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Introduction. Suppose G is a connected reductive group over a global field F. Many of the problems of
the theory of automorphic forms involve some aspect of study of the representation p of G(A(F')) on the space
of slowly increasing functions on the homogeneous space G(F)\G(A(F)). It is of particular interest to study
the irreducible constituents of p. In a lecture [9], published some time ago, but unfortunately rendered difficult
to read by a number of small errors and a general inprecision, reflections in part of a hastiness for which my
excitement at the time may be to blame, | formulated some questions about these constituents which seemed
to me then, as they do today, of some fascination. The questions have analogues when F' is a local field; these

concern the irreducible admissible representations of G(F').

As | remarked in the lecture, there are cases in which the answers to the questions are implicit in existing
theories. If GG is abelian they are consequences of class field theory, especially of the Tate-Nakayama duality.
This is verified in [10]. If F'is the real or complex field, they are consequences of the results obtained by Harish-
Chandra for representations of real reductive groups. This may not be obvious; my ostensible purpose in this
note is to make it so. An incidental, but not unimportant, profit to be gained from this exercise is a better insight

into the correct formulation of the questions.

Suppose the F is the real or complex field. Let II(G) be the set of infinitesimal equivalence classes of
irreducible quasi-simple Banach space representations of G(F') [16]. In the second section we shall recall the
definition of the Weil group Wr of F as well as that of the associated or dual group G” of G and then introduce
a collection ®(G) of classes of homomorphisms of the Weil group of F into G*. After reviewing in the same
section some simple properties of the associate group we shall, in the third section, associate toeach ¢ € @ (G) a
nonempty finite set I, in II(G). The remainder of the paper will be devoted to showing that these sets are disjoint
and that they exhaust II(G). For reasons stemming from the study of L-functions associated to automorphic

forms we say that two classes in the same I, are L-indistinguishable.

Thus if TI(G) is the set of classes of L-indistinguishable representations of G(F), then by definition the
elements of I1(G) are parametrized by ®(G). It will be seen that if G is quasi-split and G, is obtained from it by

the inner twisting ¢ then ¢ defines an injection ®(G;1) — ®(G) and hence an injection I1(G1) — TI(G). It will
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also be seen that for G quasi-split the set HEG) is, in a sense to be made precise later, a covariant function of G”.

These properties of TI(G) provide answers to the questions of [9].

The classification of L-indistinguishable representation throws up more questions than it resolves, since we
say nothing about the structure of the sets 11, themselves and hence do not really classify infinitesimal equivalence
classes. Nonetheless we do reduce the general problem to that of classifying the tempered representations. This
is a considerable simplification. For example, Wallach [15] has proved that the unitary principal series are
irreducible for complex groups. From this it follows that each II, consists of a single class; so the classification is
complete in this case. Since ®(G) may, when F' is complex, be easily identified with the orbits of the Weyl group
in the set of quasi-characters of a Cartan subgroup G(C), it likely that the classification provided by this paper
coincides with that of Zhelobenko. The set II(G) has been described by Hirai [7, 8] for G = SO(n, 1) or SU(n, 1).
It is a simple and worthwhile exercise to translate his classification into ours. In fact, the definitions of this paper
were suggested by the study of his results. It would be interesting to know if each II, consists of a single class
when G is GL(n) and F'is R.

Important though these problems are, we do not try to decide which elements of which II,, are unitary or
how the classes in a II, are unitary or how the classes in a II, decompose upon restriction to a maximal compact
subgroup of G(R).

The three main lemmas of this paper are Lemmas 3.13, 3.14, and 4.2. The first associates to each triplet
consisting of a parabolic subgroup P over R, a tempered representation of a Levi factor of P(R), and a positive
quasi-character of P(R) whose parameter lies in the interior of a certain chamber defined by P, an irreducible
quasi-simple representation of G(R). The second lemma shows that these representations are not infinitesimally

equivalent. The third shows that they exhaust the classes of irreducible quasi-simple representations.

As we observed above, the proofs are not very difficult. Unfortunately, they rely to some extent on unpub-
lished results of Harish-Chandra. To prove that the sets II, are disjoint we use results from [6], which includes
no proofs. Moreover, and this is more serious, for the proof of Lemma 4.2 we use results from [5], which has only
been partly reproduced in Appendix 3 of [16]. It contains theorems on differential equations which are used to
study the asymptotic behavior of spherical functions not only in the interior of a positive Weyl chamber, as in

[16], but also on the walls.

2. The associate group. We begin by recalling some of the constructions of [9]. If F'is C the Weil group
W is C*. If F is R the Weil group W consists of pairs (z,7), z € C*, 7 € g(C/R) = {1, o} with multiplication
defined by

(2’1, 71)(2277'2) = (2171(2’2)(171,72, 7172)-

Herea, ., =1ifp =1orm =1anda, ., = —1if 7, = 79 = o. For both fields we have an exact sequence

1-F" — Wp — g(F/F) — 1.
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Suppose G° is a connected reductive complex algebraic group, B? a Borel subgroup of G°, and T° a Cartan
subgroup of G in B°. For each root o” of T simple with respect to B° let X,~ # 0 in the Lie algebra g” of G°
be such that

Adt(Xon) = at) Xon, t € TO.

Let
A(G®,B°,T° {Xan})

be the group of complex analytic automorphisms w of G° leaving B® and T invariant and sending X, to X, ,an,
where wa” is defined by

waM(wt) = a™ ().

If instead of B, T°, { X4~ } we choose Fa, Ta, { X~} with the same properties there is a unique inner automor-
phism v such that

—o =0

B =y¢(B%); T’ =4(T°), