e(s,m) L(1 — s,7).

Corollary 11.2  Suppose m = ®,m, is a constituent of A. For any quasi-character w of F* \ I the
products

H L(s,w, @ my)

and

H L(s,w; ' @ 7,)
v

are absolutely convergent for Res sufficiently large. The functions L(s,w ® w) and L(s,w™! ® 7)
they define can be analytically continued to the whole complex plane as meromorphic functions
which are bounded at infinity in vertical strips of finite width and have only a finite number of
poles. If F' is a function field they are rational functions of ¢~°. If w is a constituent of Ay they
are entire. In all cases they satisfy the functional equation

Ls,w®n)=¢e(s,w®m)L(1 - s,w ' ®7)

e(s,w@m) = He(s,wv ® Ty Uy

If 7 = ®,m, is a constituent of A or Ay and w is a quasi-character of F* \ I so is w ® 7. Moreover
wRmT= ®v(wv b2y Wv)'

The converses to the corollary can take various forms. We consider only the simplest of these. In
particular, as far as possible, we restrict ourselves to cusp forms.
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Theorem 11.3 Let 1 = ®m, be a given irreducible representation of H. Suppose that the quasi-

character n of I defined by
a 0
(5 2) =

is trivial on F*. Suppose there is a real number r such that whenever w, = w(u,, v, ) the inequalities
|| ™" < o (w0)] < [w0]”

and
|| ™" < v (w0)] < @

are satisfied. Then for any quasi-character w of F* \ I the infinite products

L(s,w®m) = H L(s,w, ® my)

and
Ls,w ' ®@7) = l_IL(s,wv_1 ® Ty)

are absolutely convergent for Re s large enough. Suppose L(s,w @) and L(s,w™! ® &) are, for all
w, entire functions of s which are bounded in vertical strips and satisfy the functional equation

Lis,w®7) =¢e(s,w®@m)L(1 —s,w ' ®@7)

If the m, are all infinite dimensional 7 is a constituent of Ag.

The absolute convergence of the infinite products is clear. We have to construct a subspace U of
Ao which is invariant under H and transforms according to the representation 7. W (m, ) transforms
according to 7. If 1 belongs to W (m, 1) set

O QEEF:X o1 <<Cg ?) g)

We shall see later that this series converges absolutely and uniformly on compact subsets of G5. Thus
(p is a continuous function on G. Since the map ¢; — ¢ commutes with right translations by elements
of H we have to show that, for all ¢4, ¢ is in Ag and that ¢ is not zero unless ¢ is.

Since ) is a character of F'\ A
L g _
¥ <<0 1) g> = ¢(9)

(o 2)9)

is a function on F'\ A. The constant term of its Fourier expansion is

_ / Lz dx
measure F'\ A F\AL’O 0o 1)9 '

for all ¢ in F'. Thus, for each g,
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XL )G v)o) e

P1 <<g ?)g) F\Aw(am)da: =0.

In particular ¢ is cuspidal. Another simple calculation shows that if 3 belongs to ™

1 1
s o, # (0 1)) vemm

6 0
@1((0 1 gl-
a 0 — »(g)
if v is in F'*. Moreover, for all ¢ in I,

"2 <<8 2) g) =n(a) (9)-

If a is in F'* the right side is just ¢(g). Thus ¢ is invariant under left translations by elements of P,
the group of super-triangular matrices in Gr. Since G'r is generated by Pr and w = (Pl (1)) all we
need do to show that ¢ is a function on G \ G is to show that

The integral is equal to

A typical term of this sum is

is equal to

Thus ¢ is zero if @ is.
By construction

p(wg) = ¢(g).

By linearity we need only establish this when ¢; has the form (11.1.2). The hypothesis implies as
in the direct theorem that the integrals

‘I’(Q,Sa%):/l@l <<3 ?)g) la|*~2 d¥a
U(g, s, 1) :/I<P1 <<8 (1)>9> n~Na) |a|*~% d¥a

converge absolutely for Re s sufficiently large. Moreover

and

\I/(g,s, 901) = H\I/(gva 37901)) = L(877T) H(I)(gva 37901;)~
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Almost all factors in the product on the right are identically one so that the product, and therefore
U (g, s, 1), is an entire function of s. In the same way

U(g,s,¢1) = L(s,7) [ [ 2(g0, 5, 00)

and is entire. Since

(I)(wgva 1-— S, 901)) - 5(377%71%) (I)(gm S, ()DU)

the function ¥(wg, 1 — s, ¢1) is equal to
L(l - 577}) 6(8,71‘) H (I)(gm S, 901))
v

which, because of the functional equation assumed for L(s, ), is equal to ¥(g, s, 1).

>From its integral representation the function ¥(g, s, ¢1) is bounded in any vertical strip of finite
width contained in a certain right half-plane. The equation just established shows that it is also bounded
in vertical strips of a left half-plane. To verify that it is bounded in any vertical strip we just have to
check that it grows sufficiently slowly that the Phragmen-Lindel6f principle can be applied,

U(g,s,01) = L(s, ) [ [ 2(gu, 5, 00)-

The first term is bounded in any vertical strip by hypothesis. Almost all factors in the infinite product
are identically 1. If v is non-archimedean ®(g,, s, ¢,) is a function of |w,|* and is therefore bounded
in any vertical strip. If v is archimedean

(I)(gmsa(pv) = L(S u )

We have shown that the numerator is bounded at infinity in vertical strips. The denominator is, apart
from an exponential factor, a I'-function. Stirling’s formula shows that it goes to 0 sufficiently slowly

at infinity.
aa 0 o1
> “”((o 1)9) la|*"% d*a

If Re s is sufficiently large
acF*

(g, s, ¢1) =/
FX\I

a 0 R
® g lal®"2d”a.
IA((CHDE

This integral converges absolutely when Re s is sufficiently large. If Re s is large and negative

=~ a 0 _ 1,
Wwg -5 = [ o ((§ 1) u) i@t
FX\I

1 0 1 15 .x
plw gl n " (a)lal27°d”a.
/FX\I ( (0 a> > (@)lal

which is

which equals
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()-GO Y

and changing variables we see that this integral is equal to

a 0 sl oy
o w g lal” 2 d”a.
/;X\I ( <0 1) > lal

o=o((s 4
o=s(e(s 2)9)

We are trying to show that for any g the functions f; and f5 are equal. The previous discussion applies
tow @ m as well as to 7. If ¢y is in W (m, 9) the function

Using the relation

Set

and

¢ (g9) = w(detg) 1(g)

isin W(w ® m,1). When ¢ is replaced by ¢ the function ¢ is replaced by

¢'(9) = w(detg) p(g)

and f; is replaced by
fi(a) = w(detg) w(a) fi(a).

Thus for any quasi-character w of F'* \ I the integral
/ fi(a)w(a)|a]*~% d*a
FX\I
is absolutely convergent for Re s sufficiently large and the integral
| new@rtaa
FX\I

is absolutely convergent for Re s large and negative. Both integrals represent functions which can be
analytically continued to the same entire function. This entire function is bounded in vertical strips of
finite width.

The equality of f; and f is a result of the following lemma.
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Lemmal11.3.1 Let f1 and fy be two continuous functions on F*\I. Assume that there is a constant
¢ such that for all characters of w of F* \ I the integral

| h@e@le e
FX\T
is absolutely convergent for Res > ¢ and the integral
| R@e@l
FX\T

is absolutely convergent for Res < —c. Assume that the functions represented by these integrals
can be analytically continued to the same entire function and that this entire function is bounded
in vertical strips of finite width. Then fi1 and fo are equal.

Let Iy be the group of idéles of norm 1. Then F'* \ Ij is compact. It will be enough to show that
for each b in I the functions fi(ab) and fa(ab) on F'* \ Ij are equal. They are equal if they have the
same Fourier expansions. Since any character of F* \ I can be extended to a character of F'* \ I we
have just to show that for every character w of F* \ I

f1(w,b) = w(b) /F ) s@da

is equal to

N

falw,5) = w(d) /F B w@da

These two functions are functions on I \ I which is isomorphic to Z if F' is a number field and to R if
F'is a function field.
If I is a function field we have only to verify the following lemma.

Lemma 11.3.2 Suppose {a1(n) |n € Z} and {as(n)|n € Z} are two sequences and q > 1 is a real

number. Suppose
D ai(n)g
n

converges for Res sufficiently large and
> as(n)g™"
n

converges absolutely for Re s large and negative. If the functions they represent can be analytically
continued to the same entire function of s the two sequences are equal.

Once stated the lemma is seen to amount to the uniqueness of the Laurent expansion. If F'is a
number field the lemma to be proved is a little more complicated.
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Lemma 11.3.3 Suppose g1 and go are two continuous functions on R. Suppose there is a constant
c such that

()= [ (e da

converges absolutely for Res > ¢ and

(5) = [ (o) da

converges absolutely for Res < —c. If g1 and go represent the same entire function and this
function is bounded in vertical strips then g1 = gs.

All we need do is show that for every compactly supported infinitely differentiable function g the
functions g * g; and g * g are equal. If

i) = [ a()e da

is the Laplace transform of g the Laplace transform of g * g; is §(s) g:(s). By the inversion formula

g% gi(z) = —/b () Gi(s) == ds

278 Jp_ioo

where b > cif i = 1 and b < —cif ¢ = 2. The integral converges because g goes to 0 faster than the
inverse of any polynomial in a vertical strip. Cauchy’s integral theorem implies that the integral is
independent of b. The lemma follows.

To complete the proof of Theorem 11.3, and Theorem 11.1, we have to show that for any ¢; in

W (1)) the series
> a((5 1))

acFX

is uniformly absolutely convergent for g in a compact subset of G, and that if ¢(g) is its sum then, if F’
is a number field, for any compact subset {2 of G4 and any ¢ > 0 there are constants M; and M, such

that
a 0 Mo
‘@((0 1>g>‘ < M; |af

for g in Q and |a| > ¢. We prefer to prove these facts in a more general context which will now be
described.
For us a divisor is just a formal product of the form

D:Hpmp.

It is taken over all non-archimedean places. The integers m, are non-negative and all but a finite
number of them are 0. Let S be a finite set of non-archimedean places containing all the divisors of D,
that is, all places p for which m;, > 0.

If a belongs to I we can write a in a unique manner as a product asas where the components of
ag outisde S are 1 and those of ag inside S are 1. ag belongs to I, = HUE gF). Letl g be the set of



ideles a such that, for any p in S, a, is a unit which satisfies a, = 1(mod p™*). Then I = F* I2 and
F>*\ I is isomorphic to F* NI\ I3.

a b

c d

If pisin S'let K é) be the subgroup of all
in K, for which ¢ = 0 (modp™»). Let K ’f) be the subgroup of such matrices for which a = d
1(mod p™>). Set

D _ D
Ks = H Ky
pes
and set
>D >D
Kg = H Kp
peSsS

K L is a normal subgroup of K2 and the quotient K2/ K L is abelian.
Let G7, be the set for all g in G such that g, is in the group Ké) for all pin S. Any g in Gy may
be written as a product gsgs where gs has component 1 outside of S and gs has component 1 inside

S. Gg is the set of gs and G g is the set of gg. In particular
GH = K& -Gs.

It is easily seen that
Gy =GrG?.

In addition to D and S we suppose we are given a non-trivial character ¢ of '\ A, two characters
cand € of K s’? /K s’? , two complex valued functions @« — a, and @ — G, on F'*, an irreducible

representation 7 of Hg = ®,zsH,, and a quasi-character n of F* \ I.
There are a number of conditions to be satisifed. If

(5 3)
(62 =G 2)

If a belongs to F* and 3 belongs to F* N I3

belongs to K2 then

and



Chapter 2 190

The functions o« — a, and o — a,, are bounded. Moreover a, = a, = 0 if for some v in S the number
a regarded as an element of F,, does not lie in the largest ideal on which 1, is trivial. If v belongs to S

and a is a unit in O,
. a 0 — (@)
0 a)) MY

Ty ((g 2)) =ny(a)I.

Because of these two conditions 7 is determined by 7w and . There is a real number r such that if

Ty = W(Mva Vv)

Let T = ®ygsm,. Then for a in Ff

\wv\” < ‘Nv(wv” < ’wv’_T

and
|wo|" < ()] < o] ™"

Finally we suppose that 7, is infinite dimensional for all v not in S.

These conditions are rather complicated. Nonetheless in the next paragraph we shall find ourselves
in a situation in which they are satisifed. When S is empty, D = 0, a, = G, = 1 for all « they reduce
to those of Theorem 11.3. In particular with the next lemma the proof of that theorem will be complete.
We shall use the conditions to construct a space U of automorphic forms on Gy such that U transforms

under Hg according to ™ while each ¢ in U satisifes

©(gh) = e(h) ¢(g)

for hin K% If U is such a space then for any ¢ in U and any a in [

i ((3 2) g) = n(a) p(g)-

This is clear if a belongs ot I3 and follows in general from the relation [ = F* 3.
Recall that W (7, 1)) is the space of functions on G g spanned by functions of the form

v1(9) = [ olo0)

vgS

where ¢,, belongs to W (7, 1, ) for all v and is equal to ! for almost all v.

Lemma 11.4 Suppose 1 belongs to W (m, ).
(i) For any g in G% the series

e(g) = Z aa5(95)801<<665 ?)Qs)

acFX

converges absolutely. The convergence is uniform on compact subsets of G*,.
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(ii) The function ¢ defined by this series is invariant under left translation by the matrices in

Gr N G? of the form
a p
0 ¢)°

(iii) Suppose F' is a number field. Let Q) be a compact subset of G%. Then there are positive
constants My and My such that

lp(9)] < Mi{la] + a7}

o= (0 1) G Y)r

with h in Q, a in I3, and ((1)’1”) in G.

It is enough to prove these assertions when ¢; has the form

p1(9) = I ev(90)-

vgS

To establish the first and third assertions we need only consider the series

> @) [T |ev <<3‘ (1)>gv>‘ (11.4.1)

aeFXx vgS
where d(a) = 0 if for some v in S the number « regarded as an element of F, is not the largest ideal on
which 1, is trivial and 6(a) = 1 otherwise.
We need only consider compact sets €2 of the form

Q=K [ % (11.4.2)
vgS

where (2, is a compact subset of G, and €2, = K, for almost all v.

Lemma 11.4.3 Suppose §2 is of the form (11.4.2). There is a positive number p such that for each
non-archimedean place v which is not in S there is a constant M, such that

(5 0)0)| <

fora in E) and h in Q, and a constant ¢, such that

(3 99
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if la| > ¢, and h is in Q,. Moroever one may take M, = ¢, = 1 for almost all v.

Since ¢, is invariant under an open subgroup of K, for all v and is invariant under K, for almost
all v while €2, = K, for almost all v it is enough to prove the existence of M, c,, and p such that these
relations are satisifed when h = 1. Since the function

N (CRY)

belongs to the space of the Kirillov model the existence of ¢, is clear. ¢, can be taken to be 1 when O,
is the largest ideal of F,, on which ), is trivial and ¢, = (9.

The existence of M,,, for a given v and sufficiently large p, is a result of the absolute convergence
of the integral defining ¥ (e, s, ¢, ). Thus all we need do is show the existence of a fixed p such that the

inequality
a 0 s

is valid for almost all v. For almost all v the representation m, is of the form 7 (u,, v,) with u, and v,
unramified, O, is the largest ideal of F), on which ), is trivial, and ¢, = gp?). Thus, for such v,

(5 )=~ ((Y))

So((F 1) 1=t - ssm

If p, = py(wy) and o, = vy (wy,)

if £ is a unit in O, and

1 1
(1 — pv|wv|s) (1 — ov|wv|s) .

L(s,m,) =

Since |py| < |w,| " and |0y | < |w,| 7"

(5 D)l

Since |, | < 3 there is a constant ¢ > 0 such that

Py
Pv — Oy

nl Ugﬂ_l —rn
< (n+1)|w,|T™

(n+1) <, ™"
for all vand all n > 0.

If v is archimedean the integral representations of the functions in W (m,, 1,,) show that there are
positive constants ¢,, d,,, and M, such that

a 0 —Cy v
<,0U<<0 1>h>'§Mv|a| exp(fdv|a|f,)

for a in F and hin ,,. €, is 1 if v is real and % if v is complex.
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Since we want to prove not only the first assertion but also the third we consider the sum

(0= S oot (5 4)0)

a€EFX vgS
where g lies in the set (11.4.2) and b is an idéle such that b, = 1 for all non-archimedean v. We also
suppose that there is a positive number ¢ such that b, = ¢ for all archimedean v. If A is a set of a in F’
for which ||, < ¢, for all non-archimedean v not in S and d(a) # 0 then

/(5 7)9)

is bounded by
ST Molatlze exp(—dutleli)}{ [T Molowl ™}
Ziﬁ vES, vg€SUS,

If F'is a function field A is a finite set and there is nothing more to prove. If it is a number field
choose for each v in S a constant ¢, such that §(«) = 0 unless |a, < ¢,. Since

H ’O"v =1,
IT lele? < {ITex3{ IT 1elt}-

vgSUS, vES vES,

Thus our sum is bounded by a constant times the product of [[,cs. t=¢v/%v and

S I Alals exp (= dutlals)}.

aEA UGSa
a#0

The product [, . |, is bounded below on A — {0}. Multiplying each term by the same sufficiently
high power of [ | ||, we dominate the series by another series

> I {lal exp(=dut faf5)}

aceANveES,

UESU.

in which the exponents p, are non-negative. This in turn is dominated by [ ,c 5. t=Pv/cv times

Z H exp (_2dvt|a|i“).

aceANvES,

A may be regarded as a lattice in [ |
if o« = Z a; )\1

ves, Fo- i A1, -+, Ay is a basis of A there is a constant d such that

dy
S Sl >dY fail.

UGSa
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(o 7))

is dominated by some power of ¢ times a multiple of

{ i 6—dt|a\}"

a=—00

Thus

which is bounded by a multiple of (1 + %)n
The first assertion is now proved and the third will now follow from the second and the observation
that every element of 1% is the product of an element of F'*, an idéle whose components are 1 at all
non-archimedean places and equal to the same positive number at all archimedean places, and an idele
which lies in a certain compact set.
L€
(o 9)

Suppose § is in F' and
belong to G7,. Then ¢ is integral at each prime of S and ¥, () = 1if a, # 0. If g belongs to G'7, and

_(L ¢
=6 1)
then e(hs) = ¢(gg) and if v is not in S
o <<g (1)> hv> = to(a€) ¢ <<g (1)> gv) .

T ¢o(e) =[] vo(ag) =1.

vgS

<P<<(1) §>g> = ¢(9)-
€ <<b(“)g b?q) gs) =n(bs) e(gs)

Ifao, #0

Consequently

If b belongs to I3, then

and

so that
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If 3 belongs to F'* N I3, and

- (hs)=¢ (( 505 (1))) £(9s)

and ¢(h) is equal to R
(5 D)5 Do)

Since

we can change variables in the summation to see that ¢(h) = ¢(g).
The lemma is now proved. The function

can be treated in the same fashion.

Theorem 11.5 If w is a quasi-characters of F* \ I such that

a, 0\ _
wv(av)es(( 0 1)) =1
for all units a,, of O, set

A(s,w) ={ Z aq w(ag) las]®™ }Hstv@Jm)

FXOIZ\FX vgS

R

Asw)={ > aawlas)lasl* 2} ] L(s,w, @ 7).

FXNIS\F* vES

If

for all units a, in O, set

Then A(s,w) and K(s,w) are defined for Re s sufficiently large. Suppose that whenever w is such

that A(s,w) or K(s,w) is defined they can be analytically continued to entire functions which are
bounded in vertical strips. Assume also that there is an A in F'* such that |Al, = |w,|™ for any

pin S and

= { va ) |AlZ 1/2}{ He(s,wv®7rv,wv)}7&(1—s,n_1w_1)

vES vgS
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whenever A(s,w) is defined. Then for any ¢1 in W (m, 1) there is an automorphic form ¢ on Gy

such that
e(g) = Zaa £(gs) 1 ((%S (1)> Qs)

S
on Gp.

The infinite products occurring in the definition of A(s,w) and A(s,w) certainly converge for Re s
sufficiently large. To check that the other factors converge one has to check that

D ol

converges for Re s sufficiently large if the sum is taken over those elements « of a system of coset
representatives of F* N I3 \ F* for which |a|, < ¢, for v in S. This is easily done.
Ag is the idele whose components are 1 outside of S and A in S. Since

(200 A= (0, )
(2 0)

normalizes K2. In particular if g belongs to G, so does
0 1 0 Ag'
A 0)9\1 o )

Lemma 11.5.1 If ¢y is in W(m, ) and g is in GSL’, then, under the hypotheses of the theorem,

(4 92 )=

Let ¢'(g) be the function on the left. As before all we need do is show that for every character w
of F* N I3 \ I3 and every g in G¥, the integral

a 0 s—1
/ 7 ((O 1> g) w(a)la]*”"2d%a (11.5.2)
FXNIZ\I3

is absolutely convergent for Re s large and positive. The integral

/ ¢’ <<a 0) g> w(a) |a|*~ 7 d*a (11.5.3)
FXNIS\I3 0 1

is absolutely convergent for Re s large and negative, and they can be analytically continued to the same
entire function which is bounded in vertical strips.

If for any v in S the character
a— wy(a)e a 0
v 0 a

the matrix
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on the group of units of O, is not trivial the integrals are 0 when they are convergent. We may thus

assume that
a 0
({3 )=
for all units in O,, if visin S.

We discuss the first integral in a formal manner. The manipulations will be justified by the final
result. The integrand may be written as a double sum

ZZ%w((‘}f (1))95) @1<<ds%5% (1))§S> w(a)|al*~%.

The inner sum is over v in F* N I3 and the outer over a set of coset representatives o of F* N I5 \ F*.
Y D 1% D

Since
as 0 vsas O
(V) =me (757 9))

w(a)lal*~% = w(va) [yal*~*

and

the integral is equal to €(gg) times the sum over « of

o o5 ) (5 D)o

Since 12 is the direct product of

S
D

IAS:{GEI‘aszl}

and a compact group under which the integrand is invariant the previous expression is equal to

asa 0 . o1
aa/ ©1 << 8 1>gs) w(a)lal*"2 d*a.
Is

Changing variables to rid ourselves of the &5 in the integrand and taking into account the relation
L =w(a)fa'"% = was)w(ds) as|# fas|

we can see the original integral is equal to

(o) Y anstoslost ™t [ er((§ 1) as ) wto) ol e

There is no harm in supposing that ¢, is of the form

e1(3s) = [ #olg0)-

vE€S
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We have already seen that, in this case,

[ (5 9)as) storarsm

is convergent for Re s large and positive and is equal to
1L, (5 2)o) siorm e
X 0 1
vgS v

If ¢!, is the function
¢y (h) = wy(h) pu(h)
in W(w, ® my,1,) this product is

H {L(s,wv @ 7y) P(go, 8, ¢0) w;l(detgv)}.
vgS

Thus the integral (11.5.2) is absolutely convergent for Re s large and positive and is equal to

5(95’) w(deth) A(Sa w) H ‘I)(gm S, 90;;)
vgS

The argument used in the proof of Theorem 11.3 shows that this function is entire.

(6D )
é(hs) =¢ ((adg (1))93>~

Thus the integrand in (11.5.3) is equal to

then

(5 ) (5 (2 (5 oo

The sum can again be written as a double sum over v and «. Since

el e ) (5

dan(73)6<<75(1)a5 (1)>>
A (U9 D (A o) (5 1))

which equals

and
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(% (4 D )

we can put the sum over F'* N I3 and the integration over F* N I3 \ I3 together to obtain £(gs) times
the sum over F* N I3\ F* of

~ as 0 ds 0 0 1 ds 0 ~ S_% X
e (5 D) (5 ) (o) (5 7o) wtartre
We write
as 0\ [( 0 1\ (fas O\ _ [0 1\[as 0 [—d5'dsas 0
0 1)\A4s 0oJ\o0o 1) \-1 0/ 0 as 0 1

and then change variables in the integration to obtain the product of w(—Ag) |Ag|*~2 and

. 1 _1 1_g 0 1 a 0\ . el oy
aan (as)w” T(ag) |ag|? /gp << )( >g5>wa al®" 2 d”a.
sy st = [ o (5 ) (51 (a)|a

Replacing a by a~! and making some simple changes we see that the integral is equal to

/fs 7 <<8 (1)> <_01 é)f]s) 0 Hs)w () a2 d*a

which converges for Re s large and negative and is equal to

is equal to

[T {2 —sm7"wit @m) B(wgy, 1 — 5,9,) wy(detg,) }.
v€S

Thus the integral 11.5.3 is equal to

e(gs) w(detgs) w(—As) [As]* 2 AL — s, w ™) ] @(wg,1 - 5,¢))
€S

which is entire.
Since
(I)(wgv7 1 - 87 (p’ll}) = 6(37(,()1) ® 7r’U7 w) (D<g'U7 87 (p{L))

the analytic continuations of (11.5.2) and (11.5.3) are equal. We show as in the proof of Theorem 11.3
that the resultant entire function is bounded in vertical strips of finite width.
There is now a simple lemma to be proved.
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Lemma 11.5.3 The group Gg N GSI’) is generated by the matrices in it of the form

a (3
0 ¢
a 0
vy )
This is clear if S is empty. Suppose that S is not empty. If
_ (o b
T (’Y ; )
belongs to Gr N G and |af, = 1 for all v in S then

e 0 1%
g_’yé—% 0 1

and both matrices belong to G N GSE’). In general if gis in Gp N G% then, for each v in S, |af, < 1,
|7]v < 1 and either |a], or ||, is 1. Choose £ in F so that, for every vin S, |¢,| = 1if |a|, < 1 and

|€y| < 1if |a|, = 1. Then
L&\ (a B\ _ [atéy B+
0 1)\y ¢/ v )

and |a + £v|, = 1 for all v in S. The lemma follows.
We know that if

and

isin Gr N GY. Then

(5 5)0) =2 (5 0) (5 5)o(0 %))

Since the argument on the right can be written

() (5 0)e ()

and the first term of this product lies in G N G, the right side is equal to

(3 e 45) -
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Thus ¢ is invariant under G N G%. Since G, = Gp GSI’) the function ¢ extends in a unique
manner to a function, still denoted ¢, on Gy \ G4. It is clear that ¢ is K-finite and continuous and that

v <<8 2) g> =n(a) p(g)

for all @ in I. It is not quite so clear that ¢ is slowly increasing. If €2 is a compact subset of G there is a
finite set 71, - - -, Y¢ in G g such that

Q=U_,0n~1GP.
What we have to show then is that if 7y belongs to G and ¢ > 0 is given there are constants M; and
M, such that for all gin Q@ N y~! G}, and all a in I for which |a| > ¢

(6 1))

If v is a place of F', which is not in S and is archimedean if F' is a number field, there is a compact
set C'in [ such that

S Ml\a\M2.

{ael|la| >c} C F*{ae F)|la] > c}C

Thus the inequality has only to be verified for a in F;} — of course at the cost of enlarging €. If

_ (o B
= 5)
a 0 _(a =z
withz = (1 — oz)% and the conclusion results from Lemma 11.4 and the relation

By = (BA N GF) (BA N G%)

then

if

BA:{<8 ff) € G}
=m0
(5 D=0 ) (2S5 (6 1)
(5 0)( 1)

lies in a certain compact set which depends on 2, ¢, and 7. The required inequality again follows from
Lemma 11.4 N

The space U of functions ¢ corresponding to ¢; in W (7, 1)) transforms under Hg according to
m. Lemma 10.13 implies that every element of U is an automorphic form. If it is not contained in Ay,
Lemma 10.12 applied to the functions

@0(9):;/ ¥ Lo g) dz
measure F'\ A Jp\ 5 0 1

with ¢ in U shows that there are two quasi-characters p and v on F* \ I such that 7, = 7(fu, 1) for
almost all v.

Otherwise we write

Then

The matrix
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Corollary 11.6 Suppose there does not exist a pair p, v of quasi-characters of F* \ I such that
Ty = Ty, Vy) for almost all v. Then there is a constituent 7" = ®@nl of Ay such that 7, = 7} for
all v not in S.

Since U transforms under Hg according to 7 it is, if v is not in S, the direct sum of subspaces
transforming under H, according to 7,. By assumption U is contained in Ay and therefore in Aq (7).
Ao(n) is the direct sum of subspaces invariant and irreducible under H. Choose one of these summands
V' so that the projection of U on V is not 0. If 7 = ®m), is the representation of H on V it is clear that
m = m, if visnotin S.

Another way to guarantee that U lies in the space of cusp forms and therefore that the conclusion
of the corollary holds is to assume that for at least one v not in S' the representation 7, is absolutely

cuspidal.
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§12. Some extraordinary representations. In [18] Weil has introduced a generalization of the Artin
L-functions. To define these it is necessary to introduce the Weil groups. These groups are discussed
very clearly in the notes of Artin-Tate but we remind the reader of their most important properties. If
Fis alocal field let C'r be the multiplicative group of F'and if I''is a global field let Cr be the idele class
group F* \ I. If K is a finite Galois extension of F' the Weil group Wi is an extension of & (K/F),
the Galois group of K/F, by Ck. Thus there is an exact sequence

1—>CK—>WK/F—>L’5(K/F)—>1.

If L/F is also Galois and L contains K there is a continous homomorphism 77, JFK/F of Wy, /F onto
Wi, r. It is determined up to an inner automorphism of Wi, by an element of Cx. In particular
Wg,r = Cr and the kernel of 7,/ is the commutator subgroup of Wy /p. Alsoif ' C F C K
we may regard Wy, as a subgroup of Wy p. If I’ is global and v a place of F' we also denote by v
any extension of v to K. There is a homomorphism «, of W /r, into W, which is determined up
to an inner automorphism by an element of C.

A representation o of Wy, is a continuous homomorphism of Wy, into the group of invertible
linear transformations of a finite-dimensional complex vector space such that o (w) is diagonalizable for
allwin Wi, . If K is contained in L then 0 o 7,/ i/  is a representation of W, whose equivalence
class is determined by that of 0. In particular if w is a generalized character of Cr then w o T/ /f is
a one-dimensional representation of Wi, which we also call w. If o is any other representation w ® o
has the same dimension as 0. If ' C £ C K and p is a representation of Wy, on X let Y be the space
of functions ¢ on Wi, r with values in X which satisfy

p(uw) = p(u) p(w)
forall uwin Wy /p. If v € Wk p and ¢ € Y let o(v)¢p be the function
W — ¢p(wo)
o(v)y also belongs to Y and v — o(v) is a representation of W . We write
o=IndWgk,r, Wk/E,p).

If F'is global and o is a representation of W, - then, for any place v, 0, = oo, isa representation
of Wk, /r, whose class is determined by that of .

Now we remind ourselves of the definition of the generalized Artin L-functions. Since we are
going to need a substantial amound of detailed information about these functions the best reference is
probably [19]. In fact to some extent the purpose of [19] is to provide the background for this chapter
and the reader who wants to understand all details will need to be quite familiar with it. If /" is a local
field then to every representation o of Wy, we can associate a local L-function L(s, o). Moreover if
Y is a non-trivial additive character of F' we can define a local factor £(s, 0,15 ). The L-function and
the factor (s, 0, 1) depend only on the equivalance class of o.

If I is a global field we set

L(s,0) = H L(s,0y)
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The product converges in a right half-plane and L(s, o) can be analytically continued to a function
meromorphic in the whole complex plane. If ¢ is a non-trivial character of F' \ A the functions
(s, 04,1, ) are identically 1 for all but a finite number of v. If

c(s,0) = [[els.00.0)

and o is the representation contragredient to ¢ the functional equation
L(s,0) =¢(s,0) L(1 —s,0)

is satisfied. For all but finitely many places v the representation o, is the direct sum of d, the dimension
of o, one-dimensional representations. Thus there are generalized characters pl, - - ud of Cr, such
that o, is equivalent to the direct sum of the one dimensional representations

w +— ,ui (TKU/Fv JFy | Fy (w)) .

Moreover, for all but finitely many of these v, i}, - - - , u are unramified and there is a constant r, which
does not depend on v, such that

(@) < fof” 1<i<d.
If F' is a global or a local field and o is a representation of Wy /p then w — deto(w) is a one-
dimensional representation and therefore corresponds to a generalized character of Cr. We denote this
character by deto.

If F'is a local field, o is a two-dimensional representation of Wi JF/ and Yg is a non-trivial
additive character of F' then, as we saw in the first chapter, there is at most one irreducible admissible

representation 7 of H g such that
a 0
T << 0 a )) = deto(a) I

and, for all generalized characters w of C,

L(s,w@m) =L(s,w®0)
L(s,w ' ®@%) = L(s,w ' ®0)
E(S7W®W7¢F) :5(S>W®07¢F)~

1 ) () = Yr(Gz) then

e(s,w®0,Y) =detw @ o(B) e(s,w® o, Yr)

™ (<8‘ 2)) = deto(a) I

e(s,w @, Yp) =detw @ o (B)e(s,w @ m Yp).

and, since

one also has
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Thus T, if it exists at all, is independent of )p. We write 7 = (o).

There are a number of cases in which the existence of 7(¢) can be verified simply by comparing
the definitions of the previous chapter with those of [19]. If ;s and v are two quasi-characters of Cr and
o is equivalent to the representation

then 7(0) = m(u,v). If K/F is a separable quadratic extension, x is a quasi-character of Crr = Wik,
and
0= Ind(WK/Fa Wk ks X)

then (o) = m(x). Observe that 7(x) is alway infinite-dimensional.
Suppose F'is a global field and K is a separable quadratic extension of F'. Let x be a quasi-character
of C'k and let

o =Ind(Wgk,r, Wk/k, X)-
If v does not split in K
Oy = Ind(WKU/FU7WKU/KU7XU)7

but if v splits in K the representation o, is the direct sum of two one-dimensional representations
corresponding to quasi-characters 1, and v, such that p,v, Lis a character. Thus 7(0y,) is defined and
infinite-dimensional for all v.

Proposition 12.1  If there is no quasi-character p of Cr such that x(o) = u(Ng/pa) for all a in
Ck the representation ®@,m(0y) is a constituent of Ag.

If w is a generalized character of F' then
(WR )y =wy @ 0y

Define a generalized charcter wx,r of Cx by

(AJK/F(OZ) = W(NK/F(CK))

Then

w®o=IndWg/p, Wk/k,Wk/FX)
and

L(va ® J) = L(87WK/FX>'

The L-function on the right is the Hecke L-function associated to the generalized character wg,rx of
Ck. Itis entire and bounded in vertical strips unless there is a complex number r such that

wi/r(@) x(@) = |af" = |[Ng/pal".
But then

x(@) = w ' (Ng pa) [Ny /pal”

which is contrary to assumption. The function
L(s,w ' ©5) = L(s,wgypx ")

is also entire and bounded in vertical strips. It follows immediately that the collection {7 (o, )} satisfies
the conditions of Theorem 11.3.
This proposition has a generalization which is one of the principal results of these notes.
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Theorem 12.2 Suppose F' is a global field and o is a two-dimensional representation of Wy p.
Suppose also that for every generalized character w of Cr both L(s,w ® o) and L(s,w™ ® &) are
entire functions which are bounded in vertical strips. Then 7(o,) exists for every place v and
®ym(0y) is a constituent of Ag.

We observe that the converse to this theorem is an immediate consequence of Theorem 11.1.

We are going to apply Corollary 11.6. There are a large number of conditions which must be
verified. We know that 7(o,) is defined for all but a finite number of v. In particular it is defined for
v archimedean for then o, is either induced from a quasi-character of a quadratic extension of F;, or is
the direct sum of two one-dimensional representations. If o, is equivalent to the direct sum of two one-
dimensional representations corresponding to quasi-charcters y, and v, then y,v, ! is a character so
that 7(o, ) is infinite-dimensional. Let S be the set of places for which (o, ) is infinite-dimensional. Let
S be the set of places for which 7 (¢, ) is not defined or, since this is still conceivable, finite dimensional.
We are going to show that S is empty but at the moment we are at least sure that it is finite. If v is not
in S setm, = m(oy).

If v is in S the representation o, must be irreducible so that

L(s,w, ® 0y) = L(s,u};1 ®ao,) =1

for every generalized character w,, of F*. The Artin conductor p;*” of o, is defined in the Appendix to
[19]. There is a constant ¢,, depending on ¢, such that if w, is unramifed

_1
E(8, Wy ® Ty, 1) = Cyp Wy ()™ T2 |y (Mo 2m0) (53

if p, ™ is the largest ideal on which 1), is trivial. ), is the restriction to F;, of a given non-trivial
character of F' \ A.
We take

D=]]»m

peS

e <<‘6 12) >> = deto (by)
é << ‘gf b(i )) = detoy, (ay)

if v belongs to S and a, and b, are units of O,. If « belongs to F'* and |a|, = |w,| ™" for every v in S
weset a, = land aq = [[,c g co deto, (a); otherwise we set an, = Go = 0.
The function A(s,w) of Theorem 11.5 is defined only if w, is unramified at each place of S and

then it equals
{ H wy (o, ™) |wv‘,nv(s,%)} { H L(s,w, ® Wv)}
vES vgS

and 1 = deto. We define € and € by

and

which is N
{T] wo(wy™) [, |8} Ls,w ® o).
VES
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~

A(s,w™tn71) is also defined if w, is unramifed at each place of S and is equal to

Hcvwv oY gy | (5 2)}L 1 ®7).
veS
Choose A in F'* so that |A,| = |w,|™" for every v in S. Then
[T wo(=A) 141 = [T wolm)™ w4
veS vES

The functional equation asserts that L(s,w ® o) is equal to

{ H e(s,wy ® Jv,wv)}{ H e(s,wy ® Jv,wv)}L(l — 5w ' ®0).

veS vegS

The first factor is equal to

{ Hcvwv wv an ’w ’2nu(8*2)}{ va ’A’v }

vES vES

Therefore A(s,w) is equal to

(T wol=A) 1AL FH T essw0 ® 00, 00) AL — 5,07 7).

veS vgS

The assumptions of Theorem 11.5 are now verified. It remains to verify that of Corollary 11.6. It
will be a consequence of the following lemma.

Lemma 12.3 Suppose F' is a global field, K is a Galois extension of F, and p and o are two
representations of the Weil group Wy p. If for all but a finite number of places v of F' the local
representations p, and o, are equivalent then p and o are equivalent.

= HL(S, Op)-
p

The product is taken over all non-archimedean places. We first prove the following lemma.

We set

Lemma 12.4 If o is unitary the order of the pole of Lo(s,0) at s = 1 is equal to the multiplicity
with which the trivial representation is contained in o.

Therearefields Ey, - - -, E, lyingbetween F'and K, characters x g, , - - - , Xi,,and integers my, - - - , m,.
such that o is equivalent to
©izymi nd(Wg p, W/ B, XE;)

Let 9; = 1if x g, is trivial and 0 otherwise. Since

r

L0(87 J) = H L0(87 XEz)mz

i=1
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the order of its pole at s = 1 is Z;zl m; 9;. However

I1f1d(I/V1:(/F, WK/Ea XEZ-)

contains the trivial representation if and only if xg, is trivial and then it contains it exactly once. Thus
Z;zl m; 6; is also the number of times the trivial representation occurs in o.
Observe that if 7" is any finite set of non-archimedean primes the order of the pole of

H L(s,op)

pET

at s = 1 is the same as that of Ly(s, o).

The first step of the proof of Lemma 12.3 is to reduce it to the case that both p and ¢ are unitary.
Then p and o certainly have the same degree d. Let pacton X and let o act on Y. Under the restriction p
to Ck the space X decomposes into the direct sum of invariant one-dimensional subspaces X1, - - -, X4
which transform according to quasi-characters !, - - -, u¢ of Ck. If a is a real number let

M(a) = {i||p' ()| = |o|* for all a in Cc }

and let

X(a)= > X;

i€M(a)

X (a)is invariant under Wi pand X =3 ©X(a). Let p(a) be the restriction of p to X (a). Replacing
pby o and X by Y we can define v'!, - -, v% and Y (a) in a similar fashion.

We now claim that if p, is equivalent to o, then p,(a) is equivalent o, (a) for each a. To see this
we need only verify that any linear transformation from X to ¥ which commutes with the action of
Wk, /r, or even of Uk, takes X (a) to Y (a). Observe that under the restriction of p, to C, the space
X; transforms according to the character p and that | ()| = |a|® for all a in Ck, if and only if
| ()| = |a|® for all & in C. Thus X (a) and Y (a) can be defined in terms of p, and o, alone. The
assertion follows.

Thus we may as well assume that for some real number a

| ()] = v ()] = |a]”

for all ¢ and all @ in Ck. Replacing 0 by @ — |a|% () and p by o — |a|™% p(«) if necessary we
may even assume that a = 0. Then p and o will be equivalent to unitary representations and we now
suppose them to be unitary.

If 7 is irreducible and p ~ 7 @ p’ and 0 ~ 7 @ ¢’ then p), is equivalent to o/, whenever p, is
equivalent to o,. Since we can use induction on d it is enough to show that if 7 is irreducible and
unitary and contained in p then it is contained in 0. Let p and ¢ be the representations contragredient
to p and 0. Certainly (p ® 7), = p, ® T, is equivalent to (¢ ® 7), for all but a finite number of v.
Moreover p® 7 contains 7 ® 7 which contains the identity. If o ® 7 contains the identity then, as is well-
known and easily verified, o contains 7. On the other hand the orders of the poles of Ly (s, p ® 7) and
Ly(s,0 ®@T)ats = 1are clearly equal so that, by Lemma 12.4, ¢ ® 7 contains the trivial representations
if p® 7 does.
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We return to the proof of Theorem 12.2. It follows from Lemma 12.3 that if the assumptions of
Corollary 11.6 are not satisfied o is equivalent to the direct sum of two one-dimensional representations
associated to quasi-characters y and v of Cr. Then

L(s,w® o) = L(s,wn) L(s,wv).

The two functions on the right are Hecke L-functions. The function on the left is entire for every choice
of w. Taking w = p~ ! and w = v~ we see that L(s, u~'v) and L(s,v~ ') have a zero at s = 1. Let
ptv(a) = |a|” x(a) where Y is a character. Then

L(s,p~'v) = L(s +7,X)
L(svlj—l:u’) = L(S - TaX_l)'

Now neither L(s, x) nor L(s,x™!) has a zero in the set Res > 1. Therefore 1 + 7 < land 1 —r < 1.
This is impossible.

We can now apply Corollary 11.6 to assert that there is a constituent 7’ = [ [ ®m;, of A( such that
m, = 7(0y) for v notin S. To prove the theorem we need only show that 7/, = 7(c,) for vin S. Taking
the quotient of the two functional equations

Ls,w®0)= {H&(s,wv ®UU,¢U}L(1 —s,w ! ®0)

e L(s,w@n’) ={ Hs(s,wv @, Py) } L1 —s,w™ ' @ 7'),
v

we find that

H (s, wsy ®0v)

s L(s,w, ® )
is equal to

{H e(s,wy ® Ty1y) } {H L(l—s,wlz1 ®?v)}.
s e(s,wy @, 1hy) s L(l—s,wy ' @7)

We need one more lemma. If v is a non-archimedean place and w, is a quasi-character of F*
let m(w,) be the smallest non-negative integer such that w, is trivial on the units of O,, congruent to

1 modulo pm(w“)

Lemma 12.5 Suppose S is a finite set of non-archimedean places and vg € S. Suppose that we are
given a quasi-character x, of ) and for each v # vg in S a non-negative integer m,. Then there
is a quasi-character w of Cp such that wy,, = X, and m(w,) > m, if v # vy belongs to S.

Suppose Xy, (@) = |a|f, Xvo( «) where x, is a character. If w’ is a character of Cr and w;,, = X,
while m(w,,) > m, for v # vy in S we may take w to be the generalized character & — |a|" w'(c)
of C'r. In other words we may assume initially that Y, is a character. Let A be the group of ideles
whose component at places not in S is 1, whose component of a place v € vp in S is congruent to
1 modulo pl*», and whose component at v is arbitrary. Certainly F* N A = {1}. We claim that F'* A

is closed in I. Indeed if o € I there is a compact neighborhood X of o on which the norm is bounded
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above by 1/¢ and below by ¢ where ¢ is a positive constant. If 3 € F* and v € A then |57] = |v].
Moreover

1
A ={yeAle<hl< )

is compact. Since F'* is discrete F'*A, is closed. Since any point has a compact neighborhood whose
intersection with F'* A is closed the set F'*A is itself closed.

We can certainly find a character of A which equals xvy on F;S and, for any v # g in S, is
non-trivial on the set of units in O, congruent to 1 modulop)**. Extend this character to F’* A by
setting it equal to 1 on F'*. The result can be extended to a character of I which is necessarily 1 on F'*.
We take w to be this character.

Let 7, (% C?U )) = nulow). I n(e) = I, no(cvw) then n is a quasi-character of F* \ I. Since, by
construction, n = deto on I}, the quasi-characters 7 and deto are equal. Therefore 1, = deto, for all
v. We know that if m(w, ) is sufficiently large

L(s,w, ®0,) =L(s,w,®@m)=1

and
L(l=s,w,'®5,) =L(1-sw, ' @7,) =1

Moreover, by Proposition 3.8
e(s,wy @y, o) = (s, WoTlw, o) £(5, wo, ).
It is shown in the Appendix of [19] that if m(w,) is sufficiently large
£(8, w0 @ 0y, ) = £(s, wydeton, 1y ) (s, W, ).

Applying Lemma 12.5 and the equality preceding it we see that if v is in S and w, is any quasi-
character of F

L(vav@)av) _ 5(57wv®0—v7¢v) L(l_sawv_l ®b—v)
L(s,wy @m,)  le(s,wy @, 0) [ L1 —s,wot@7) )"

Recalling that
L(s,w, ®0,) = L(1 — s,w; ' ®35,) =1

for v in S we see that
L(l - Sawv_l ® ﬁ;) _ S(Sawv X Uvad)v)
L(s,w, @m,)  e(,wy @7, thy)

The theorem will follow if we show that

(12.5.1)

L(s,w,®@m,) =L(1—s,w;' @m,) =1

for all choices of w,,.
If not, either 7/, is a special representation or there are two quasi-characters j, and v, of F, such
that 7}, = 7(f4y, V). According to (12.5.1) the quotient

Ll —s,wt @)
L(s,w, ® )
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is an entire function of s for every choice of w,. If 7/, = 7(f1,, v,y ) and m(pu, *1;,) is positive

Ll-s,u®7) _ 1- |
L' @m)  1— [

which has a pole at s = 1. If m(u; v,) =0

L(1—s,p, @) :{ 1— |w,|® }{ 1—p; vy (@) |we® }

L(s, st @) 1 — |oo |15 1 — piy vy (@) 12

which has a pole at s = 1 unless j, v, ' (w,) = |@,|. But then it has a pole at s = 2. If 7/, is the special
representation associated to the pair of quasi-characters

a—pp(a)]al®  a— py(a)]a]”?

of F)* then
L1 = 8,1, ®7) 11— |ow,|*t3
L(s,uy ' @) 1— |w,|2*

which has a pole at s = %

There is a consequence of the theorem which we want to observe.
Proposition 12.6  Suppose E is a global field and that for every separable extension F of E, every
Galois extension K of F, and every irreducible two-dimensional representation o of Wi, p the
function L(s,o0) is entire and bounded in vertical strips. Then if Fy is the completion of E at some
place, K; is a Galois extension of Fy, and o1 is a two-dimensional representation of Wi, ,p, the
representation m(oy) exists.

We begin with a simple remark. The restriction of o1 to Ck, is the direct sum of two one-
dimensional representations corresponding to generalized characters x; and x2 of Ck,. If T belongs
to G = &(K/F) either x1(7(a)) = x1(e) for all @ in Ck or x1 (7(a)) = x2(e) for all win Ck. If
the representation o is irreducible there is at least one 7 for which x; (T(a ) = x2(a). If x1 # X2, the
fixed field L, of

H={reG|xi(r(a) =xi(a)}

is a quadratic extension of F'. The restriction of o1 to Wi, /1, is the direct sum of two one-dimensional
representations and therefore is trivial on the commutator subgroup Wi, ~which is the kernel of
Tk, /Fy,L./F, - Withno loss of generality we may suppose that K equals L; and is therefore a quadratic
extension of F. Then o is equivalent to the representation

Ind(Wgk, /r, Wik, k1> X1)-

If o1 isreducible 7(o ) is defined. The preceding remarks show that it is defined if oy is irreducible
and o1 («) is not a scalar matrix for some « in Ck,. The proposition will therefore follow from
Theorem 12.2 and the next lemma.
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Lemma 12.7 Suppose Fy is the completion of the field E at some place, K1 is a Galois extension of
Fy, and oy is an irreducible two-dimensional representation such that o1(«) is a scalar matriz for
all o in Cg,. Then there is a separable extension F' of E, a Galois extension K of F', a place v of
K, and isomorphism ¢ of K, with Ky which takes F, to Fy, and an irreducible two-dimensional
representation o of Wi p such that o, is equivalent to oy o ¢.

Observe that the existence of o, forces F'; to be non-archimedean. We establish a further sequence
of lemmas.

Lemma 12.8 Suppose V is a finite dimensional real vector space, G is a finite group of linear
transformations of V', and L is a lattice in V invariant under G. If x is a quasi-character of L
invariant under G there is a quasi-character X' of V' invariant under G and a positive integer m
such that the restrictions of X' and x to mL are equal.

Let V be the dual of V and V¢ its complexification. There is a y in Ve such that x(x) = 2=y
for all z in L. If z belongs to Ve the generalized character x — €2™(*/?) is trivial on L if and only if 2
belongs to % L is the lattice
{ve ‘7| (x,v) € Zforallzin L}.

~

Let G be the group contragredient to G. We have to establish the existence of an m and a z in £ such
that y — z is fixed by G.1lfo belongs to G then oy —y = w, belongs to L. Clearly cw, +wy; = wyr. Set

1
z:meT.

T

If m is taken to be [G : 1] this is the required element.

Lemma 12.9 Suppose F' is a global field, K is a Galois extension of it, and v is a place of K.
Suppose also that (K, : F,] = [K : F| and let x, be a quasi-character of Ck, invariant under
G =6(K,/F,) =&(K/F). There is a closed subgroup A of finite index in Cx which is invariant
under G and contains Cx, and a quasi-character x of A invariant under G whose restriction to
Ck, 5 Xov-

Suppose first that the fields have positive characteristicc. We can choose a set of non-negative
integers n,,, w # v, all but a finite number of which are zero, so that the group

B=Ck, x [[ U
w#v

is invariant under G and contains no element of K™ except 1. Uy is the group of units of O, which

Nw

are congruent to 1 modulopy” . We extend x,, to B by setting it equal to 1 on
1] vk
wWHV

and then to A = K*B/K* by setting it equal to 1 on K*.
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Now let the fields have characteristic 0. Divide places of K different from v into two sets, S,
consisting of the archimedean places, and 7', consisting of the non-archimedean ones. Choose a
collection of non-negative integers 7, w € T', all but a finite number of which are zero, so that

.BIZZCEQ]X II C%% X II U;%.

weS weT

is invariant under G and contains no roots of unity in K except 1. If w is archimedean let Ux, be the
elements of norm 1 in K, and set

B, = [[ U x [T Up-.

weS weT

B’/ B, is isomorphic to the product of Cx, and

vV =1]] Ck./Ux,

weS

which is a vector group. The projection L of
M =B{(B'nK*)/B;

on V is a lattice in V' and the projection is an isomorphism. Define the quasi-character u of L so that if
m in M projects to m; in Ck, and to mg in V' then

Xo(mi) p(mz) = 1.

i is invariant under G. Choose a quasi-character 1/ of V and an integer n so that 1/ and 1 are equal
on nL. Let v/ be the quasi-character obtained by lifting x, x g’ from Cx, x V to B’. It follows
from a theorem of Chevalley ([20] Theorem 1) that we can choose a collection of non-negative ingegers
{n. | w € T} all but a finite number of which are zero so that n,, > n/, for all w in T, so that

B=Ck, x [] Ck, x [] U~

weS weT

is invariant under G, and so that every element of BN K* is an nth power of some element of B’ N K *.
The restriction v of v/ to B is trivial on BN K *. We take A = K* B/K* and let x be the quasi-character
whichis 1 on K* and v on B.

Lemma 12.10 Suppose Fi is a completion of the global field E, K1 is a finite Galois extension of Fy
with Galois group G, and Xk, s a quasi-character of C'i, invariant under Gy. There is a separable
extension F of E, a Galois extension K of F, a place v of K such that K, : F,] = [K : F], an
isomorphism ¢ of K, with K1 which takes F, to Fi, and a quasi-character x of Ck invariant
under g(K/F) such that x, = Xk, © .

We may as well suppose that '} = E,,, where w is some place of E. It is known ([8], p.31) that
there is a polynomial with coefficients in E such that if 6 is a root of this polynomial E,(6)/E,, is
isomorphic to K;/F;. Let L be the splitting field of this polynomial and extend w to a place of L.
The extended place we also call w. Replacing E by the fixed field of the decomposition group of w if
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necessary we may suppose that F} = E,,, K1 = L,, and [L,, : E,,] = [L : E]. Now set x,, = Xk, and
extend x,, to a quasi-character x’ of A as in the previous lemma.

Let K be the abelian extension of L associated to the subgroup A. Since A is invariant under
&(L/E) the extension K/E is Galois. Let v be a place of K dividing the place w of L. Since A
contains Cp,, the fields K, and L,, are equal. Let F' be the fixed field of the image of &(K,/E,) in
&(K/E). Let v also denote the restriction of v to F'. The fields F, and E,, are the same. The mapping
Nk : Cx — Cp maps Ck into A. Let x = x’ o Nk /1. Then  is clearly invariant under &(K/F).
Since N 1, restricted to K, is an isomorphism of K, with L,, which takes F, onto £, the lemma is
proved.

To prove Lemma 12.7 we need only show that if /" is a global field, K is a Galois extension of F/,
X is a quasi-character of Cx invariant under & (K /F'), v is a place of K such that [K : F'] = [K,, : F,],
and o is an irreducible two-dimensional representation of Wy ,p, such that o, () = x,(a)[ for all
a in Cg, then there is a two-dimensional representation o of Wi /- such that o, is equivalent to 0;. o
will be irreducible because o is.

Let o1 act on X. Let p, be the right regular representation of Wi/, on the space V;, of functions
Jon Wk, ,r, satisfying

flaw) = xo(@) f(w)

for all in Uk, and all w in Wi /g, . If X is a non-zero linear functional on X the map from x to the
function A\(o1(w)z) is a Wi, /p, -invariant isomorphism of X with a subspace Y of V,.
Let V be the space of all functions f on W, satisfying

flaw) = x(a) f(w)

for all & in Ck and all w in Wi /p. Since [K : F] = K, : F] the groups &(K/F') and &(K,/F),) are
equal. Therefore
Wg/p=Cxk Wk, /p,

Moreover Cx, = Cx N Wk, ,r,. Thus the restriction of functions in V to W /r, is an isomorphism
of V with V,,. For simplicity we identify the two spaces. Let p be the right regular representation of
Wy p on V. If a belongs to Cx then

flwa) = x(waw™) f(w) = x(a) f(w)

because x is & (K/F) invariant. Therefore p(a) = x(a) I and a subspace V' is invariant under W, p
if and only if it is invariant under Wy ,r, . If we take for o the restriction of p to Y then o, will be
equivalent to oy.
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Chapter Ill: Quaternion Algebras

§13. Zeta-functions for M (2, F'). In this paragraph F' is again a local field and A = M (2, F) is the
algebra of 2 x 2 matrices with entries from F'. The multiplicative group A* of Aisjust Gp = GL(2, F).
If g is in G we set
l9la = aalg) = |detg|%-
Let 7 be an admissible representation of Hr on the space V. Let the contragredient representation
Factonon V. If v belongs to V and v to V the function

(n(g)v,0) = (v,7(g7")7)
is characterized by the relation

/ (n(gh),v,5) (1) dh = (n(g) ()0, D)

for all fin Hp. _
If ® belongs to the Schwartz space $(A) and v belongs to V and v to V' we set

Z(r, ®,0,7) = /G B(g) (n(g)v,5) d*g

and
2(7.0,00) = | (9 (0.7(9)7) "
Gr
The choice of Haar measure is not important provided that it is the same for both integrals.
If w is a quasi-character of F'*

Z(w@w,@,v,f}):/g ®(g) w(detg){m(g)v,v)d>g

The purpose of this paragraph is to prove the following theorem.

Theorem 13.1 Let 7 be an irreducible admissible representation of Hp and 7 its contragredient. Let
mactonV andwonV.
(i) For everyv inV, v inV, and ® in 8(A) the integrals defining Z(a% @ w, ®,v,0) and Z(a% ®

7, ®,v,0) converge absolutely for Re s sufficiently large.

(ii) Both functions can be analytically continued to functions which are meromorphic in the whole
plane and bounded at infinity in vertical strips of finite width.

(i) If

Z(a?% ®m, ®,v,0) = L(s,7)E(s, P, v,0)

and

!

1
Z(a5 2 @ 7, ®,v,0) = L(s,7) Z(s, ®, v, 7)
then Z(s, ®,v,0) and é(s, ®,v,0) are entire.
(iv) There exist ¢, v1,- -+, v, and 01, -+, 0, such that > . =(s, ®,v;,7;) is of the form ae® with
a # 0.
(v) If @' is the Fourier transform of ® with respect to the character 1z (x) = Yp(trz) then
21— 5,9 ,0,0) = e(s,m,p),2(s, ®, v, 7).

We suppose first that /' is non-archimedean and 7 is absolutely cuspidal. Then we may take 7 in
the Kirillov form so that V' is just 8(F*). Since an additive character ¢)p = 1) is given we will of course
want to take the Kirillov model with respect to it. The next lemma is, in the case under consideration,
the key to the theorem.
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Lemma 13.1.1 If ¢ belongs to S(F*), v belongs to V', and v belongs to V set

O(g) = p(detg) (v, 7(g)v) |detg| 7'

if g belongs to Gg and set ®(g) =0 if g in A is singular. Then ® belongs to S(A) and its Fourier
transform is given by

®'(g) = ¢ (detg)(r(g)v,7) |detg| " n~ " (detg)

if g belongs to Gg and
?'(g) =0

if g is singular. Here n is the quasi-character of F'* defined by

(5 £
cee((5 1)

This lemma is more easily appreciated if it is compared with the next one which is simpler but
which we do not really need.

and

Lemma 13.1.2 Let So(A) be the space of all ® in §(A) that vanish on the singular elements and

satisfy
/tb(gl <(1) 910>92> dz =0

for g1 and go in Gp. If ® is in 89(A) so is its Fourier transform.

Since 8y(A) is stable under left and right translations by the elements of G it is enough to show

(3 5)-
(s ) e

To verify these relations we just calculate the left sides!

(3 8)- foweno(a 2) o

The right side is a positive multiple of

/GF ®(g) Ya <g<8 8)) |detg|* d* g
/GF/NFwA <g<g 8)) \detg\Q{/F‘I’<9<(l) f)) dw}dxg

for a in F' and that

which equals
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This is 0 because the inner integral vanishes identically.

fo (o 7))
/{/¢<<: ?)) Yr(a+6+9z)dadfdyds} d

which, by the Fourier inversion fomula, is equal to

/q> (<3‘ ?)) Yp(a+ 6) dods dB
/Iale(a+5){<b<<g‘ g) (é f)) dﬁ}dadé
and this is 0.

We return to the proof of Lemma 12.1.1 for absolutely cuspidal 7. Since (v, 7(g)0) has compact
support on Gr modulo Z the function ®(g) belongs to §(A). Moreover

Jooloo 7)e) e

o(detgh) |detgh| ! / (r(g=tv, 7 <<(1) : )) (b)) da.

Since 7 is absolutely cuspidal this integral is 0. Thus ® belongs to 8y(A) and, in particular, ' vanishes
at the singular elements.

Suppose we can show that for all choice of ¢, v, and ©

is equal to

which equals

is equal to

P’ (e) = ¢'(e) (v, D). (13.1.3)
If h belongs to G set ®1(g) = ®(h™1g). If a = deth, ¢1(x) = |a| (e~ z),and v; = 7(h)v,

©1(g) = p1(detg) (v, 7(g)) |detg| .

Then @/ (e) is equal to
i(e) (v1,0).

e =t =l () 1))e

(2 (5 ) o

Thus ®'(h), which equals ®/ () |deth| 72, is

On the other hand

which equals

@' (deth)(m(h) v, 7) n~ " (deth) |deth| 1.

The formula (13.1.3) will be a consequence of the next lemma.
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Lemma 13.1.4 Let de be the normalized Haar measure on the group U = Up. If v is a character of
U set

n(y,x):/UV(a)w(sx) de

if ¢ is in F'. Let dx be the Haar measure on F which is self-dual with respect to . Then

/F (v, 25™) ¥(az) dz = 0

unless |a| = |w|™ but if a = (o™ with ¢ in U

/Fn(u, rww") Y(ax)dr = v(—() || et

if ¢ is the measure of U with respect to dx.

The general case results from the case n = 0 by a change of variable; so we suppose n = 0. In this
case the formulae amount to a statement of the Fourier inversion formula for the function which is 0
outside of U and equal to ¢~ 'v(¢) on U.

Suppose we could show that there is a positive constant d which does not depend on 7 such that
for all ¢, v, and ©

' (e) = dy'(e) (v, D).
Then we would have
¥'(g) = dy'(detg) (m(g)v, 0) " (detg).

Exchanging 7 and 7 and recalling that # = 77! @ 7 we see that ®”, the Fourier transform of &, is
given by
" (g) = d*¢" (detg){v, 7(9)0) |detg| " n(detg),

where ¢” = 7(w)p; if p1(a) = ¢’(a)n~1(a). According to the remarks preceding the statement of
Theorem 2.18, ¢ is the product of 7(w) ¢’ = n(—1) ¢ and n~(detg). Thus

" (g) = n(—1) d*p(detg) (v, #(g)) |detg| ;"

Since & = ®(—g) = n(—1) ®(g) the numbers d? and d are both equal to 1. The upshot is that in
the proof of the formula (13.1.3) we may ignore all positive constants and in particular do not need to
worry about the normalizaton of Haar measures.

Moreover it is enough to prove the formula for ¢, v, ¥ in a basis of the spaces in which they
are constrained to lie. Oddly enough the spaces are all the same and equal to §(F*). Assume
Y1 =0, p2 = 0, and ¢ are supported respectively by w™ U, w"2U, and @w"U and that, forall ¢ in U,
o1(w™e) = vyt (e), pa(w™e) = vy t(e) and p(w"e) = v 1(¢). v, vy and 1 are three characters of U.

The formal Mellin transforms of these three functions are @ (u,t) = &(uv; )™, Pa(p,t) =
§(puvy M)z, and P(p, t) = §(uv~1)t". Recall that, for example,

(p,t) = Zt" /U o(w"e) u(e) de.
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The scalar product (1, ¢2) is equal to

/gpl(a) pa(—a)d*a = §(r1v2) 6(n1 — na) va(—1).

If n(ew™) = vy(e) 2{ then
P'(ut) = Clp,t) Bl g 't )
which equals
d(vuvg) Z Con (v g D™ 25"

Consequently

Thus the formula to be proved reads
®'(e) = Cp(v™ 'y ) 2 " va(—1) 8(v112) 3(ng — na).

Almost all g in A can be written in the form

o=(6 )G )6 D)6 )

with @ and bin F* and = and y in F'. The additive Haar measure dg on A may be written as
dg = |detg|% d*g = |b*| d*bdzx|a| d*a dy

and for any g of this form

Yalg) =vr(b(z —y))
while ®(g) is equal to

e tavon (8 3) (5 G D)ne(6 1)

Let f; and f3 be the two functions which appear in the scalar product. Their formal Mellin
transforms can be calculated by the methods of the second paragraph,

Fi(pt) = vo(—1) Cl, ) vy o ™) e () 7

ifa = (p" and .
fa(p, t) = n(pwy b w"2y) 2.

The scalar product of f; and f5 is equal to

[ hia) fa(-a) a7



Chapter 3 221

which, by the Plancherel theorem for F'*, is equal to

27

1 R o ,
DonDge [ i) foluh ) do,
I

—Tr—ni

A typical integral is equal to the product of vo(—1) u ™ vy (¢) 2 and
2m ] )
/ C(p, ") et rbmtna)f =Lyt M)y p(p~ vyt @™ y) df
0

which equals

1 1 1

27 Cr oy s () (™ Vg vy !

ywh) n(p ve, @w"y).

Alsoifa = (w"
1 (0) [bPal T p(ba) = p(bPw") v 0 (B) 07 el T

If we put all this information together we get a rather complicated formula for ®(g) which we
have to use to compute ®'(e). ®’(e) is expressed as an integral with respect to a, b, z, and y. We will
not try to write down the integrand. The integral with respect to a is an integration over ¢ followed
by a sum over r. The integrand is a sum over p. The integration over ¢ annihilates all but one term,
that for which vy = 1. We can now attempt to write down the resulting integrand, which has to be
integrated over b, x, and y, and summed over r. It is the product of

mH0) b2 v(=1) 257" @(0*@") Cren s (V155

and
n(vvy H @™ z) n(vvery ', @™ y) vr (b(z — y)).

The second expression can be integrated with respect to x and y. Lemma 13.1.4 shows that the
result is 0 unless |b| = |w|™ = |w|™2. In particular ®’(e) = 0 if ny # na. If ny = ny the integration
over b need only be taken over @w"!U. Then the summation over r disappears and only the term for
which 7 + 2n; = n remains. Apart from positive constants which depend only on the choices of Haar
measure ¢’ (e) is equal to

2y "v1(—1) Cn(y_luol)/ vituy H(e) de.
U

Since

the proof of Lemma 13.1.1 is complete.
Since L(s, ) = L(s7) = 1 if m is absolutely cuspidal the first three assertions of the theorem are,
for such 7, consequences of the next lemma.
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Lemma 13.1.5 Suppose ® belongs to S(A), v belongs to V', and ¥ belongs to V. If 7 is absolutely
cuspidal the integral

[ ®l)m(o)e. o) detg|* 4 a7
is absolutely convergent for Re s sufficiently large and the functions it defines can be analytically
continued to an entire function.

Suppose the integral is convergent for some s. If ¢ is an elementary idempotent such that 7(§)v = v
the integral is not changed if ® is replaced by

Since 7 is absolutely cuspidal it does not contain the trivial representation of GL(2, Or) and we can
choose ¢ to be orthogonal to the constant functions on GL(2,0r). Then ®;(0) = 0. Thus, when
proving the second assertion of the lemma we can suppose that ®(0) = 0.

The support of (m(g)v,?) is contained in a set ZpC with C' compact. Moreover there is an
open subgroup K’ of GL(2, Op) such that the functions ®(g) and (7 (g)v, 0) are invariant under right
translations by the elements of K. If

C Q U. -pzl gi K !

)

the integral is equal to

> trta oy taciad [ o (5 0) ) niwlapata

i=1 F

if each of the integrals in this sum converges. They are easily seen to converge if Re s is sufficiently
large and if ®(0) = 0 they converge for all s. The lemma is proved.
Now we verify a special case of the fifth assertion.

Lemma 13.1.6 Suppose ¢ is in S(F*) and
®(g) = p(detg)(v, 7(g)) |detg| ~.
Then for all w in V and all @ in 1%
2(1— 5,9 u,a) = (s, m,9) Z(s, D, u, @).

The expression Z(s, ®, u, @) is the integral over G of

|detg|*~% p(detg) (m(g)u, @) (v, 7(g)D).

The integral
| ey (o (g an
SL(2,F)

depends only on detg. Set it equal to F'(detg). Then Z(s, ®, u, @) is equal to

/FX o(a) F(a) |a]*~* d*a.
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By Lemma 13.1.1
®'(g) = ¢'(detg) |detg| ' n~" (detg) (7 (g)v, D)

so that Z(s, ®’, u, @) is equal to

| P @F @l @
FX

F(a) /S 1o 8 TN (g )

whenever a = detg. Since the integrand is not changed when g is replaced by

(0 2)s

we have F(b%a) = F(a) and F(a) = F(a™!). The same relations are valid for F. Also F(a) = F(a™?)
so that F' = F.
We remind ourselves that we are now trying to show that

| #@F@n @l i

is equal to
(s, 7, 0) / o(a) F(a) |l * d”a.
FX

If U’ is an open subgroup of U such that

and

for ¢ in U’ then F and F are constant on cosets of (F*)2U’ which is of finite index in F'*. Write

F(a) = Z cixi(a)

=

=

where Y; are characters of F'* /(F*)?U’. We may assume that all ¢; are different from 0. Then

Fa™) =) cixi(a™).

i=1

The factor (s, ™ @ X, %) was defined so that

/ (@) Xy (a) a0 d7a
FX
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would be equal to

(5% ® ™) / (@) xi(a) [a* F da.

FX
All we need do is show that 7 and x; ® 7 are equivalent, so that

6(57 Xi @, w) - 8(87 T, ¢)
A character  is one of the ; if and only if y is trivial on (F*)? and

/ F(a)x(a)d*a # 0.
FX /(FX )2
This integral is equal to
| x@eu .75 dg
GF/ZF
which equals
| oo o7 (@)0) ds.
Gr/ZFr

The integral does not change if 7 is replaced by w ® 7. Thus the Schur orthogonality relations imply
that it is non-zero only if 7 and x ® 7 are equivalent.

If ® belongs to Sy(A) the functions ®(g) |detg|**2 belongs to H and we can form the operator
7(5.8) = [ () detg|"*En(g)a".

If ® has the form of the previous lemma the functional equation may be written as
T(1—s,®") =¢(s,m)T(s,®).
Lemma 13.1.7 Given a non-zero w in V, the set of all uw in V such that for some ® of the form
®(g) = p(detg) (v, 7(g)7) |detg| 7"
the vector T(s, ®)w is of the form e**u is a set that spans V.
If the function @ is of this form so is the function ¢'(g) = ®(hg) and
T(s,®)w = |deth|~" T2 a(h=1) T (s, ®) w
Since 7 is irreducible we need only show that there is at least one non-zero vector in the set under
consideration. Moreover there is an 7 such that o’ ® 7 is unitary and we may as well suppose that 7
itself is unitary. Let (u, v) be a positive invariant form on V.

Choose v = w and 7 so that (u,0) = (u,w) for all u. Let ¢ be the characteristic function of Up.
Then

O(g) = (w, m(g)w)
if |detg| = 1 and is 0 otherwise. If
H={geGp ‘ |detg| = 1}
then
T(s,®)w :/ (w,w(g)w) m(g)wd*g
H

is independent of s and is non-zero because

(T'(s, ®)w, w) :/H|(7r(g)w,w)|2dxg.

The fourth assertion follows immediately and the fifth will now be a consequence of the following
lemma.
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Lemma 13.1.8 Suppose ® belongs to S(A) and ¥ belongs to 8¢(A). There is a vertical strip in which
the integrals

//‘I)(g) U/ (h) (w(g)v, 7(h)D) |detg| T |deth|2 5 d* gd*h

and
// &' () (h) {x~ (g)o, 7 (k™)) |detg| 3 |deth|** ¥ d* g d*h

exist and are equal.

A little juggling shows that there is no harm in supposing that the quasi-character n defined by

(3 2) -

is a character. Fix v and 0. Let C be a compact subset of G which contains the support of ¥ and ¥'.
The set
{w(h)o|heC}

is finite. Thus there is a compact set in G such that for any % in C' the function

g — (r(g)v, 7 (h)0)

has its support in Zr C’. Moreover these functions are uniformly bounded. The first integral is
therefore absolutely convergent for Re s > —1. The second is convergent for Re s < 3.
If -1 < Res < 2 the first integral is equal to

/\If’(h) \dethy%s{/<1>(g)<7r(g)v,fr(h)@> (detg|*+4 d*g} d*h.

Replacing g by hg we obtain

/\I//(h) deth|?{ /@(gh)<7r(g)v,@> detg|*+H g} d*h.

If we take the additive Haar measure to be dh = |deth|? d* h this may be written as

[ @ta)o.) detgl*+H{ [ a(hg) ') an} g,

The second integral is

/\Ii(h) |dethys+%{/q>'(g)<7r1(g)u,ﬁ1(h)@> |detg|%’sdxg} d*h.

After a change of variables this becomes

[ e, ldetgl - { [ @/ (gn) wity an Jas.
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Replacing g by g~! we obtain
/<7T(g)v,f)> Idetg!”%{\detg!2/<I>’(glh) W(h) dh}ng_
Since
/ (hg) V' (h) dh
is equal to

|detg|_2/<1>'(g_1h)\ll(h) dh

the lemma follows.

The theorem is now proved when 7 is absolutely cuspidal. Suppose that it is a constituent of
T = p(p1, p2). In this case the field may be archimedean. Although 7 is not necessarily irreducible it is
admissible and its matrix coefficients are defined. The contragredient representation 7 is p(y; *, 15 )
and the space of 7 is B(u1, p12) while that of 7 is B(uy *, 3 1). If f belongs to B(p1, p2) and f belongs
to B(uy ', py ") then

(r(9)f, ) = /K F(kg) () di

and

7)) = /K F(k) F(kg) dk

if K is the standard maximal compact subgroup of Gf.

If we set
L(‘S? T) = L(S’ :ul) L(S7 :u2)

L(s,7) = L(s,u7 ") L(s, 115 ")
and

5(5’ T, QIZ)) = 6(57 b, ¢) 8(57 K2, ¢)

the theorem may be formulated for the representation 7. We prove it first for 7 and then for the
irreducible constituents of 7.

We use a method of R. Godement. If ® belongs to 8(A) then for brevity the function x — ®(gzh)
which also belongs to 8(A) will be denoted by h®g. Also let

%(al,az):/Fcb«%l fg)) dx

where dx is the measure which is self dual with respect to 1. g belongs to §(F2). The map ® — g
of 8(A) into §(F?) is certainly continuous.
We are now going to define a kernel K¢ (h, g, s) on K x K. We set

K‘i’(ea €, S) = Z(/‘LIOZSFMMQOZ%W Qo‘i’)

Recall that the right-hand side is

//@cb(ala az) p1(a1) ar]” pe(az) |az|® d* ay d™ as.
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In general
Ks(h,g,8) = Kyon-1(e,e,8).
We also set _
Ka(e.e,5) = Z(uy ', 13" 0, )
and

Ko(h,g,5) = Kgon-i(c,e, ).

The kernels are defined for Re s sufficiently large and are continuous in , g, and s and, for fixed i and
g, holomorphic in s.
We now make some formal computations which will be justified by the result. The expression

1 -
Z(ofF+2 @1, P, f, f) is equal to

/ /fkg dk}\detg\s+ 5 d¥g
[ F0{ [ 0(0) stk detol* gy a

Changing variables in the inner integral we obtain

/f / (k™' g) f(g) [deth| " a*g} d.

Using the Iwasawa decomposition to evaluate the integral over G we see that this is equal to

which is

/ Ko (k1, ko, s) f(ks) f(k1) dky dks.
KxK

Since we could have put in absolute values and obtained a similar result all the integals are convergent
and equal for Re s sufficiently large. A similar computation shows that

Z(OZSF+% ®?7(I)>f7f)
is equal to

/ Ko(k1, ko, s) f(ky) f(ks) dky dks
KxK

if Re s is large enough.

If £ is an elementary idempotent such that 7(€) f = f and 7(€)f = f then Z (as;% @1, ®, f,f)is
not changed if ® is replaced by

= [[ ®haghs ) ) (k)

Thus, at least when proving the second and third assertions, we may suppose that ® is K-finite on both
sides and, in fact, transforms according to a fixed finite set of irreducible representations of K. Then,
as s varies, the functions

Kg(k1, ks, )
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stay in some fixed finite dimensional space U of continuous functions on K x K. The map

F — //F(kl,kg) f(kg) f(kl)dkl dkg

is a linear form on this space and we can find g¢;,---,¢9, and hy,---, h, in K such that it can be
represented in the form

F— ZAiF(giahi)'
=1
Thus o )
Z(ay 2 @1, @, f.f) =Y NiKolgi hi,s).

Thus to prove the second and third assertions we need only show that for each g and h in K the
function

Ka(g,h,s)
L(s, 1)

is entire and K(g, h, s) itself is bounded at infinity in vertical strips. There is certainly no harm in
supposing that g = h = e so that

Kg(e e, s) = Z(pap, ooy, po)

Thus the desired facts are consequences of the results obtained in paragraphs 3, 5, and 6 when proving
the local functional equation for constituents of 7. Replacing 7 by its contragredient representation we

1 _ -
obtain the same results for Z (04?r 27,9, 1, f).

To prove the functional equation we have to see what happens to the Fourier transform when we
pass from the function ® to to ®;. The answer is simple:

¥ (g) = // & (kaghy ) (k) €Cka) dky diy.

Thus in proving the functional equation we may suppose that ® is K-finite on both sides. We may

1 -
also suppose that if F'(k1, ko) is in U so is F'(k1,ke) = F(k2,k1). Then Z(a;+2 @7, f,f) =
> Xi Ko (hi, gi, s). To prove the functional equation we have to show that

-[?@’(hvga 1- S)
L(1—s,7)

Ka(g,h,s)
L(s, )

= (s, 7,9)

for any h and g in K. Since the Fourier transform of g®h~! is h®’g it will be enough to do this for
h = g = e. Then the equality reduces to

Z(Ml_lai;sﬁjﬂ_la}?_sa(p@’) :S(S - Q,Z)) Z(Ula%‘>ﬂ2a%‘>9@¢’)
L(1—s,7) B L(s,7)

and is a result of the facts proved in the first chapter and the next lemma.



Chapter 3 229

Lemma 13.2.1 The Fourier transform of the function g is the function pg .

(5 7)

/<I> <<m y>> Y(ax + Bz + vy + 0t)de dy dzdt

The value of ®' at

is
z t

if dz, dy, dz, and dt are self-dual with respect to . Thus ¢4 (a, 9) is equal to

/{/@((j ?)) w(ax+5t)¢(ﬁz)dmdydzdt}dﬁ

Applying the Fourier inversion formula to the pair of variables 3 and z we see that this is equal to

/<1> <<”5 ?)) W(az + ot) do dy dt

which is the value of the Fourier transform of ¢4 at (o, 9).

The theorem, with the exception of the fourth assertion, is now proved for the representation 7.
We will now deduce it, with the exception of the fourth assertion, for the constituents of 7. We will
return to the fourth assertion later.

If 7 is a constituent of 7 either m = 7(p1, pi2) or m = o(1, p12). In the first case there is nothing left
to prove. In the second only the third assertion remains in doubt. If F' is the complex field even it is
alright because we can always find another pair of quasi-characters y and pf such that 7 = m(uf, pb).
We ignore this case and suppose that F'is real or non-archimedean.

1
First take I to be non-archimedean. We may suppose that j; and jio are the form p1; = xa 7 and

1
2 = x> . The one-dimensional representation g — x(detg) is contained in 7 = p(uy ', ;') and
acts on the function ¢ — x(detg). The matrix elements for 7 are the functions

where f belongs to B(u; !, ;') and

/ F(5) x(detk) dk = 0.

For such an f there is an elementary idempotent £ such that 7(§) f = f while

/K £(k) dk = 0
s+

The value of Z(a 3 ®@ 7, ®, f, f) is not changed if we replace ¢ by

®i(g) = [ Blgh™)€(h) dh.
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Lemma 13.2.2 If g1 and go belong to G then

oo (i B -

It will be enough to prove this when g, is the identity. Let

son=o((; )

If g; is the identity then, after a change of variables, the integral becomes

Idetgzll//w(fcvy) dz dy

so that we can also assume g5 is the identity. Then the integral equals

/K{//@ <<g 3) k) dudy | (k™) dk.

Changing variables as before we see that the inner integral does not depend on K. Since

/K,g(kl) dk =0

the lemma follows.
To establish the third assertion for the representation 7 all we need do is show that for any g and

h in K the function
Kq;. (97 h7 S)

L(s,m)

o (o3 1)) o=

for all g; and g2 in GF. As usual we need only consider the case that g = h = e. Since

is entire provided

/%(:g,()) dz =0

and
Kg(e e, s) = Z(pap, ooy, po)

we need only refer to Corollary 3.7.

If F' is the field of real numbers the proof is going to be basically the same but a little more
complicated. We may assume that j; iy ! (x) = |2|?P+1=" (sgn z)™, where p is a non-negative integer
and m is 0 or 1, and that 7 acts on Bg(p1, p2). The restriction of 7 to SO(2,R) contains only those
representations k,, for which n = 1 — m (mod2) and |n| > 2p + 1 — m. Let &, be the elementary
idempotent corresponding to the representation «,,. As before we may suppose that

/ O(zk™ ) &, (k) dk =0 (13.2.3)
SO(2,R)

if k,, does not occur in the restriction of 7 to SO(2, R).
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Lemma 13.2.4 If ® satisfies (13.2.3), if g1 and g2 belong to Gp, and ¢ = @g, 04, then

/xa—y]gode =0

ifi>0,j>0andi+j=2p—m.

We may assume that g, = e. If p = g let
aJ
L(®) :/ (x,0)dz
and let

We have to show that, under the hypothesis of the lemma, F'(g) = 0 for all g. However F' is defined
for all @ in 8(A) and if ® is replaced by h® the function F' is replaced by F'(gh). Thus to establish the

identity
F ((0 : )g) — 11 (a2) m(a2) F(g)

ag

where 1, (a1) = a7" |a1| ™! and n(as) = al |as| !, we need only establish it for g = e.

Let
. al z
h o ( 0 CLQ) ’
h T U — % a1y Tz -+ a2u .
0 y 0 asy

If ¢ = g and @1 = e then @) (z,y), which is given by
axr Tz -+ au
/<I> << 0 azy >> du,
\ag!_l/fb <<a6x aZy)) du = |as| ™ p(aiz, azy).

Moreover F'(h) is equal to

Then

is equal to

which equals

as required.
Finally if
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and ¢ = @44 then F(g) is equal to

and

_ ar +yu [z +ou

Since we can interchange the orders of differentiation and integration,

J
g—f(% 0) = Z Ay 07" / on(ax + yu, fx + du) du

en(T,y) = %«ﬁ g))

and the number \,, are constants. Thus F'(g) is a linear combination of the functions

where

7”51—”//35" @n(agﬂ + yu, Bx + 5u) dx du.

If o # 0 we may substitute  — Z* for x to obtain

A6 ”// <pn ax ﬂ:ﬂ+A—) dzr du

where A = detg. Substituting u — %ﬁm for u we obtain

A
AT "// T+ —x — ﬂ) Lpn(ax, _u) dx du.
2 2
After one more change of variables this becomes
AT AT 7"5j_”/ (62 — yu)’ o, (z,u) dz du.

In conclusion F'(g) is a function of the form

a f _A—EIA|-L
F((2F) = aiart pass)
where P is a polynomial.

Thus the right translates of F by the elements of G span a finite-dimensional space. In particular it

is O(2,R) finiteand if n; = pf a 2 while 1y = pha? itliesin a finite-dimensional invariant subspace of
B(1}, 1ib). Thus it lies in B (11}, pb). Since g, ™" = puy * g no representation of SO (2, R) occurring

in 7(py, ph) can occur in ™ = o (1, p2). If F' is not zero then for at least one such representation x,,

Fi(g) = / F(gk™) £n(k) d
SO(2,R)
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is not identically 0. But F} is the result of replacing ® by

B, (z) = /S o, B8

in the definition of F'. In particular if ¢ satisfies the conditions of the lemma both ®; and F} are zero.
Therefore F'is also zero and the lemma is proved.

The third assertion can now be verified as in the non-archimedean case by appealing to Lemma 5.17.
The fourth has still to be proved in general.

If F is the real field let 81 (A) be the space of functions of the form

) ((CC‘ Z)) = exp (— 7(a® + b + ¢ + d?)) P(a,b,c,d)

where P is a polynomial. If F' is the complex field 8; (A) will be the space of functions of the form

® ((a 2)) = exp (= m(ad + bb + 2 + dd)) P(a,a,b,b, ., d, d)

where P is again a polynomial. If F is non-archimedean 8; (A) will just be 8(A). The space 81 (F?) is
defined in a similar manner.

Lemma 13.2.5 Suppose @ belongs to 81(F?). Then there is a ® in 81(A) such that
K¢(€, €, S) = Z(/‘LlasFa /‘6205%" QO)

and f1,-+-, fn in B(u1, pe) together with fl, cee ~n mn B(,ul_l, uz_l) such that
Z/ Ka(h, g,5) fi(g) i(h) dgdh = Ka(e,e,5).
i=1 Y KXK
Since there is a ¢ in 81(F?) such that
Z(10, po0e, @) = ae” L(s, T)

this lemma will imply the fourth assertion for the representation 7.
Given ¢ the existence of ® such that ¢ = g and therefore

K@(ea €, S) = Z(:ulasFa /‘6204%‘7 Qo‘i’)

is a triviality and we worry only about the existence of fi,- - -, f, and fl, RN fn
It is easily seen that if
ay X
< 0 ag >

by vy
0 by

and
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belong to K then
a; x by y
wo((50)n ()
is equal to
pa(ar) pa(az) py* (be) py ' (b2) Ka(h, g).
Also

K.:p(hhl,ggl, S) = Kg1¢’hfl (h,g, S).

Since ® belongs to 81 (A) it is K-finite on the left and right. Thus there is a finite set S of irreducible
representations of K such that if U; is the space of functions F' on K which satisfy

F((% 2 )n) =) i) F (0

ag
ay x
0 ag

in K and can be written as a linear combination of matrix elements of representations in .S and U is
the space of functions F”’ on K which satisfy

for all

F«%aﬂﬁzquﬁmwm>

a2

and can be written as a linear combination of matrix elements of representations in S then, for every s,
the function
(h7 g) - Kq’(h'u 9, S)

belongs to the finite dimensional space U spanned by functions of the form (h, g) — F'(h) F'(g) with
FinU; and F’' in Us.
Choose Fy,---, F, and F}, - - -, F) so that for every function F'in U

Flee) =3 A [ Fhg) Fi(h) Filg) dhd.

XK

Since F; is the restriction to K of an element of B(uj ", ;") while F is the restriction to K of an
element of B(u1, u2) the lemma follows.

Unfortunately this lemma does not prove the fourth assertion in all cases. Moreover there is a
supplementary condition to be verified.
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Lemma 13.2.6 Suppose F is non-archimedean and w is of the form m = mw(uy, p2) with py and
o unramified. Suppose ® is the characteristic function of M(2,0F) in M(2,F). If v and 0 are
invariant under K = GL(2,0F) and if
/ d*g=1
K

then L
Z(aij_? Rm, ®,v,0) = L(s, ) (v,0).

Suppose f belongs to B(j1, 1i2) and is identically 1 on K while f belongs to B(uy ', 5 ') and is
identically 1 on K. Then

(F) = [ 100 Fwydn =1
K
and if 7 = p(p1, 12) we are trying to show that
2 @7 @, f, f) = L(s, 7).

The left side is equal to
| Kallg.o) 1) Fg) dndg
KxK

Since @ is invariant on both side under K this is equal to

K¢(€, €, S) = Z(/‘LlasFa /‘6205%" QO)

= fo((5 )

Since we have so normalized the Haar measure on G that

/GFF(Q)dg:/K{/F<<%1 £2> <(1) T>k> s da ey di

where dk is the normalized measure on K, dx is the measure on F' which assigns the measure 1 to Op,
and d*a is the measure on F'* which assigns the measure 1 to Ur the function ¢ is the characteristic
function of Or x O and

if

Z (10, o0, ) = L(s, p1) L(s, po)

as required.

This lemma incidentally proves the fourth assertion for the one-dimensional representation g —
x(detg) if x is unramified. If x is ramified and 7 corresponds to x then m = m(uq, po) if p1(a) =
x(a) |a]z and ps(a) = x(a)|a|~2. Thus L(s,7) = 1. If ® is the restriction of the function x ! to K
then

Z(m, ®,v,0) = <v,17>/ d*g
K

and the fourth assertion is verified in this case.
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Take p1 and po of this form with x possibly unramified and suppose that 7 = o (u, p2). Suppose
first that  is unramified. Let ¢ be the characteristic function of O in F' and let

e1(2) = o(a) — [ po(@2).
It has Op for support. Set

2 ((4 1)) =@t ) u(@,

It has M (2, Op) for support and depends only on the residues of a, b, ¢, and d modulo pp. If
K'={ke K|k‘ = e(modp)}

then K4 (h, g, s) depends only on the cosets of h and g modulo K!. Also

1 =z
Kg <e,w<0 1),3) =0

if x is in Op. To see this we observe first that if

er=e (o3 )
[ o) s

800(@2)%(@293)/0 ©1(y) polar — zy) dy.

then g, (a1, az2) is equal to
which equals

Since z is in O the function (a1 — zy) equals pp(a1) for y in OF and this expression is 0 because

/OF ¢1(y) dy = 0.

We choose f in Bg(u1, po) so that f(gk) = f(g) if k belongs to K1, f(e) = 1, and

o0 3106 1)

xGOF/p

We choose f in B(ju1, p12) so that f(gk) = f(g) if k belongs to K, f(e) = 1, and
1 =z
(+o 7)) =0

/K Ka(h.g.5) F(h) £(g) dhdg

Y

if x belongs to Op. Then
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is equal to
| Kale.g.9) 1) dg = Kafere.s)
K

which equals
Z(p 0, f20p, Pa).

Moreover
pa(a1,a2) = p1(a) po(asz)

so that, as we saw when proving Corollary 3.7, L(s, ) is a constant times Z (1 ., a5, P ).

If x is ramified L(s, ) = 1. If ® has support in K then Z(af;rl/2 ®@m, ®,v,7) is equal to

/K O (k) (r(k)v, D) dk

and we can certainly choose v, ¥ and ® so that this is not 0.

We are not yet finished. We have yet to take care of the representations not covered by Lemma 13.2.5
when the field is archimedean. If F' is the complex field we have only the finite dimensional repre-
sentations to consider. There is a pair of characters p; and ji2 such that 7 is realized on the subspace
Bt (1, p2) of B(u1, pa). There will be positive integers p and ¢ such that pyp; ' (2) = 277279, The
representations o = pjq_,| of SU(2,C) which is of degree |g — p| + 1 is contained in the restriction
of m to SU(2,C). In particular B¢ (1, p12) contains all functions f in B(j, o) whose restrictions to

SU(2,C) satisty
(0 o) k) = men maes) £

ag

and transform on the right according to o.
We are going to use an argument like that used to prove Lemma 13.2.5. Suppose we can find a
function ® in 81 (A) such that

Z(:ula%a /’LQCVL;N 90<I>)
differs from L(s, 7) by an exponential factor and such that ® transforms on the right under SU(2, C)
according to the representation 0. Then K4 (h, g, s) will satisfy the same conditions as in Lemma 13.2.5.

Moreover the functions F” in the space we called Uz can be supposed to transform on the right under
SU (2, C) according to o so that the functions F; will correspond to functions f; in B ¢(p1, pt2). Then

| Kolhgos) Fi fig)dhdg = 2(a37 7., £ o)
KxK
is equal to

Z(OZSF+§ b2y ™, (ba Vi, 61)

if v; = f; and ¥; is the restriction of fi, regarded as a linear functional, to B¢ (1, pt2)-
There are four possible ways of writing 1; and .

(1) p1(z) = 2™ (22)%, pa(z) = 2™2(22)%2, my —mg = q — p.
(i) p1(z) = 2" (22)", po(2) = 2™2(22)°2, M1 + M2 = q — p.
(i) p1(z) = 2" (22)", pa(z) = 2"2(22)™, —m1 —ma =q—p
(iv) p(2) = 2™ (22)™, pa(z) = 272(22)%, ma —my = ¢ — p
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In all four cases m; and ms, are to be non-negative integers.  is the product of exp(—m(aa + bb +
cc+dd)) and a polynomial. We write down the polynomial in all four cases and leave the verifications
to the reader.

(i) my > my : @™~ ™2(ad — be)™=2.
(ib) my < mg : (ad — be)™dm2—m,
(ii) a™td™=.
(iii) a™* d™2.
(iva) my > mg: a™ ™2 (ad — be)™2.
(ivb) mo > my : (ad — bc)™ d"27M1,

For the real field the situation is similar. Suppose first that m = (4, 12) is finite dimensional. If

p1p2(—1) = 1 then 7 contains the trivial representation of SO(2,R) and if pypua(—1) = 1 it contains

the representation
oo [ cos 0 sind it
"\ —sinf cos6 '

We list the four possibilities for 11 and 115 and the polynomial P by which exp ( — 7 (a? + b% + ¢ 4 d?))
is to be multiplied to obtain ®.

) :U’l(i]') = :U’Q(i]') =1 P(avbv ¢, d) =1

() p1(—=1) = p2(—=1) = 1: P(a,b,c,d) = ad — be.
(i) p1(—=1)=1, uo(—-1) = —1: P(a,b,c,d) = ¢ —id.

(iv) p1(—=1), p2(—1) =1: P(a,b,c,d) = a — ib.

Only the special representations remain to be considered. We may suppose that 7 = o (1, p2)

where 11, and ju, are of the form p1 (z) = |z|"t2 and po(z) = |z|"~ 3 (sgnt)™ with ¢ = 2p+ 1 — m and
with p a non-negative integer. Moreover m is 0 or 1. L(s, ) differs from

F<s+r+%)r<s+r+%+1>
2 2
by an exponential as does
Z(:U’lasFa/‘LQasFagp)
if .
gO(al,ClQ) — e—l(aita3) a(21+1.

Since the representation of k411 occurs in the restriction of w to SO(2,R) we may take

® ((‘C‘ Z)) =exp (—m(a® + b + ¢ +d?)) (c+id)TH.
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§14. Automorphic forms and quaternion algebras. Let F be a global field and let M’ be a quaternion
algebra over F. The multiplicative group G’ of M’ may be regarded as an algebraic group over F.
In the ninth paragraph we have introduced the group G|, and the Hecke algebra H{'. A continuous
function ¢ on G’ \ G, is said to be an automorphic form if for every elementary idempotent & in H’
the space

{p(f) ]| f e}

is finite dimensional.

If ¢ is an automorphic form it is Z} finite on the left if Z’ is the centre of G’. Let A’ be the space
of automorphic forms on G, and if 7 is a quasi-character of F'* \ I let A’(n) be the space of ¢ in A’
for which ¢'(ag) = n(a) ¢’'(g) for all a in Z; which, for convenience, we identify with I. The first
assertion of the following lemma is easily proved by the methods of the eighth paragraph. The second
is proved by the methods of the tenth. The proof is however a little simpler because G=Z} \ G, is
compact. Since, at least in the case of number fields, the proof ultimately rests on general facts from
the theory of automorphic forms nothing is gained by going into details.

Lemma 14.1 (i) If an irreducible admissible representation © of H' is a constituent of A’ then for

some n it is a constituent of A'(n).

(il) The space A'(n) is the direct sum of subspaces irreducible and invariant under H'. The rep-
resentation of H' on each of these subspaces is admissible and no representation occurs more
than a finite number of times in A’(n).

Now we have to remind ourselves of some facts whose proofs are scattered throughout the
previous paragraphs. Suppose T = ®,, is an irreducible admissible representation of . For each v
the representation 7, of 3/, is irreducible and admissible. Suppose % is a non-trivial additive character
of F'\ A and 1, is its restriction to F,,. We have defined L(s, m,), L(s, 7, ), and (s, my, 1y ). If u, is in
the space of 7, and %, in the space of 7, we have set

s+1 ~
Z(aF 2 ®7TU,(I),UU,UU)

equal to
| 20 (muloun @) o)l @y,
F'U
We know that
1
Z(a;j—? @ Ty, P, Uy, ﬂu)
L(s,my)

is entire and equals
1

Z(az " @7y, @' uy, dy)
L(1—s,7) '

The factor h, is 1 of G, is isomorphic to GL(2, F,) and is —1 otherwise. The case that G is
isomorphic to GL(2, F,) was treated in the previous paragraph. The other cases were treated in the
fourth and fifth paragraphs.
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Theorem 14.2 Suppose 7 is a constituent of the space of automorphic forms on G'y. The infinite
products

I] £(s.m)

v

and

[Tz %)

are absolutely convergent for Res sufficiently large. The functions L(s,m) and L(s,7) defined by
them can be analytically continued to the whole complex plane as meromorphic functions. If F' is a
number field they will have only a finite number of poles and will be bounded at infinity in vertical
strips of finite width. If

e(s,m) = [[ els.mon )

the functional equation
L(s,m) =¢e(s,m) L(1 — s,7)

will be satisfied.

We may suppose that 7 acts on the subspace V of A’(7). Let ¢ be a non-zero function in V. For
almost all v the algebra M, = M' ®F F), is split and G, = G, is isomorphic to GL(2, F,). Moreover
for almost all such v, say for all v not in .S, ¢ is an eigenfunction of the elements of I, = 3}, which
are invariant on both sides under translations by the elements of K. Thus if f is such an element and
©(g) # 0 the corresponding eigenvalue A, (f) is

() = plg) ! /G o(gh) f(h) dh.

To prove the absolute convergence of the infinite products we have only to refer to Lemma 3.11 as in

the proof of Theorem 11.1.

The representation 7 contragredient to 7 can be defined. If 7 = ®m, actson V' = Qo V, then
7= @, actson V = @0 V, where @0 is, for almost all v, fixed by K7, and satisfies (10, @0) = 1. The

v v

pairing between V" and V is defined by

<®Uv, ®@~Lv> = H<Uv7ﬂv>'

(2

Almost all terms in the product are equal to 1. If v isin V and % is in V the matrix element (7 (g)u, @)
can also be introduced. If f isin H'

(m(flu,a) = [ f(g)({w(g)u,u)dg.

G

If F'(g) is a linear combination of such matrix elements and ® belongs to the Schwartz space on A} we
set*

205 0.F) = [ a0 Fl@) i)l a7,
A

* Unfortunately the symbol I plays two quite different roles on this page!
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The function F(g) = F(g™") is a linear combination of matrix coefficients for the representation 7. We
set

2(ei0.F) = [ alo) o) wlo)lH s
A

Before stating the nextlemma we observe that if x is a quasi-character of /' \ I the one dimensional
representation g — x(v(g)) is certainly a constituent of A’.

Lemma 14.2.1 If 7 is a constituent of A’ the integrals defining Z(ast%,q),F) and Z(a?%,@,ﬁ)
are absolutely convergent for Res large enough. The two functions can be analytically continued
to the whole complex plane as meromorphic functions with only a finite number of poles. If 7 is
not of the form g — X(V(g)) they are entire. If F' is a number field they are bounded at infinity in
vertical strips of finite width. In all cases they satisfy the functional equation

Z(as? 8, F) = Z(ap ", & F)

if ® is the Fourier transform of ®.

There is no harm in assuming that F is of the form

F(g) - H(W(gv)uv7av> = HFv(gv)

v

and that ® is of the form

o) = [[ @)

where, for almost all v, ®, is the characteristic function of M (2,0, ). Recall that for almost all v we
have fixed an isomorphism 6,, of M, with M (2, F},).
We know that each of the integrals

L @v(gv) Fv(gv) ’y(gv)’er% ngv

’
v

converges absolutely for Re s sufficiently large. Let S be a finite set of primes which contains all
archimedean primes such that outside of .S the vector u,, is ug, the vector u,, is 118, d,, is the characteristic
function of M (2,0,), and 7, = 7, (i, v,,) where p,, and v, are unramified. Let 7, = m, (||, |0 ]). If
vis not in S the integral

// (I)(gv) Fv(gv) |I/(gv)|s+% ngU —1

v

and if c = Res
[ 8ol gl )l %o,

v

is, as we see if we regard 7, as acting on B(pp, V), at most

/, (I)U(gv) <7rgz(gv) fva fv> |V(gy)’0+% ngU

v
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if f, and f, are the unique K -invariant elements in B(|11, |, |1/ |) and B(| |7, |vy| ™) which take the
value 1 at the identity. We suppose that the total measure of K] is 1 so that (f,, f,) = 1. According to
Lemma 13.2.6 the integral is equal to L(o, 7},). Since

H L(o,m))

veS

is absolutely convergent for o sufficiently large the integral defining Z (a?r% , @, F) is also and is equal
to

s+1 ~
HZ(O[Fv ’® an(bvauvauv)
v

and to
L(s,w)HE(s,(I)U,uv,ﬂv).

v

1 ~
Notice that Z(s, @, u,, U, ) is identically 1 for almost all v. Z (o[;:r > @, F') may be treated in a similar
fashion. If we take 7 to be the trivial representation we see that

| ool g
G

/
A

is absolutely convergent for Re s sufficiently large.
It will be enough to prove the remaining assertions of the lemma when 7 is a character. We may
also assume that if 7) is of the form 7(a) = |a|” then » = 0. We have identified V with a subspace of

A’(n). We may take V' to be {¢ | ¢ € V'}. To see this observe that this space is invariant under H’ and
that

(@1, p2) = / ©1(9) w2(9) dg
GrZ\G}

is a non-degenerate bilinear form. Here ¢; belongs to V' and ¢ belongs to V. The remaining assertions
need only be verified for functions of the form

F(g) = /G e w(hg) (h) dh

with ¢ in V and ¢ in V.
1
For such an F' the function Z (c»zf;r 2, ®, F)is equal to

[o@{ [ ethg)amyan} o)+ axs.

Since ¢ and ¢ are bounded this double integral converges absolutely for Re s sufficiently large.
We first change variables by substituting h~'g for g. The integration with respect to g can then be
carried out in three steps. We first sum over G, then we integrate over Z}, \ Z} which we identify
with F'* \ I, and finally we integrate over G- Z} \ G. Thus if K¢ (hq, ho, s) is

P ) [ S0 k) (el o
Gl
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1
the function Z (ozSF+ > ®, F)isequal to

// (ha) @(h1) Ko (hy, ha, s)dhy dhs.

The integrations with respect to hy and hy are taken over G'»Z} \ G’ A similar result is of course valid
1 o~ ~
for Z(a' 2, ®, F). If Kg(h1, by, s) is

() () |8+2/X\IZ<I> i €aho) ™ (a) o d*a

1 ~
then Z(o[;r >, ®, F)isequal to

// (hg) 3(ha) Ko (hy, ha, s) dhy dhs.

We first study
(s, ®) = / > @(¢a)n(a) ozt d¥a
FX\I ¢

and

(s, ® :/ ®(¢a)n (a)|a|=t! d¥a.
(s, ) FX\IZ a)lal

£#0

The sums are taken over G’ the set of non-zero elements of M’. Choose two non-negative continuous
functions Fyy and F} on the positive real numbers so that Fy(t) + Fi(t) = 1, F1(t) = Fo(t™1), and so
that F{ vanishes near zero while F} vanishes near infinity. If

9,-(5,@):/ S ®(&a) n(a) |+ Fi(lal) &
FXNL g0

we have
9(8’ (I)) = 90(57 q)) + 91(57 q))

In the same way we may write
0(87 (I)) - 00(87 (I)) + 01(87 @)

Oo(s,®) and 50(5, ®) are entire functions of s which are bounded in vertical strips.
Applying the Poisson formula we obtain

0)+ Y ®(¢a) = || {@/(0)+Z¢'(§a—1)}.

£#0 £#0

Thus, for Re s sufficiently large, 0; (s, ®) is equal to the sum of

/F Z (I)/(ga—l) n(a) |a’25—3 F1(|a|) an,

“Mezo
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which, after the substitution of a~! for a, is seen to equal 50(1 —s,9’),and

/FX\I {2/(0)a]~* = @(0)} n(a) |a|**** Fi(la]) d”a.

Thus if
Ao = [ Jaln(a) Fi(al) a"a
FX\I

the function (s, ®) is equal to

0o (s, ®) + O (1 — 5, D) + B’ (0) \(25 — 3) — B(0) A(25 + 1).

A similar result is valid for (s, ®). The function
HO(Sa (I)) + 50(1 -5 (I)/)

is entire and bounded in vertical strips and does not change when s and ® are replaced by 1 — s and
.

If i is not of the form 7(a) = |a|” the function A\(s) vanishes identically. If 7 is trivial and I is the
group of ideles of norm 1

Ao = [P Ey(la da
FX\I

It is shown in [10] that this function is meromorphic in the whole plane and satisfies A\(s) + A(—s) = 0.
If F'is a number field, its only pole is at s = 0 and is simple. Moreover it is bounded at infinity in
vertical strips of finite width. If F'is a function field its poles are simple and lie at the zeros of 1 — ¢™*.
Here ¢ is the number of elements in the field of constants. _
Thus 0(s, ®) is meromorphic in the whole plane and is equal to (1 — s, ®”). If h®g is the function
x — ®(gxh) then
Ka(h1, ha,5) = [p(hi )" |(ho)| "2 0(s, ha®hy )

while _ ) L
Ka(h1,ha,s) = [v(hyH)[**2 [v(ha)|"F2 6(s, ha®hi ).

Since the Fourier transform of ho®h] ! is
[(ha)[ 72 [(ha)|* b ®'hy !

we have _
Ko (h1, ha, s) = Kor(ha, ha, ).
The functional equation of the lemma follows. So do the other assertions except the fact that the

1 1 ~
functions Z (ozf;r2 ,®,F) and Z (af;r2 ,®, F') are entire when 7 is trivial and 7 is not of the form
g — X(l/(g)). In this case the functions ¢ and ¢ are orthogonal to the constant functions and the

kernels K¢ (h1, ha, s) and [?q;.(hl, ha, s) may be replaced by

K (hy, ha, s) = Ko (hy, ha, s) + ®(0) A(2s 4+ 1) — &' (0) A(2s — 3)
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and
Kl (h1, ha, s) = Ko (h1, ha, s) + ®'(0) A(2s + 1) — ®(0) A(2s — 3).
The functional equation of the kernels is not destroyed but the poles disappear.
The theorem follows easily from the lemma. In fact suppose that the finite set of places .S is so
chosen that for v not in
E(s, @2, ul, 1)) =1

if ®Y is the characteristic function of M (2, 0,). If v isin S choose ®/, uf, @i, 1 < i < n,, so that

Ny

Z E(s, @ ul,ul) = elvs

i=1

where b, is real. If « is a function from S to the integers and, for eachvin S, 1 < a(v) < n,, set

ute) = { T[ 2500} { T] #2000}

vES veS
and se
t Fulg) = { TT(mugu)us®, as) } { TT tmolg0)ud, ) }.
vES vgS
Then

S Z(a) @, ) = ¢ Ls, )

where b is real. The required analytic properties of L(s, ) follow immediately.
To prove the functional equation choose for each v the function ®, and the vectors u, and @, so
that
E(S’ ¢'U7 uv? /I:Z'U)

is not identically 0. We may suppose that, for almost all v, ®, = ®Y, u,, = u?, and @, = a2. Let

(g) - H (I)v(gv)

and let
F(g) = H(Trv(gv)uv Uy)
v
Then )
Z(a3 %, @, F) = L(s,m) [ [ =(s, @0, . 00

v

and s N _
Z(az ", @ F)=L(1—s,7) [[E(1 - 5, ¥}, 10, ).

v

Since

21— 8, P uy, Uy) = hye(s, Ty, V) 2(8, Py, e, Uy )

the functional equation of the lemma implies that
{ H ey } L(1—s,7).

Since, by a well-known theorem, the algebra A’ is split at an even number of places the product [ [, &,
equals 1.
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Corollary 14.3 If 7 is a constituent of A" which is not of the form g — X(y(g)) then for any quasi-
character w of F* the functions L(s,w @ 7) and L(s,w™' ® 7) are entire and bounded in vertical
strips of finite width. Moreover they satisfy the functional equation

Ls,w®7)=¢(s,w®@m) L(1 - s,w ' @7).

We have only to observe that if 7 is a constituent of A’ then w ® 7 is also.

Now we change the notation slightly and let 7’ = @, be an irreducible admissible representation
of H'. We want to associate to it a representation 7 = ®m, of H the Hecke algebra of GL(2, A). If M, is
split then 7, is just the representation corresponding to 7], by means of the isomorphism 6, of G, and
G, . If M} is not split 7, is the representation m, () introduced in the fourth and fifth paragraphs.
In both cases 7, is defined unambiguously by the following relations

L(S,wv®77v) L(Sawv®ﬂ-;})
L(S,wv ® 7}1)) - L(S,U.)v & ﬁ-;)
S(Sawv & Ty, @Z)v) 8(5,&)1; ® 7T;, @Z)v)

which holds for all quasi-characters w, of F*.
Applying the previous corollary and Theorem 11.3 we obtain the following theorem.

Theorem 14.4 If 7' is a constituent of A’ and 7. is infinite dimensional at any place where M’
splits then 7 is a constituent of Ag.

Some comments on the assumptions are necessary. If 7’ is a constituent of A’ we can always
find a quasi-character of w of F* \ I such that w ® 7’ is unitary. If 7’ = ®, the same is true of the
representations . In particular if M’ splits at v the representation 7, will not be finite dimensional
unless it is one dimensional. Various density theorems probably prevent this from happening unless
7’ is of the form g — (1/( g)) If 7’ is of this form then all but a finite number of the representations 7,
are one dimensional. But if M’ does not split at v the representation 7, is infinite dimensional. Thus
m cannot act on a subspace of A. However it can still be a constituent of A. This is in fact extremely
likely. Since the proof we have in mind involves the theory of Eisenstein series we prefer to leave the
question unsettled for now.
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§15. Some orthogonality relations. It is of some importance to characterize the range of the map
7’ — 7 from the constituents of A’ to those of A discussed in the last chapter. In this paragraph we
take up the corresponding local question. Suppose F' is a local field and M’ is the quaternion algebra
over F. G' is the group of invertible elements of M/’. We know how to associate to every irreducible
admissible representation 7’ of H’ an irreducible admissible representation m = m(n’) of Hp the
Hecke algebra of GL(2, F).

Theorem 15.1 Suppose F' is non-archimedean. Then the map ' — w is injective and its image is
the collection of special representations together with the absolutely cuspidal representations.

The proof requires some preparation. We need not distinguish between representations of G’ and
H'’. or between representations of G and Hp. An irreducible admissible representation m of G is
said to be square-integrable if for any two vectors u; and us in the space of m and any two vectors
and s in the space of 7 the integral

[ o) G o)) dy
Zr\GFr

is absolutely convergent. Since 7 is equivalent to ! ® 7 if

(3 2)-ver

this is equivalent to demanding that

/ |(r(g)ur, i) |7~ (detg)| dg
Zrp\GF

be finite for every u; and us.

If 7 is square-integrable and w is a quasi-character of F'* then w ® 7 is square integrable. We can
always choose w so that w?7 is a character. If ) is a character choose g different from 0 in the space V'
of 7. Then

(g, u5) = /Z o, o w0) Gz )

is a positive-definite form on the space V' of 7 so that 7 is unitary and square-integrable in the usual
sense.
The Schur orthogonality relations when written in the form

] m(g)u L Ug, U1) (U1, U
[, (s ) o 7)) dg = s ) )

are valid not only for representations which are square-integrable in the usual sense but also for
represntations which are square-integrable in our sense. The formal degree d(7) depends on the choice
of Haar measure. Notice that d(w ® 7) = d().

The absolutely cuspidal representations are certainly square-integrable because their matrix ele-
ments are compactly support modulo Zp.
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Lemma 15.2 The special representations are square-integrable.
11
Suppose 0 = o(a}, o). Since
1

x®0 = o(xafxaz’)

L1
it is enough to show that o is square-integrable. If ¢ belongs to Bs(a},ar?) and ¢ belongs to
—1 1
B(ap?,ar) then
flg) = e, plg™")9)

~1 1
is the most general matrix coefficient of 0. B(a?, ) is the space of locally constant functions on

NpAp \ Gr and B, (aé, a;%) is the space of locally constant functions ¢ on G that satisfy

<p<<%1 ;2)9> =‘Z—; ¢ (9)

and

Since

Gr = UZFK<WO (1)>K

n>0

we can choose the Haar measure on Zr \ G so that

/ o) dg
Zrp\GF

s b(e (5 $)e)

c(n) =q" (1 + é)

is equal to
2

dkq dks

where ¢(0) = 1 and

if n > 0. Here ¢ = || . Since f is K -finite on both sides and its translates are also matrix coefficients

we need only show that
- w " 0
(G
n=0

is finite. It will be more than enough to show that

v =7 ((§ 1)) =0l

2
n

q

as a — OQ.
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We recall that

The function

is integrable and the function

is bounded and locally constant. Moreover

@(a):/Fapl(ac)gpg(alm)dx.

Suppose pa2(x) = p2(0) for |z| < M. If |a] > 1

®(0) = 92(0) [

{2 |2|<|al M} {z | |z|>al 2}

Since

/Fcpl(:p)dx =0

2(a™a) — 92(0)) 1 (2) da.

®(a) is equal to

{z | ||>al M}

The function ¢, is bounded so we need only check that

|1(2)| dz = O(la] ")
{o||e[>la>}

o1(z) dr + / ©1(x) p2(a™ ) dr.

as |a| — oo. The absolute value of the function ¢ is certainly bounded by some multiple of the function

¢ in %(aé, a;%) defined by

, a; x ax
2 :(—
v ((0 a2> > as
if kisin GL(2,0p). Since

1 z\ (0 1Y\ [zt o0 1y
elo1)=(8 5)=(0 o) 1)
with yin Fand kin GL(2,Op) if |x| > 1

(e o]

1@ dz=0( Y I=l*) = O(l=|™).

(2| |2]> || -7} ket 1
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Since we need to compare orthogonality relations on the two groups Gy = GL(2,F) and G’
we have to normalize their Haar measure simultaneously. There are two ways of doing this. We first
describe the simplest. Choose a non-trivial additive character ¢ of F.. Then ¢y, (z) = ¢ (trz) and
Y (@) = ¥ (7(x)) are non-trivial additive characters of M = M (2, F) and M’. Let dz and da’ be the
Haar measures on M and M’ self-dual with respect to 15 and 1as. Then

d*x = |z|y} de = |detz|* dx

and
d*x’ = 2’|y} da’ = |v(2))| 52 da’

are Haar measure on G and G’.

The second method takes longer to describe but is more generally applicable and for this reason
well worth mentioning. Suppose G and G’ are two linear groups defined over F' and suppose there is
an isomorphism ¢ of G’ with G defined over the finite Galois extension K. Suppose the differential
form w on G is defined over F. In general the form w’ = ¢,w on G’ is not defined over F'. Suppose
however that w is left and right invariant and under an arbitrary isomorphism it is either fixed or
changes sign. Suppose moreover that for every o in & (K /F) the automorphism o(¢)¢~! of G is inner.
Then

o(W') = 0(p)eow = () w = pu(0(p) ™) ,w = puw =

and w'’ is also defined over F' If £ is another such isomorphism of G’ with G then

§u(w) = . (590_1)*‘*} =tp.w= +u'
and the measures associated to ¢, w and ,.w are the same. Thus a Tamagawa measure on G’ determines

one on G'.
We apply this method to the simple case under consideration. If

=(¢ )

w=daANdbAdcAdd

is a typical element of M then

is a differential form invariant under translations and the associated measure is self-dual with respect
to 1ps. If w = (detx) ~2p then w is an invariant form on G and the associated measure is d* z.

If K is any separable quadratic extension of F' we may imbed K in both M and M’. Let o be
the non-trivial element of &(K/F'). There is a v in M and a v’ in M’ such that M = K + Ku and
M’ = K + Ku' while uzu™' = 2° and w/zu/~" = 2° forall z in K. u2 is a square in F* and u/* = 7 is
an element of F'* which is not the norm of any element of K. We may suppose that u? = 1. If we let K
act to the right the algebra L = K ®p K is an algebra over K. o acts on L through its action on the first
factor. There is an isomorphism L — K & K which transforms o into the involution (z,y) — (y, x).
In particular every element of K & 1 is of the form §6” with ¢ in L. Choose ¢ so that v = 607. If

Mp =M @r K=L®Lu

and
MK:M®FK:L®LU,
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let ¢ be the linear map from M} to My which sends x + yu’ to & + ydu. ¢ is easily seen to be an
isomorphism of M} and M as algebras over K. o(¢)p~! takes x + yu to

x4+ ys%5 tu =51z + yu)d

and is therefore inner. Thus ¢ determines an isomorphism of G’ the multiplicative group of M’ with G
the multiplicative group of M. ¢ is defined over K and o () ! is inner. Let |w’| be the Haar measure
on G’ associated to the Haar measure |w| = d*x of Gr. We want to show that |«/| is just d* 2.

Let 6 be an invariant form on K. The obvious projections of M = K © Ku on K define differential
forms 0; and 6, on M. Let 61 A 03 = cp. In the same way the projections of M’ = K & Ku' on K
define differential forms 0] and 0, on M’. If we extend the scalars from F to K we can consider the
map x — x0 of L into itself. # is a form on L and its inverse image is N (8)0 = ~6. Thus

Thus if 1/ = . (1)
cp' = ~07 A 0.
Suppose c1 0| is self-dual with respect to the character ¢k (z) = ¥ (7(x)) on K. Then

J{ ] vabyunctas+ 0@ 001} @) 00)] = 52 (0.0)

and

ol [ { [ @@y victas -+ by 660) 000) } 1660 1000)| = 5 (0.0,

If x 4+ yu belongs to M with z and y in K then, since 7(u) = 0,
T(z+yu) =7(x) = TrK/F(x).

In the same way
T(x +yu') = TI‘K/F({E).
Thus
U ((z +yu)(a+ bu)) = P (va + yb?)
Y (x4 yu')(a+bu')) = i (za+ yb7ry).

Thus c?|6; A 02| is self-dual with respect to 15 and c?|y|r [0] A 5] is self-dual with respect to 1.
Since ¢ = |c|r the measure || is self-dual with respect to 1y, Finally w’ = v(2')~2 dz’ so that ||
is just d*z’. Thus the two normalizations lead to the same result.

If bis in M or M’ the eigenvalues of b are the roots a; and a3 of the equation
X2 —7(b) X +v(b) = 0.
If bisin G or G’ it is said to be regular of oy and a4 are distinct; otherwise it is singular. We set

(a1 — ag)?

[e5Ke D)

5(b) =

F
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The set of singular elements is of measure 0. If b is regular the subalgebra of M or M’ generated by b is
a separable quadratic extension E of F' and the multiplicative group of E is a Cartan subgroup of Gg
or G'z. To obtain a set of representatives for the conjugacy classes of Cartan subgroups of Gr or G we
choose once and for all a set S’ of representatives for the classes of separable quadratic extensions of
F. We also choose for each E in 5" an imbedding of £ in M and in M’. The multiplicative group of E
may be regarded as a Cartan subgroup By of either G or G’. S’ will also stand for the collection of
Cartan subgroups obtained in this way. It is a complete set of representatives for the conjugacy classes
of Cartan subgroups of G'. If S is the result of adjoining to S’ the group Ar of diagonal matrices then
S is a complete set of representatives for the conjugacy classes of Cartan subgroups of Gr. If B is in
S’ we choose the Tamagawa measure i on B as in the seventh paragraph. The analogue for G’ of
the formula (1.2.2) is

1 -
[ teu@=5 o[ s ube)} e,
ZI\G", T Zp\Br Br\G,
Let By be the set of regular elements in By and let
C=|JZr\Br.
S/

We may regard C' as the discrete union of the spaces Zp \ Br. We introduce on C the measure w(c)
defined by
1

1 :
lj@M@—2§;wmm&ﬂ3ﬂéﬂmﬂwmmaw

Lemma 15.3 Let n be a quasi-character of F* and let Q' (n) be the set of equivalence classes of
irreducible representations m of G such that w(a) = n(a) for a in Zy, which we identify with F'*.
If my and 72 belong to ' (n) and

F(9) = Xx1 (9) X7.(9)
where x.(g) = Trm(g) then

[ @) =0
if m1 and Ty are not equivalent and
|RCICE

if they are.

Since Z} \ G’ is compact we may apply the Schur orthogonality relations for characters to see

that
1

/ /
measure Zp. \ G J 7 \q1,

f(g)wo(9)

is 0 if m; and 7y are not equivalent and is 1 if they are. According to the integration formula remarked
above this expression is equal to

1 1

- B YO0,
measure Z5 \ G 2 /ZF\BF f(b) 6(b) (measure Br \ G'%) 1, (b)

Since
measure Z 5 \ G = (measure Zr \ Br)(measure Br \ G'»)

the lemma follows. Observe that Zr and Z}. tend to be confounded.
There is form of this lemma which is valid for G .
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Lemma 15.4 Let n be a quasi-character of F*. Let Qo(n) be the set of equivalence classes of
irreducible admissible representations w of Gg which are either special or absolutely cuspidal and
satisfy w(a) = n(a) for all a in Zp. Suppose w1 and wy belong to Qo(n). Let f = fr, .r, be the
function

f(0) = Xy (b) X, (D)

/C 7(e) ple)

is 1 if my and 75 are equivalent and O otherwise.

on C. Then f is integrable and

It is enough to prove the lemma when 7 is a character. Then x; is the complex conjugate of X
and fr » is positive. If the functions f, . are integrable then by the Schwarz inequality all the functions
fr1 =, are integrable.

Let £2(n) be the set of irreducible admissible representations 7 of G such that 7(a) = n(a) for a
in Zp. If ¢ is a locally constant function on G/ such that

p(ag) =n""(a) o(g)

for a in Zp and such that the projection of the support of ¢ on Zp \ G p is compact then we define 7(¢),
if mis in Q(n), by

() = /Z PRGLOEO)

Itis easily seen that 7(() is an operator of finite rank and that the trace of () is given by the convergent
integral

/ ©(9) xx(9)w’(9).
Zrp\Gp

In fact this follows from the observation that there is a ¢, in H g such that

e1(9) = /Z p1(ag) n(a) pz(a)

and the results of the seventh paragraph.
Suppose m; is absolutely cuspidal and unitary and acts on the space Vi. Suppose also that
m1(a) = n(a) for a in Zr. Choose a unit vector u; and V; and set

¢(g) = d(m1) (Ul,m(g)ul)~

Since 7 is integrable it follows from the Schur orthogonality relations that m () = 0 if w9 in (7)) is
not equivalent to m; but that m(¢) is the orthogonal projection on Cuy if 73 = m1. In the first case
Trm1(p) = 0 and in the second Trma(p) = 1.

On the other hand

Trmy(p) = / X0 ¢0)0)

We apply formula (7.2.2) to the right side to obtain

S5 [, @00 [ oo st i)



If Br belongs to S’ the inner integral is equal to

1
measure Zp \ Bp

d(”l)/z > (w1, 1 (g~ bg)ur) wi(g)

which by Proposition 7.5 is equal to

1
measure Zp \ Bp

X7, (b)

If By is Ap the group of diagonal matrices the inner integral is, apart from a constant relating Haar
measures, the product of d(7;) and the integral over GL(2, Op) of

/F<7r1<<é 1x>b<(1) T)) Wl(k)uhm(k)ul)dx.

If

this is
o
03]

_1/F (m(b) 1 <<(1) ?)) Wl(k)ul,m(k)ul) dx

which we know is 0. Collecting these facts together we see that f = fr, , is integrable on C' if m; is
absolutely cuspidal and that its integral has the required value.

T 1
To complete the proof all we need do is show that if 7 = o(xa, X >) is a special representation

then f = fr » is integrable on C' and
[ feue =1
C

If 7' is the one-dimensional representation g — x(v(g)) of G’ then 7 = m(7’). To prove the existence
of x> we had to show in effect that if Br was in S’ and b was in B r then

X (b) = =X (D).

Thus fr » = fx.»» and the assertion in this case follows from the previous lemma.
The relation just used does not seem to be accidental.

Proposition 15.5 Suppose 7’ is an irreducible admissible representation of G'» and m = w(n') the
corresponding representation of Gg. If Br is in S" and b is in Bp

XW’(b) = _XW(b)'

We may suppose that 7’ is not one-dimensional and that 7 is absolutely cuspidal. We may also
suppose that they are both unitary. We take 7 in Kirillov form with respect to some additive character

. If pisin S(F*) the function
/I 0 1
Y =7 -1 0 ¥

is also.
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Since the measure p and 1 are self-dual with respect to the characters 95, and 15 Lemma 13.1.1
and Proposition 4.5 show us that for any A in £~

| eldets) (xta™ ) ldetg] s () w(0) (15.5.1)
is equal to
&' V) A
and that
[ etdetg) (< (g™ ' ') ldetg] o (39) /() (15.52)
is equal to

' (A (A A2

Here u is a unit vector in the space of m and «’ a unit vector in the space 7’. In any case (15.5.1) is just
the negative of (15.5.2).
If we use formula (7.2.1) to express the integral (15.5.1) as a sum over .S we obtain

% Z measurelZF \ Br /B ip(detb) |detd] XZ((Z;_) ) 6(b) ¥ar(Ab) p (b).
S’ F

The contribution from Ag vanishes as in the previous lemma. The other integrals have been simpli-
fied by means of Proposition 7.5. There is of course an obvious analogue for the group G of the
formula (7.2.1). If we apply it we see that (15.5.2) is equal to

% Z measurelZF \ Br / ¢(detb) |v(b)] W 6(b) Yarr (Ab) i (b)
S’ Bp

if v/(b) is the reduced norm. Of course on By the functions v(b) and detb are the same. Choose BY in
S’ and by in B%. We shall show that

Xﬂ’(bal) _ _Xﬂ(bal)
d(n’) d(m)

The orthogonality relations of the previous two lemmas will show that d(7w) = d(7') and we will
conclude that

X (b5 1) = =X (b5 1)
The norm and the trace of by are the same whether it is regarded as an element of M or of M’. In

fact if E% is the multiplicative group of E in S’ the norm and the trace are in both cases the norm and
the trace of by as an element of E. Since by and its conjugate in E are conjugate in Gy and G’ we can
choose an open set U in E* containing both by and its conjugate so that

[ (O)] X (b7) 8(B) = [v(bo) | X (b5 1) 8(o)
if bisin U. Lemma 7.4.2 shows that x is locally constant in E% Thus we can also suppose that

|detb| xx(b~") 8(b) = [detbo| xx(bg ') 6(bo)
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if bisin U. Suppose ag and 3y are the trace and norm of by. We can choose a positive integer m so that
if &« — op and B — By belong to p’ the roots of

X2 -—aX+0b

belong to E and in fact lie in U.
Let £()\) be the expression (15.5.1) regarded as a function of A\. Keeping in mind the fact that

VYar(Ab) = Yar (Ab) = (A trd),

we compute

1
measure p pmn

where p." is the largest ideal on which ) is trivial. Since

1

measurep "

— /mn Y(A(trd — ap)) dA
p

F

is 0, unless tr b — o belongs to p when it is 1, the integral (15.5.3) is equal to

1 1 Xw(b_l)
2 ; measure Zp \ Bp /V(BF) p(detb) |detb| d(r) 6(b) up(b)

if
V(BF) = {b € Bp ‘ trb—ap € p?}
If we take ¢ to be the characteristic function of

{BeF|B—pocpi}

the summation disappears and we are left with

1 1 (b !
- (detho| X% )
2 measure Zp \ Bp d(m)

5(b0) /V o, £ 500

If we replace £(\) by the expression (15.5.2) the final result will be

1 1 (b
L (o) X0
2 measure Zp \ Bp

)
28 6 [ ptdeth) pn®).
d(m) V(BY)
Since these differ only in sign the proposition follows.
We are now in a position to prove Theorem 15.1. The orthogonality relations and the previous
lemma show that the map 7’ — 7 is injective because the map takes €2'(n) into £2o(n). It is enough to
verify that V' is surjective when 7 is unitary. Let £?(n) be the space of all measurable functions f on

US/BF
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such that f(ab) = n(a) f(b) if a is in Zp and

/ O ule)
C

is finite. By the Peter—-Weyl theorem the set of functions ./, 7" € €'(n), form an orthonormal basis of
L2%(n). The family x., ™ € Qo(n), is an orthonormal family in £?(n). By the previous proposition the
image of €Y' (n) in £2y(n) is actually an orthonormal basis and must therefore be the whole family.

We observe that it would be surprising if the relation d(7w) = d(n’) were not also true when 7’
is one-dimensional. The facts just discussed are also valid when F' is the field of real numbers. They
follow immediately from the classification and the remarks at the end of the seventh paragraph.

We conclude this paragraph with some miscellaneous facts which will be used elsewhere. F'is
again a non-archimedean field. Let K = GL(2, Op) and let K be the set of all matrices

a b

c d
in K for which ¢ = 0(modpr). Suppose 7 is an irreducible admissible representation of G in the
space V. We are interested in the existence of a non-zero vector v in V' such that

- <<Z Z)) v = wi(a)ws(d) v
(e

wp is a constant and w; and wy two characters of Ur. w is a generator of pr. Since

) o) (= 0)=(a =)

such a vector can exist only if w; = wy = w.

for all matrices in K while

Lemma 15.6 Suppose w and wy are given. Let m be p(p1, p2) which may not be irreducible. There
is a non-zero vector ¢ in B(uy, p2) satisfying the above conditions if and only if the restrictions of
w1 and po to Ug, the group of units of O, are equal to w and

wy = p(—@) pa(—w)
Moreover ¢ if it exists is unique apart from a scalar factor.

It is easily seen that K is the disjoint union of K and

0 1
KO(—I 0>K0:K0’(UK0

Let 1 be the function which is 0 on KowK( and on K is given by

()
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Let ¢ be the function which is 0 on K and takes the value w(a'd'ad) at
a v 0 1 a b
d d -1 0 c d)’
a b
7r (( . d>> o = w(ad)p

for all matrices in K then the restrictions of ¢ to K must be a linear combination of ¢; and 5. This
already implies that w is the restriction of 1; and p2 to Up. Suppose ¢ = ap; + bps. Since

(2 5))e =l m@ -1

w 0

(2 5))ee=lol it

while p3(—1) = p2(—1) = w(—1), we have

If pin B(p1, po) satisfies

and

wob = \w\% w1 (—w)a
and .
woa = |w|"2 pa(—w)b

Apart from scalar factors there is at most one solution of this equation. There is one non-trivial solution
if and only if w3 = p1 (—@) pa(—w).

Lemma15.7 Suppose m = o(1, p2) is the special representation corresponding to the quasi-chacters
1 1

w1 = xap? and py = xai. There is a non-zero vector v in the space of © such that

()
(2 5

if and only if w is the restriction of x to Up and wg = —x(—w). If v exists it is unique apart from
a scalar.

for all matrices in Ky while

We first let 7 act on Bg(uz, p2) a subspace of B(pua, p1). The condition on w follows from the
previous lemma which also shows that wy must be £x(—w). If we take the plus sign we see that v
must correspond to the function whose restriction to K is constant. Since this function does not lie in
Bs(p2, 111) only the minus sign is possible. To see the existence we let 7 act on

B, p2) = Blpa, p2) /By (p, p2)

In B(p1, p12) there are two functions satisfying the conditions of the lemma. One with wy = —x(—w)
and one with wy = x(—w). One of the two, and we know which, must have a non-zero projection on
By (1, p2)-

The above lemmas together with the next one sometimes allow us to decide whether or not a given
representation is special.
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Lemma 15.8 If the absolutely cuspidal representation m acts on V' there is no non-zero vector v in

V' such that
0 1 _
T = 0 v = wov

and

for all matrices in K.

We may suppose that 7 is the Kirillov form with respect to an additive character ¢’ such that Op
is the largest ideal on which # is trivial. Then v is a function ¢ in 8(F™). If a is in Ur and b is in F'*
we must have p(ab) = w(a) ¢(b). Moreover if bis in F'* and z is in Op then ¢(b) = ¥ (zb) ¢(b). Thus
©(b) = 0if b is not in Op. Consequently @(v,t)is 0 if v # w™! but p(w™!,t) is a polynomial of the
form
amt™ + -+ apt”

with a,,a, # 0. If ¢1(b) = ¢(—wb) then

Let

and let 1 be the restriction of 7 to Ur while zy = 1(w). The character v, will have to be equal to w?.

The relation
_ 0 1 _ 0 1
wop =T w 0 Y= -1 0 P2

wO@(w_1>t) = C(w_lﬂt)w(*l) 20t¢(w_1>zalt_1)'

implies that

By Proposition 2.23, C(w™!,t) is of the form ct~* with ¢ > 2. Thus the right side has a pole at 0 not
shared by the left. This is a contradiction.
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§16. An application of the Selberg trace formula. In the fourteenth paragraph we saw that if
7' = @, is a constituent of A’ and 7 is not of the form g — x(v(g)) where x is a quasi-character
of F* \ I then 7 = ®,m,, with m, = 7(7},), is a constituent of Aj. Let S be the set of places at which
the quaternion algebra M’ does not split. Given the results of the previous paragraph it is tempting to
conjecture that the following theorem is valid.

Theorem 16.1 Suppose m = ®m, is a constituent of Ag. If for every v in S the representation m,
is special or absolutely cuspidal then for every v there is a representation w, such that m, = 7(m))
and ™' = @, is a constituent of A’.

The existence of 7, has been shown. What is not clear is that 7’ is a constituent of A’. It seems
to be possible to prove this by means of the Selberg trace formula. Unfortunately a large number of
analytical facts need to be verified. We have not yet verified them. However the theorem and its proof
seem very beautiful to us; so we decided to include a sketch of the proof with a promise to work out the
analytical details and publish them later. We must stress that the sketch is merely a formal argument
so that the theorem must remain, for the moment, conjectural.

We first review some general facts about traces and group representations. Suppose G is a locally
compact unimodular group and Z is a closed subgroup of the centre of G. Let 1) be a character of Z.
We introduce the space L' (1) of all measurable functions f on G which satisfy f(ag) = n7'(a) f(g)
for all a in Z and whose absolute values are integrable on Z \ G. If f; and f, belong to L'(n) so does
their product f; * fo which is defined by

fi# falg) = /Z o) g an

If f belongs to L!(n) let f* be the function f*(g) = f(¢g~!). It also belongs to L' (n)). A subalgebra B
of L'(n) will be called ample if it is dense and closed under the operation f — f*.

Let 7 be a unitary representation of G on the Hilbert space H such that 7(a) = n(a) I for all a in
Z. We do not suppose that r is irreducible. If f belongs to L' () we set

m(f) f(g)m(g)dg

Z\G

If 7(f) is compact for all f in some ample subalgebra B then ™ decomposes into the direct sum of
irreducible representations no one of which occurs more than a finite number of times.

Lemma 16.1.1 Suppose 71 and e are two unitary representations of G such that 7i(a) = n(a)l
and ma(a) = n(a) I for all a in Z. Suppose there is an ample subalgebra B of L*(n) such that 7y (f)
and mo(f) are of Hilbert-Schmidt class for all f in B.
(i) If for every f in B
tracey (f) m1(f*) > trace mo(f) m2(f™)

then my is equivalent to a subrepresentation of my.
(ii) If for every f in B
tracemy (f) w1 (f*) = tracema(f) ma(f™)

then o is equivalent to .

Let 7 act on H; and let my act on Hs. A simple application of Zorn’s lemma shows that we
can choose a pair of closed invariant subspaces M; and My, of H; and H» respectively, such that the
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restrictions of m; to M, and 7y to My are equivalent and such that the pair M, M5 is maximal with
respect to this property. Replacing H; and H; by the orthogonal complements of M; and M; we may
suppose that M; = 0 and that M3 = 0. To prove the first assertion of the lemma we have to show that
with this assumption Hy = 0. If the second condition is satisfied we can reverse the roles of m; and 72
to see that H; is also 0.

Before beginning the proof we make a simple remark. Suppose o is an irreducible unitary rep-
resentation of G on L and 0,, a € A, is an irreducible unitary representation of G on L,. Suppose
that o(a) = n(a) I for all a in Z and 0,(a) = n(a) I for all @ in Z and all @ in A. Suppose that o is
equivalent to none of the o, and that a non-zero vector z in L and vectors z, in L, are given. Finally

suppose that
> loalH) zal?

is finite for every f in B. Then if € is any positive number there is an f in B such that
> _loa(fzall? < elo(fz]

Suppose the contrary and let L’ be the closure in @, L,, of

{®oa(f)za ‘ f e B}

L’ is invariant under G and the map

©oa(f)za — o(f)z

may be extended to a continuous G-invariant map A’ of L into L. If A’ were 0 then o(f)x = 0 for all
f in B which is impossible. Let A be the linear transformation from &L, to L which is A’ on L' and 0
on its orthogonal complement. A commutes with G and is not 0. Let A, be the restriction of A to L,.
A, is a G-invariant map of L, into L and is therefore 0. Thus A is 0. This is a contradiction.

Suppose Hs is not 0. There is an h in B such that m (k) # 0. If f = h x h* then m2(f) is positive
semi-definite and of trace class. It has a positive eigenvalue and with no loss of generality we may
suppose that its largest eigenvalueis 1. Let my = ®7r§ , where ﬂg acts on H. 5 , be a decomposition of 7
into irreducible representations. There is a ) and a unit vector z in Hg ° such that mo(f)x = x. Let
m = @nf, where m{" acts on H{, be a decomposition of 7 into irreducible representations. Choose an
orthogonal basis {z*7 ‘ v € I'y} of HY consisting of eigenvectors of 7 (f). Since

tracemy (f) > tracema(f)

the largest eigenvalue of 71 (f) is positive. Let it be .
If f1 belongs to B,
SO ) )
a v

is the Hilbert-Schmidt norm of 7 (f1) and is therefore finite. By assumption 75" is not equivalent to
any of the representations 7{* so that we can apply our earlier remark to the vector = and the family of
representations 777 = ¢ together with the family of vectors 27 to infer the existence of an f; in B
such that

S I (f) e ? < oy lma(f)
a
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Then
trace w1 (f1f) mi(f1f) = tracem} (fif) m1(f1f)

is equal to

Yol () m () 2P < A m(f) 272
a,y o,y

The right side is less than
1 1
Sllm(f)zl* = Slma(fif) 2l

which is at most

%tracewz(ﬁf) w5 (f1f)-

This is a contradiction.
The next lemma is a consequence of the results of [35].

Lemma 16.1.2 Suppose n is trivial so that L*(n) = L*(Z \ G). Suppose that B is an ample sub-
algebra of L*(n) which is contained in L*(Z \ G). If there is a positive constant v and a unitary
representation m of Z \ G such that w(f) is of Hilbert-Schmidt class for all f in B and

trace(f) w(f*) = 4 /Z EORE

then Z \ G is compact.

In proving the theorem it is better to deal with representations in the adele groups than to deal
with representations of the global Hecke algebras. We have to assume that the reader is sufficiently
well acquainted with the theory of group representations to pass back and forth unaided between the
two viewpoints.

If I is a global field, A is the adéle ring of F,, G = GL(2), and 7 is a character of the idele class
group F'* \ I the space A(n) of all measurable functions ¢ on G \ G that satisfy

v <<8 2) g) =n(a) p(g)

for all a in I and whose absolute values are square-integrable on G Z; \ G, is a Hilbert space. If ¢

belongs to this space
/ p(ng) dn
Np\Ny

is defined for almost all g. If it is 0 for almost all g the function ¢ is said to be a cusp form. The space
Ap(n) of all such cusp forms is closed and invariant under G4. It is in fact the closure of Ag(n). It
decomposes in the same way but now into a direct sum of closed orthogonal subspaces V' on which
G acts according to an irreducible representation 7 = ®m,. Thus V' is now isomorphic to a tensor
product of Hilbert spaces. Of course the same representations occur now as occurred before. Similar
remarks apply to the multiplicative group G’ of quaternion algebra M’ over F.

It will be enough to prove the theorem when 7 is a constituent of some Ag(7) or Ag(n) and 7 is a
character because we can always take the tensor product of m with a suitable quasi-character. Suppose
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n is given. Let S be the set of places at which M’ does not split. Suppose that for each v in S we are
given an irreducible unitary representation o;, of G, = G, such that

for all a in F); which we identify with Z, = Zj, . Let 0, = 7(0,,) be the representation of G,
corresponding to o). We may take o, unitary. Let o, act on U, and let ¢/, act on U],. Fix a unit vector
u,, in U,, and a unit vector u, in U,, which is K, -finite. u} is automatically K/ -finite.

Write Ay () as the direct sum, in the Hilbert space sense, of mutually orthogonal invariant irre-
ducible subspaces V1, V2, .. .. Let the factorization of the representation 7 on V'’ be @n’. Let 7! act
on V. For simplicity of notation we identify V* with ®V,’. We also suppose that if v is in S and 7, is
equivalent to o, then U, = Vvi and 7rf) = 0,. Let X be the set of all 7 such that 7Tf} =g, forallvin S
and if ¢ belongs to X let

M = {®v65uv} & {®UESV1}}'

M is invariant and irreducible under the action of
Gs = {9=1(90)| 9o = 1forallvin S}.

Let ‘
M — @ieXMZ.

M is a Hilbert space and G acts on M. If at least one of the representations o/, v € S, is not one-
dimensional set N = M. If they are all one-dimensional let IV be the subspace of Ay(n) spanned, in
the Hilbert space sense, by M and the functions g — x(detg) where x is a character of F'* \ I such that
x? = nand o)(9) = xv(v(g)) forall gin G if visin S. If v is non-archimedean this last condition
determines X, uniquely. If v is real it only determines it on the positive numbers.

Let A’(n) be the space of all measurable functions ¢ on G’ \ G’ that satisfy p(ag) = n(a) ¢(g)
for all a in I and whose absolute values are square integrable on G Z} \ G’,. Replacing o, by o/, and
u, by u, we define N’ in the same way as we defined M. If at least one of the representations o7,
v € S, is not one-dimensional we set M’ = N’. However if they are all one-dimensional and y is a
character of £ \ I such that x> = nand 0/,(g) = X, (v(g)) forall Gin G}, if vis in S then the function
g — x(v(g)) belongs to N’. We let M be the orthogonal complement in N'of the set of such functions.

A~

The group G’ acts on M’ and N’. However by means of the local isomorphisms 6, we can define an
isomorphism of G and (A;’S Thus G acts on M and M. To prove the theorem we need only show
that the representations on these two spaces are equivalent. To do this we combine Lemma 16.1.1 with
the Selberg trace formula.

To apply Lemma 16.1.1 we have to introduce an algebra B. B will be the linear span of By, the set
of functions f on G s of the form

f(g) - H fv(gv)

vgS

where the functions f, satisfy the following conditions.
(i) If a, belongs to F,* then

f’U(a’U.g’U) = 77171(0’1)) f’l)(gl))'

(ii) f, is K,-finite on both sides and the projection of the support of f, on Z, \ G, is compact.
(iii) If v is archimedean f, is infinitely differentiable.
(iv) If v is non-archimedean f, is locally constant.
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(v) For almost all non-archimedean v the functions f, is 0 outside of Z, K,, but on Z, K, is given by

folg) = wy " (detg)

where w,, is unramified and satisfies wg = 1Ny.
We introduce B’ in the same way. We may identify B and B’ and to verify the conditions of the
lemma we need only show that if f = f; * fo with f; and f3 in By then

traceo(f) = traceo’(f)

if o is the representation on M and o’ that on M’. Let 7 be the representation on N and 7’ that on N'.
Since

trace 7(f) = traceo(f) + Z /A x(9) f(g)dg

Zs\as

and

tracer'() = traceo’ () + Y [ (o) 7o) dy

Zs\Gs

we need only show that
trace7(f) = trace7’(f).

Before beginning the proof we had better describe the relation between the Haar measures on the
groups Z, \ G and Z} \ G’;. Choose a non-trivial character ¢ of F' \ A. If wy is any invariant form
of maximal degree on Z \ G defined over F' and therefore over each F,, we can associate to wy and v,

a Haar measure wy(v) on Z,, \ Gy. Then [], ;g wo(v) determines a Haar measure wy on Zs\ Ggand
[ [, wo(v) determines a Haar measure wy on Z, \ G . The measure on Z, \ G is independent of ) and
is called the Tamagawa measure. As in the previous paragraph we can associate to wy(v) a measure
w((v) on Z] \ G and therefore to wy a measure w(, on Zg \ (A;’S or Zy \ G.

We first take f = f1 * f2 in B’ and find a formula for trace 7'( f). Let d(o,) be the formal degree
of o, with respect to the measure w((v) and let £, be the function

&u(9) = d(oy,) (o), (g)us,, uf)

on G,. Let @' = @', be the function

(g) = { [T €90} f(35)

vES

on G',. Here gg is the projection of g on @fg If p’ is the representation of Gy on A’(n) the restriction of
(") to N'is 7'(f) and p’(®P) annihilates the orthogonal complement of N’. Thus

trace p’(®') = trace 7' (f).

If pisin A’(n) then p'(®’) ¢(g) is equal to

/ o (gh) ®'(h) w(h) = / (1) B (g™ 1) ().
Z\Gy ZH\Gy
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The integration on the right can be performed by first summing over Zj, \ G’ and then integrating
over ZyG \ Gy If
'(g,h)= Y (g 'yh)
Zp\Gr

the result is

[ et e,
Re

F\Gl

Thus the trace of p/(®) is equal to

/ ®'(g, g) dg.
Z/, GG,

F
If we write out the integrand and perform the usual manipulations (cf [29]) we see that this integral
is
S measure (2, G\ GL) [ @y, (16.1.3
{7} GUNGY

The sum is over a set of representatives of the conjugacy classes in G=. G’ (7) is the centralizer of y in
G’y and G'z(7) is its centralizer in G’

Let Q' be a set of representatives for the equivalence classes of quadratic extensions £ of F' such
that £ ®p F), is a field for all v in S. For each E in ()’ fix an imbedding of E in the quaternion algebra
M’. Let Bp = Bp(E) be the multiplicative group of E, considered as a subalgebra of M’, or what is
the same the centralizer of F in G%. Let By = B (F) be the centralizer of E in G;. Let @)} be the
separable extensions in @' and @) the inseparable ones if they exist. Then (16.1.3) is the sum of

measure(Z, G \ G)) @' (e), (16.1.4)

if e is the identity,

1
5 > ) measure(Z) Br \ Ba) / (g vg) wi(g) (16.1.5)
1 v€ZL\Bp Ba\Ga

Z/
vE€Z5

and

>Ny measure(ZABF\BA)/ (g7 yg) wa(g). (16.1.6)

QY v€ZL\BFp Ba\Ga
YEZ R
The last sum is deceptive because @)} has at most one element. wp is the quotient of the measure on
Z, \ G', by thaton Z} \ Bjy. The choice of the measure on Z} \ B, is not too important. We do suppose
that it is a product measure.*
The expression (16.1.4) is equal to

measure(Z}, Gy \ Gg){ [T a0} fee).

vES

* In (16.1.5) the factor 1 is not quite correct. If we want to leave it in, both v and its conjugate must

be counted, even if they differ only by an element of F'.
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The integrals of (16.1.5) and (16.1.6) are equal to the product

H Xo!, (’771)
/
s measure(Z! \ By)

and

/A _ flgTvg) ws.
BS\GZS

Now regard f = fi * f2 as an element of B. We can still introduce for each v in S the function

&u(g) = d(ow) (UU (g)uvuv)

on G,,. d(o,) is the formal degree of o, with respect to the measure wy(v). If o}, is not one-dimensional
&, isintegrable and we can use it to define a function ® to which we can hope to apply the trace formula.
When o7, is one-dimensional the function &, is not even integrable so it is of no use to us. However in
this case we can find an integrable function ¢, with the following properties.

(i) Forall ain F;,
G <<g 2) g) =1, ' (@) Go(9)-

(ii) For a suitable choice of u, the operator o,,((,) is the orthogonal projection on the space Cu,,.
(iii) If x, is a character of F)* such that x2 = 7, then

/ xo(detg) €, (g) wo(v)
Zu\Gy

is —1if o), (h) = x, (v(h)) for all hin G, and is 0 otherwise.
(iv) If 7, is a unitary infinite-dimensional irreducible admissible representation of G, which is not

equivalent to o, but satisfies
a 0

trace 7, ((,) = 0.

for all a in F then

If v is real we cannot describe ¢,, without a great deal more explanation than is desirable at present.
However after a few preliminary remarks we will be able to describe it when v is non-archimedean.
Suppose o,,(9) = x» (v(g)) for g in G} and m, is a representation of G, such that

Ty <<8 2)) =ny(a)l

for all a in FX. Applying Lemma 3.9 to x, ! ® m, we see that the restriction of 7, to K, contains the
representation k — x,(detk) if and only if 7, = 7(uy, ), oy = 7y, and the restrictions of p,, and
v, to U, the group of units of F,,, are both equal to the restriction of x,. Let (/, be the function on G,
which is 0 outside of Z, K,, but on K, is equal to

1

~1
detg).
measure(Z, \ Z, K,) Xy (detg)
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Let H, be the group generated by Z,, the matrices
a b
c d
0 1
w, 0/°

Let w, be the character w,(a) = (—1)" x,(a) if |a] = |w,|". According to the concluding lemmas of
the previous paragraph there is a non-zero vector u in the space of 7, such that

in K, for which ¢ = 0(mod p,), and

T (g) u = wy(detg) u

for all g in H, if and only if 7, is equivalent to o, m, = 7(iy, V) is infinite-dimensional, (v, = 1y,
and the restrictions of y, and v, to U, are equal to the restriction of x,, or 7, is the one-dimensional
representation

g — wy(detg).

Let (/] be the function which is 0 outside of H, and equal to

1 1
~(det
measure Z, \ H, wy (detg)

on H,. We may take
o =Gy = G-

There are some consequences of the four conditions on ¢, which we shall need. If y, and v, are
two characters of F,* such that u, v, = n,, the trace of p(y, iy, V) is a multiple of

/ o) g [ [ Gt tany ana} o

()

Since this is 0 for all possible choice of 1, and v,

/ / Co(k~tank) dkdn = 0
N, JK,

for all a. We also observe that if o), is not one-dimensional then

/ / & (k™ rank) dkdn = 0
Ny, J K,y

if

for all a.
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If 7, is special or absolutely cuspidal trace ,((, ) is therefore equal to

1 -

s X [ A Gl o)} . )50 o).
5 JZ,\B, *JB,\G,

Since trace m,((,) is 1 if 7, is equivalent to o, and 0 otherwise the orthogonality relations imply that

-1

oy (b7
measure Z, \ By Xor, (577

/ Colg bg) wp(v) =
B, \Gy

for all regular b and therefore, by continuity, for all b whose eigenvalues do not lie in F;,. It probably also
follows from the Plancherel theorem that ¢, (e) = d(o,). We do not need this but we shall eventually
need to know that (,(e) = d(o,,). For the moment we content ourselves with observing that if w, is a
character of F,* and o7, is replaced by w,, ® o/, the formal degree does not change and (, is replaced by
the function g — w, ! (detg) ¢, (g) so that ¢, (e) does not change. Thus the relation ¢,(¢) = d(c!) need
only be proved when o7, is trivial.

Let 51 be the subset of v in S for which o7, is one-dimensional and let Sz be the complement of \S;
in S. Given f = f1 x fo in B we set

() = { T Gl }{ I &(9)} £(as).

vES1 vES?2

Let pf be the representation of G on A7 (1) the sum, in the Hilbert space sense, of Ay(n) and
the functions x : g — Yx(detg) where y is a character of F* \ I such that x> = 7 and let p be
the representation on A(7). If at least one of the representations g, is not one-dimensional pg (®)
annihilates the orthogonal complement of Ay(n). If they are all one-dimensional we apply the third
condition on the functions ¢, together with the fact that the number of places in S is even to see that
pg (@) x = Ounless o/, (h) = x, (v(h)) for all hin G} and all v in S but that if this is so

pg (@) x = 7(f) x-
Recall that Ag(n) is the direct sum of spaces V' on which G4 acts according to representations 7 = ®@7¢.
If at least one of the representations ¢’, is not one-dimensional pj (®) is equal to o(f) on M and
annihilates the orthogonal complement of M in Ay(n). Suppose they are all one-dimensional. If ¢
belongs to X the restrictions of pf (®) and o(f) or 7(f) to M are equal and pJ (®) annihilates the
orthogonal complement of M* in V. If i is not in X the trace of the restriction of p (®) to V% is

{ H trace 7 ((y) } {trace 75 (f)}

vES

in 75 = Qugsm,. Since 7}, v € S, are all infinite-dimensional and for at least one such v the
representation 7, is not equivalent to o,

H trace 7 (¢,) = 0.
veS

We conclude that
trace pg (®) = tracer(f).
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To show that
trace(f) = trace7'(f)

we have to apply the trace formula to find a suitable expression for trace pj (®). In order to describe
the formula we need to state some results in the theory of Eisenstein series.

Consider the collection of pairs of character u, v of ' \ I such that pv = n. To such pairs, u, v
and y/, v/ are said to be equivalent if there is a complex number r such that y// = pal, and v/ = va".
If a belongs to I then o/ (a) = |a|". Let P be a set of representatives for these equivalence classes.

Suppose (u, v) belongs to P. If s is a complex number the space B(,uoz]%, Voz;%) of functions on
Na \ Gy is defined as in the tenth paragraph. Since the functions in this space are determined by their
restrictions to K we may think of it as a space of functions on K in which case it is independent of s.
Thus we have isomorphisms

T.: Buog, vag®) — B(u,v).
The theory of Eisenstein series provides us with a function (¢, s) — E(¢, s) from B(u,v) x C to

A(n). E(g, ¢, s) is the value of E(¢p, s) at g. For a given ¢ the function E(g, ¢, s) is continuous in g
and meromorphic in s. Moreover there is a discrete set of points in C such that outside of this set it is

holomorphic in s for all g and ¢. If s is not in this set the map ¢ — E(T;p, s) of %(uaé, Va;%) into
A(n) commutes with the action of K.
If the total measure of N \ Ny is taken to be 1 the integral

/ E(ng,Tsp,s)dn
NF\NA\

is equal to
p(9) + (M()¢)(9).

M (s)is alinear transformation from B(paz, va,? ) to B(va,?, pa ) which commutes with the action

of J{. It is mermorphic in the sense that
<M(S)Ts_1@1’ Ts_1@2>
is meromorphic if 1 belongs to B (1, ) and ¢ belongs to B(v~1, u~1). The quotient of M (s) by

L(1—s,vu™t)
L0+ s D)

L(s, )

—e(1— -y 7
) T )

is holomorphic for Re s > 0. Since the analytic behavior of E(g, ¢, s) is controlled by that of M (s) it
should be possible, as we observed before, to use the Eisenstein series to show that a constituent of

B(,u,aé, Va;%) is also a constituent of A (7).
To indicate the dependence of M (s) on p and v we write M (u, v, s). Then

M(u,v,s)M (v, p,—s) = 1.

If s is purely imaginary we can introduce the inner product

(61, 02) = /K o1k @a(k) di
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onB(pak,var?). Let B(pak, va,?)beits completion with respect to this inner product. B(uaz,va,?)
may be thought of as a function space on Gy on which G acts by right translations. The representation

3
2

of Gy on B(pa}, Va;%) is unitary. Let g correspond to the operator p(g, i1, v, s) and if f isin L'(n) let

o) = / £(9) p(g, 1, v, 8) wolg)

Zu\Ga

T extends to an isometry, from B(paz, vay?) to B(u,v) and M (p, v, s) extends to an isometry from

B(,uoz}%?, Va;%) to B(l/a;% , ,uoz]%). In particular
M*(p,v,s) = M(v, p, —s).

Suppose (4, v) is in P and, for some r, v = pa} and p = vay". Replacing p by ua% and v by
vag 2 if necessary we may suppose that 4 = v. We may also suppose that if (, ) is in P and is not
equivalent to (v, i) then (v, ) is also in P. Let L be the Hilbert space sum

®PB<M7 V)
and let £ be the algebraic sum

@P‘B(:u’v V)'
If we define L(s) to be

s

B (pery vory )
and L(s) to be

s

@PB(MOZI%’VO‘IZE)

we can introduce the map
Ts: L(s) — L.

The representation g — p(g, s) is the representation
g — ©p(g, p, v, 8)

on L(s). M(s) will be the operator on L(s) which takes ©¢(u, v) to ©¢1 (11, v) with

p1(v, 1) = M(p, v, 8) (s v).

It is unitary.
If F' has characteristic O let H be the space of all square integrable functions ¢ from the imaginary
axis to L such that
T~ p(—s) = M(s) T ()

c 100
¢ / ()12 dls|
v

—1%00

with the norm
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c is a positive constant relating various Haar measures. It will be defined more precisely later. If F'is
a function field with field of constants F, the functions in H are to be periodic of period ‘222 and the

27
norm is to be )
clogu [Toea
JAECIR !
™ 0

On the whole we shall proceed as though F' had characteristic O merely remarking from time to time
the changes to be made when the characteristic is positive.
If o = Do(p,v)isin L we set

E(g,¢,5) = > E(g,¢(1,v),s).
If ¢ in H takes values in £
N :
tim 5= [ B(g.0(s).5) sl = (0

T—oo 271' —iT
exists in A(n). The map ¢ — ¢ extends to an isometry of H with a subspace A; (1) of A(n). If g is in
Gy and ¢’ is defined by

¢'(s) =T, plg,s) Ty p(s)

then ¢’ is p(g)@.
The orthogonal complement of A;(n) is A (). Thus if E is the orthogonal projection of A(n) on
Ay (n) the trace of pf (®) is the trace of p(®) — Ep(®) which, according the the Selberg trace formula,
is the sum of the following expressions which we first write out and then explain.
(i)
measure(Zy Gp \ Ga) ®(e).

(i)
(i)
%2: ’YEZXF;BF measurel 2 Br \ Ba) ~/BA\GA (I)(g_1'79) wp(9)-
YEZ R

@iv)

—c ), Z{ 11 W(%fw)}w(%fv),

YEZR\ARp v wv
YE€Z R
v)
C[AO H@(O, fo) + /\71{ 29'(0, fv) H 0(0, fw)}]
v > o

(vi) If F'is a number field
1
~1 trace M (0) p(®,0),

but

log g a §
4 {traceM(O) p(2,0) + trace M (logq) p(q>, log q) }
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if F'is a function field.
(vii) If F'is a number field ‘
1 100
g tracem ™ (s) m/(s) p(®, s) d|s|,
T

—100

but

27
1 log q
qu/ ’ tracem ' (s) m/(s) p(®, s) d|s|
aT Jo

if F'is a function field.
(viii) The sum over (u,v) and v of

An {tr R_l(ﬂw Vy, 3) R/(Nva Vo, 3) p(f7 Moy Vo 3)}{ H tr p(fw7ﬂwa V), 3)} d|3‘

—1400 wWHV

if F' is a number field and of

log ¢ Fee _
B [T 0 B ) R Gt 5) o0 st D TL 6001002009} s
wH#v

if F'is a function field.
The function @ is of the form

(I)(g) = va(gv)'

Let () be a set of representatives for the equivalence clases of quadratic extensions of F'. For each F in
Q fix an imbedding of F in the matrix algebra M = M (2, F'). Let Bp = Bp(FE) be the multiplicative
group of E, considered as a subalgebra of M. Bp is the centralizer of E in Gp. Let By = By(FE) be
the centralizer of I in G. Q1 is the collection of separable extensions in ) and )z is the collection of
inseparable extensions. A is the group of diagonal matrices in G.

Choose on N, that Haar measure which makes the measure of Np \ Ny equal to 1. Choose on K
the normalized Haar measure. On the compact group H obtained by taking the quotient of

{(§ 5)eanllo=1a]

by Zy Ar choose the normalized Haar measure. H is the kernel of the map

< a 0 ) — log ‘ g
0 g 3
of Ap Zy \ Aa onto R or log gZ. On R one has the standard measure dz and on log ¢ Z one has the
standard measure which assigns the measure 1 to each point. The measures on H and on H \ (Ap Z, \

Ay) together with the measure on Z, \ Ap Z4 which assigns the measure 1 to each point serve to
define a measure da on Z, \ Aa. The constant c is defined by demanding that

/ £(9)wol9)
Zy\Ga

1
2
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c/ / /f(ank) dadn dk
Zi\An I N, JK

if f is an integrable function on Z; \ G5. We may suppose that the measures on Z; \ Ap, Ny, and K
are given as product measures and in particular that

/ dk, =1
Ky

/ X(ny)dn, =1
Ny

for almost all v if x is the charcteristic function of

(1 2) jeeon).

The factors w(7, f,) and w1 (7, f,) appearing in the fourth expression are defined by

be equal to

and

w(7, fo) _/ / Follk 0 ynyky) dny di,

and
 fo) = fU (k; ng tynyky) log AM(ny) dn, dk,,.
1Y 'Y
If ,
<_01 (1)> n= <% /3’) n'k’
then
Set 6(s, f,) equal to
1 (6% —1—s
/1 . 1\ v kil ot vkv S d vdkv
L(1+s,1,) /ZU\AU /KU fuolk @y noauky) B ¢
where
a, 0
“\o s,
and

1, is the trivial character of F,. Then (s, f,) is analytic at least for Res > —1. It derivative at 0 is
0'(0, f,). If
L(1+s,15) HL +5,1,)
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the Laurent expansion of L(1 + s, 1) about s = 0 is

A
ot

The operator m(s) is the operator on L(s) which for each (u,r) multiplies every element of
B(uaf, vap?) by
L(1—s,vu™t)
(0 T 5, )’

We may represent B(uag ,vay?) as

E

@oB(pof , Voap?)

E]

when s is purely imaginary. If Res > 0 let R(j,, vy, s) be the operator from B(uvai,uvagf) to
B(l/va;? ,u,va?% ) defined by setting
R(po: v, 5) (9)

- L( + s, povy ! 0 1
5(1*53/%1%,1%) (L(S 1 Vﬁl) )/N 12 <<1 O> ng) dn.

These operators can be defined for s purely imaginary by analytic continuation. They are then scalar
multiples of unitary operators and for a glven M,V are in fact unitary for almost all v. Thus R(u, vy, 5)

equal to

can be defined as an operator B(,uva 7> Veap?) when s is purely imaginary and

L(1—s,vp~t
=) {®y R, v 5 )}m-

(k,v)

Set
N(s)=TsM(s)Tg"!

and if N'(s) is the deriviative of N(s) set
M'(s) =T, N'(s) T
Define R'(jiy, Vs, $) in a similar fashion. Then
trace M 1 (s) M'(s) p(®, s)

is the sum of
tracem ™1 (s) m/(s) p(®, s)

and
Z Z{trR Mwyva )R/(ﬂvanS) p(fvaﬂmyvas)}{ H trp(fwaﬂw7yw73>}7
(wv) v wF#v

E

where p(fy, by, Vv, S) is the restriction of p(f,) to B(,uvoz}% Q).
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If E(u,v,s) is the projection of L(s) on B(,uoz]%;, Voz;%) we can write

m(s) = a(p,v,s) E(u,v,s)
where the a(u, v, s) are scalars. Thus
tracem ™ (s) m/(s) p(®, s)

is equal to

S U T ace p(fy v 5) )

a(p, v, s)

We can also write
M(0) = a(p,v) E(n,v,0)

so that
trace M (0) p(®,0)

is equal to

S~ atu )| T] trace plfo 1ur 2, 0)

v

M( il >:ZB(,U,,V)E(M,I/, T )

log g log ¢

If F is a function field

If
/ / fo(k™tank) dndk =0 (16.1.7)
K, J N,

forall ain A, = Ap, then w(v, f,) = 0 forall v, 6(0, f,) =0, and

trace p(fu, fv, Y, 8) =0

for all i, vy, and s. In particular if (16.1.7) is satisifed for at least two v the expressions (iv) to (viii)
vanish and the trace formula simplifies considerably.
We now apply this formula to the function

() = { TT o) H{ TT &ulo)} £(39)

vEST vES

where f = f; % fo with f1 and f5 in B is of the form

f(gs) = H fo(go)-

€S

Since S has at least two elements and the functions ¢, and &, satisfy (16.1.7) only the expressions (i) to
(iii) do not vanish identically. The expression (i) is now equal to

{TT ¢} IT de.} f(e)

vEST vES>
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We recall that d(o,) = d(o)) if visin Ss.
We may suppose that ()3 is equal to Q5 and that @] is a subset of Q1. If F'isin Q)1 or Q2 and 7 is
in Bp = Bp(E) butnotin Zp

/ (g "vg) wp(g)
Bx\Ga

is equal to the product of
H / ’ng WB H / lygv)wB(v)}
ves, Y B vES2

and

/A _ flg7Mv9)ws
Bs\Gs

Ifvisin S'and E ®p F), is not a field so that B, is conjugate to A, the corresponding factor in the first
of these two expressions vanishes. Thus the sum in (ii) need only be taken over @. If F isin Q] or Q2
the first of these two expressions is equal to

- S
=g measure Zy \ By

Thus, in the special case under consideration, (ii) is equal to (16.1.5) and (iii) is equal to (16.1.6) so

trace 7(f) — { I1 Cv(e)}{ I1 d(o)} measure(Zs Gr \ Ga) f(e)

vEST vES>2

that

is equal to

trace ' (f) — { H d(a,/j)} measure(Zy G \ G}) f(e).

vES

We may take 7 to be trivial and apply Lemmas 16.1.1 and 16.1.2 to see that, in this case,
trace7(f) = trace 7'(f)

and

{ H d(o’v)} measure(Zy G \ G})

veS

is equal to

{ H Cv(e)}{ H d(av)} measure(Zy Gr \ Ga).

vES] vES>

Still taking 7 trivial we choose the o7, so that none of them are one-dimensional and conclude that
measure(Zy G \ G) = measure(Z, G \ Gp). (16.1.8)
Then we take exactly one of them to one-dimensional and conclude that ¢,(e) = d(o)). Thus (,(e) =

d(o!) and
trace(f) = tracer’(f)
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in general.

The relation (16.1.8) is well-known. One can hope however that the proof of it just given can
eventually be used to show that the Tamagawa numbers of two groups which differ only by an inner
twisting are the same or at least differ only by an explicitly given factor. Since the method of [33] can
probably be used to evaluate the Tamagawa numbers of quasi-split groups the problem of evaluating
the Tamagawa numbers of reductive groups would then be solved. However a great deal of work on
the representation theory of groups over local fields remains to be done before this suggestion can be
carried out.

To complete our formal argument we need to sketch a proof of the trace formula itself. One must
use a bootstrap method. The first step, which is all we shall discuss, is to prove it for some simple class
of functions ®. We take ® of the form ® = [’ % f” with

OB | BACD)

and

() =T] £ (90)

where f/ and f,/ satisfy the five conditions on page 325. The function f, is f; * f.'.
Suppose ¢ is a K-finite compactly supported function in A(n). For each purely imaginary s define
&(s) in L by demanding that

1

> ©0(g9) E(g,¢',s)wo(g) = (95(5), 90/)
Gr Zy\Ga

be valid for all ¢’ in L. The map ¢ — ¢(s) extends to a continuous map of A(n) onto H. H(s) is the
function in H corresponding to Ey in A; (7).

For each (p, ) in P choose an orthonormal basis {; (i, )} of B(u, ). We may suppose that any
elementary idemotent in JH annihilates all but finitely many elements of this basis. If

95(8) = Z Zai(uvya S) 902'(/1’7 V)

(pv) i

then
1

ai(“? v, S) = %/G Z0\G @(Q)E(% Qpi(:u7 l/),S) wo(g)'

Let
p(q)73) T§1 SOI(,UO V) = ijl(¢)7,u7 v, 3) T§1 SOJ(/%V)
J

For all but finitely many 1, v, i and j the functions p;;(®, 41, v, s) vanish identically. Ep(®)y is equal to

tim 357 [ i @) 050, 9) E 0, 00).5) s

T—o0

A typical one of these integrals is equal to the integral over G Z, \ G, of the product of ¢(g) and

T
/ pij (@, v, 8) E(g, ¢i(1,v), ) E(h, ¢j(p,v),s) d|s|.

—iT
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Thus the kernel of F p(®) is the sum over (u,v) and 4, j of
1 100

pij(q)nua v, S)E(gﬂoz(l% V),S) E(hasoj(l% V),S) d|8|

ame J_ oo

The kernel of p(®) is
O(g,h)= > B(g'yh).

Zr\GF

To compute the trace of p(®) — E p(P) we integrate the difference of these two kernels over the diagonal.
The function ®(g, g) may be written as the sum of

YY) gy, (16.2.1)

5€PF\GF YENE
y#e

where Pr is the group of super-triangular matrices in G,

% > > (g7 ), (16.2.2)

YEZp\AFR S€Ar\GF
YE€Z R

where A is the group of diagonal matrices in G,

%Z > > (g6 ydg) (16.2.3)

Q1 "CZp\Bfp 5€BF\GF
1¢Zp

and

Z > > o976 ydg) (16.2.4)

Q2 ’YEZF\BF SEBF\GF

together with
P(e). (16.2.5)

The constant ®(e) can be integrated over G Z, \ G4 immediately to give the first term of the
trace formula. The standard manipulations convert (16.2.3) and (16.2.4) into the second and third terms
of the trace formula.

The expressions (16.2.1) and (16.2.2) have to be treated in a more subtle fashion. We can choose a

constant e; > 0 so that if
(1 =z a 0 i
9= o 1)\o g

with z in A, o and 3 in I such that |%] > ¢y, and k in K and if

1 2 o 0 ,
w=(o 1)(5 5)r

withyin Gg, 2/ in A, o/ and 3 in I such that ]g—:] > ¢1,and k' in K then 7 belongs to Pr. Let x be the

characteristic function of
1 =« a 0 I ‘ ‘ a ‘ S ¢
0 1/\0 p gl ="
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The expression (16.2.2) is the sum of

1

5€PF\GF YEZp\PR
YE€ZpNp

and
1

6€PF\GF YEZR\Pp
YE¢ZpNFp

Here () is any element of G  not in Pr such that

e(v)ve (7) € Pp.

50 > @i M0g) (x(69) + x(e(1)dg))

S Y (g yeg) (1 — x(89) — x(e(7)dg))-

There is always at least one such (). The integral of the second sum over Gy Z, \ G converges. It

is equal to
1

Pp\Gx YCZp\Pp
YE€ZpNp

Every «y occurring in the sum can be written as 61,8 with 7o in Ar and § in Pr. Then

(67 e(70)0) (6~ 08) (6 &(70)d)

so that we can take () = §~1&(70)d. We take

o)==

Since x(dg) = x(g) and

x (6~ wdg) = x(wdg)

the integrand is

Yo Y (g 09) (1 — x(3g) — x(wdg)).

YEZR\AR SGAF\PF
YE€Z R
The integral itself is equal to

1

YEZRp\Ap
YE€Z R

All but a finite number of the integrals in this sum are 0.
It is convenient to write each of them in another form. If

(i )

2 /Z > (g g) (1 - x(9) — x(e(1)9)) wolg)-

L= 67 (e(0)v0e " (10))0

5 Z ‘/ZAAF\GA, (I)(gilr}/g) (1 B X(g) o X(wg)) wO(g)'
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then x(g) is 1if | 5| = c1 and is 0if [F] < ¢1. If

(a0 P
wn—<0 ﬁ,>nk:

and A(n) is |g—:| then x(wg) is Lif [F] < %T) and is 0if [F] > %T) It is easily seen that A(n) < 1. Thus
if ¢; > 1, as we may suppose, one of x(g) and x(wg) is always 0. The integral

/ (g "v9) (1 — x(9) — x(wg)) wolg)
ZyAr\Ga

is equal to
c/ / (k™ 'n""ynk)(2logc; — log A(n)) dn dk
Ny JK

which we write as the sum of
ZClogcl/ / O (k™ n"tynk) dn dk (16.2.6)
Ny JK

and

Zc/ /cb(k—ln—wnk) log AM(ny) dn dk.
> Ny JK

if we express each of the integrals in the second expression as a product of local integrals we obtain the
fourth term of the trace formula. All but a finite number of the integrals are 0 so that the sum is really
finite. We will return to (16.2.6) later. If F’ is a function field over F, it is best to take c; to be a power
of ¢" of gq. Then 2log c; is replaced by 2n — 1.

The expression (16.2.1) is the sum of

o> @975 ydg) x(69)

JEPF\GF YENR
y#e

and

YD (g6 69) (1 x(09))-

5€PF\GF YENRp
Y#e

The integral of the second expression over Gp Z, \ G converges. It is equal to

/P Z\G Z (I)(gilfyg)(l _X(Q))WO(Q).

(11
=10 1

> D970 nodg) (1 - x(dg))

NpZp\Pp

If

the integrand is equal to
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so that the integral itself is equal to

/ D (9~ n0g) (1 — x(9)) wo(g)
NpZa\Ga

which is

/ZA\AA/ fa” ngak) (1 X(a))‘%‘_ldadk

(39

The integrand vanishes outside of a compact set. Thus the integral is the limit as s approaches 0 from

above of
/ / Ya™ ngak) (1 — x(a)) ‘g‘ilisda dk,
Zi\An p

which is the difference of
/ / la~ noak ‘ — ‘ da dk
Zp\Ax

/ / Lo~ noak‘ ‘ a) da dk.
Zi\An B

The first of these two expressions is equal to

«
c fo k;laqjln Apky)|—
{ 1:I /ZU\AU /KU ( 0 ) ﬁv

cL(1+s, 1F){H0(s,fv)}. (16.2.7)

if

and

—1—s
da, dk,

——

which is

Observe that if v is non-archimedean and f,, is 0 outside of Z,, K, and is 1 on the elements of Z,, K, of

determinant 1 then
/ / fv(kv_lav_lnoavk‘v) Qo
Z’U\A’U K’U

is the product of the measure of
a 0
{(§ 5)eza o=}

&9
Z \WmHS = L(l + s, 11})7
n=0

—1-s

day, dk,

and

so that

HQ(S, fv) = 6(83 (b)
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is analytic for Re s > —1 and its derivative at 0 is
>0, f){ TT 00s. £0) }-
v w#v
The function (16.2.7) has a simple pole at s = 0. The constant term in its Laurent expansion is
e[ 2o TT000, ) +21{ > 0'0.£) [T 00 1) H
v w#v

which is the fifth term of the trace formula.

The expression
—1-—s
/ / Yo ngak) ‘a‘ x(a) da dk
Zi\ A B

c k™ ta  yak) ‘ a)da dk.
/ZAAF\AA/ Z ﬁ‘

YENE
y#e

is equal to

Choose a non-trivial character ¢ of F'\ A and let

U(y,g) = /A<1> <91 <(1) f)g) Y(zy) dz.

U(y,ag) = ‘g‘il W(%y,g).

Then

Moreover by the Poisson summation formula

Z ®(k~ta tyak)

YENFE
Y#e
is equal to
Bt g (@ gt
;‘E‘ \IJ(Byk) n ‘E‘ U(0, k) — d(e).
The integral

Z\II( )}dadk

ZnAFR\Anp

is a holomorphic function of s and its value at s = 0 approaches 0 as ¢; approaches co. Since we shall

eventually let ¢; approach oo it contributes nothing to the trace formula. If /" is a number field

c/ / P (e) S
ZAAF\AA K

1+s C%Jrs

x(a) da dk

is a multiple of
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which is defined at s = 0. Its value there approaches 0 as c; approaches co. Finally

C/ZAAF\AAA\I/(O’M%‘SX(G) da dk

[ w(0,k) dk.

S
§€ JK

is equal to

The pole of this function at s = 0 must cancel that of (16.2.7). Consequently

/ W(0, k) dk = A1 6(0, ).

The constant term in its Laurent expansion about 0 is

—clogey / U(0, k) dk.
K

Not this expression but its negative

clogcl/ U(0, k) dk (16.2.8)
K
enters into the integral of the kernel of p(®) — E p(®) over the diagonal. If I is a function field - is
to be replaced by

qu'l’ls

1—qgs

and logc; by n — 1.
The Poisson summation formula can be used to simplify the remaining part of (16.2.1). We recall

that it is
> >~ (g0 ydg) x(59).
S€Pr\GF ’YE;VF
Y e

We subtract from this

Y W(0,89) x(d9)

0ePr\GFr

> ) Wy, dg) x(6g)

§EPr\GF y#0

to obtain the difference betwen

and

> ®(e)x(dg).

0€Pr\GFr

The integrals of both these functions over Zy G \ G4 converge and approach 0 as ¢; approaches co.
They may be ignored.
The remaining part of (16.2.2) is the sum of

% Yo Y (g yeg) x(0g)

(SEPF\GF ’YGZF\PF
YE€ZpNp
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and
! S Y (g yeg) x(e(1)dg).

§€Pr\GFr "€ZF\PFp
VE¢ZpNFp

These two sums may be written as

% Yoo > (g e vdg) x(dg)

YEZR\AR AF\GF
YE€Z R

and
1

3 ) >~ B(g7'5ydg) x(wég).
WEZQF\AF AF\GF
YEZ R

Replacing § by w14 in the second sum we see that the two expressions are equal. Their sum is equal
to twice the first which we write as

> YooY @97 ne6g) x(d9)-

71€ZFp\Afr §€Ppr\GFr 72€NF
T1€ZF

For a given @ all but finitely many of the sums

Yo D g dg) x(89) (16.2.9)

0ePr\GFr 72€NF

U(y,71,9) = /A@’ (glvl (é f) g) Y(xy) de.

The expression (16.2.9) is the sum of

are zero. Set

> Uy, m,d9) x(dg)

6€Pp\GF y#0

and

0ePr\GFr

The first of these two expressions is integrable on Gy Z, \ G4 and its integral approaches 0 as ¢;
approaches oo.
Since ¥ (0, g) = ¥(0, ¢, g) we have expressed ®(g, g) as the sum of

Yo > W(0,7,49) x(49) (16.2.10)

0ePr\GFr YEZF\AF

and a function which can be integrated over Gr Z, \ G4 to give the first five terms of the trace formula,
the sum of (16.2.8) and one-half of the sum over v in Zr \ Ap but not in Zr of (16.2.6) which is

cloge; Y //tl)(k:_l'ynk:)dndk:, (16.2.11)
Ny JK

YEZRp\AF
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and an expression which goes to 0 as ¢; approaches oc.

Now we discuss the kernel of E p(®) in the same way. Set H(g; i1, v, i, j, $) equal to

pij(q)nu, v, S)E(g7 gpi(u,u),s) E(97 QD]‘(,LL, 7/),5).

On the diagonal the kernel of E p(®) is equal to

224—% _ H(g;u,y,i,j,s)d|s|

if F'is a number field and to

27
logq [Tosd ..
SB[ i) dis

1NN

if F'is a function field. We set E(g, ¢, s) equal to

> AT @(89) + M(s) Ts " (3g) } x(39)
Pr\GFr

and let
Es(g,0,8) = E(g,¢,5) — E1(g, ¢, 5).

If, form=1,2,n=1,2, Hyu,(g; p,v,i,7,5) is

Pij (@, 1,1, 8) B (9, 0i(11,v), 8) En(g, 0 (1,v), s)

and ®,,,,,(g) is, at least when F' is a number field,

Z Z 4—7TC e Hm,n(g; H,V, Z.7j7 S) d‘S‘,
i
the kernel of E p(®) is
n 2
Z Py (9)
m=1n=1

on the diagonal.
If m or nis 2

/ ®yn(g) wo(g)
Gr Zy\Ga

Y

© Lv i Gr Zy\Ga

is equal to

(g, 11,,,5, ) wo(g) | dls|.

Take first m = n = 2. If F' is a number field a formula for the inner product

/ Es(g, 01, ) Balg, 02, 5) wolg)
Gr Zy\Ga
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can be inferred from the formulae of [26] and [27]. The result is the sum of

ctlgn 2t{c ©1,02) — e H(N(t+5)1, N(t+ 5)p2) },

where N (t + s) = Ty s M(t + s) Ty, and

chm—{c1 (cpl,N(t+s)<,02) —cy (N(t+s)<p1,<p2)}.

t—0 2

The second expression is equal to

Q_CS{C%S (2, N(s)p2) — 1> (N(s)p1,02) }-

The first is the sum of
2010@?01(@1,902)
and
*—{( N'(s)e1,92) + (1, NH(s) N'(s) p2) }-

If F' is a function field over F, and ¢; = ¢"the inner product is the sum of

S

1—q¢°+q° nel)s , 1=q°+¢° —2(n—1)s
ClOgQ{W(%,N(S)@z)QQ( 2 +17(N(8)901a()02)q 2(n=1)

_ q25
and
(2n — 1)c(p1, 92)
and
——{( '(s) p1,02) + (01, N1 (s) N'(s) 92) }.
Certainly
DD i (@ vy ) (9ilpv), 051, v)) = trace p(®, s)
MV,
which equals
s+1
Zc/ / / “Lank) p(a )1/(5)‘g * dndadk
1,V NA ZA\AA ﬁ
or
a s«gl
Sef [ [ X et amk ) )3
v Ny J ZyArp\Ay ~EZP\AR B
Thus if H is the set of all
a 0
0 g
in Zy Ap \ A for which |a| = |
1 100
— trace p(®, s) d|s| (16.2.13)

ame J_ioo
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is equal to
1 -
Q;L/NA/K;‘I’U? aynk) p(a) v(B) dn dk da

which is

1
—/ /q)(kzlfynk‘)dndk.
2N, Kk

When multiplied by 2clog c; the effect of this is to cancel the term (16.2.11). If I is a function field
(16.2.13) is said to be replaced by

27
1 lo
qu/ gqtmcep(@,s)d|s|
dme )

but the conclusion is the same.
The expression

SN i (@ v ) (il v), N(s)p (1, v)

MV 4,
is equal to
trace M 1 (s) p(®, s)

when s is purely imaginary and

Z Zpij(¢)7:u7 v, 3) (N<S)(Pz(:u’7 V)v (Pj(/iv V))

MV %,

is equal to
trace M (s) p(®, s).

Since M (0) = M ~1(0)

1 [
lim — / 5{0%5 trace M 1 (s) p(®, s) — ¢ 2 trace M(s) p(®, s) }d|s|

c1—o00 T oo

is equal to
1
1 trace M (0) p(®,0).
When multiplied by —1 this is the sixth term of the trace formula. For a function field it is to be replaced

by

ki%{ trace M (0) p(®,0) + trace M (loz“q> p(q)’ $> }

When s is purely imaginary
(NTHs) N'(s) 1, 02) = (1, N7 (s) N'(s) 2).
Moreover

Z Zpij(¢)7:u7 v, 3) (N_l(s) N/(S) (Pi(,Uz, V)? (pj(/h V))

T2 N]
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is equal to
trace M ~(s) M'(s) p(®, ).

Thus

1 100

e trace M 1 (s) M'(s) p(®, s) d|s|
7r

—1400
is to be added to the trace formula. It gives the seventh and eighth terms.

Next we consider (16.2.12) when m = 2 and n = 1. If ¢}, = T s and ¢ = M(s) T, s the
integral

[ B Bigens)anls) (162.14)
GrZi\Ga

is the sum of

/ Ex(g,01,5) #(9) x(9) wol9)
PrZi\Ga

and

/ Ex(g,01,5) 74(9) x(9) wolg)-
Pr Zy\Ga

Since ¢}, ¢4 and x are all functions on Z3 Ny Pr \ G4 while, as is known,

x(g) | Ea(ng,e1,8)dn =0
Ny

when ¢; is sufficiently large, the integral (16.2.14) is 0. Thus (16.2.12) is 0 when m = 2and n = 1 and
alsowhenm =1land n = 2.
Set

F(g,0,8) =T olg)+ M(s) Ty o(g)

and set Hy(g, 1, v, 1, §, s) equal to

pij (@, 1, v, 8) F(g, 0i(p,v), 8) F(g,05(1,v),5) x(9)-

If ¢1 is so large that x(d19) x(d29) = 0 when ¢; and d2 do not belong to the same coset of Pr the
function @4 1 (g) is equal to

ZZ Z 4L7TC ) H0(5gaﬂvyaiaj,5)d|5|.
—1300

wv i,j Pp\Gp

If ©%(g, p, v) is the value of T§1 wi(u,v) at g then

Zpij(q)nu’a v, 8) @;(hvl% V) @;’(gnu? V)

2]

is the kernel of p(®, u, v, s) which is

C/NA /ZA\AAQ)(g_lanh)‘%‘%,u,(a) v(3) dn da.
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If we set h = g, divide by 47c, integrate from —ioo to 00, and then sum over p and v we obtain

LY w00

YEZr\AF

If ¢ (g, p, v) is the value of M (s) Tg " ¢;(u,v) at g

Zpij(q)nu’a v, s) @;/(hvl% V) @;’l(gnu? V)

,J
is the kernel of
M(M7V78)p(¢)7uayas)M(V7M7_S) :P(@vya/%_s)-
Thus @1 1(g) is the sum of

Yo > W(0,7,9) x(d9) (16.2.15)

0ePr\Gr YEZF\AF

and

(09)
ZZ Z X47TZ / {Hl 59»%’/»%]» )+H2(6g,,u,1/,i,j,8)}d’5|

v i, Pp\Gp

where Hy(g, p, v, 1, j, $) is
Pij (P, 1, v, 8) 93(gs 1y V) 97 (g, 1, V)
and Hs(g, p, v, 1, j, S) is
pij (@, 1, v, 8) @7 (g, 11, v) (g, 1, V).
The expression (16.2.15) cancels (16.2.10). If g = nak with

(a0
a={g 5)

Hi(g,p,v,1,j,s)is equal to

s+1

ps(@ s u(5) 5] el @ k).

The functions p;; (®, 41, v, s) are infinitely differentiable on the imaginary axis. Thus

1 100

Hl(g M7V7Z7]7 )d‘S‘

dre J_ i

is, O] 5 M) as \%| — oo for any real M. Thus if this expression is multiplied by x(g) and averaged
over Pp \ G the result is integrable on Zy G \ G and its integral approaches 0 as ¢; approaches co.
Thus it contributes nothing to the trace. Nor do the analogous integrals for Hy(g, i, v, 4, j, S).
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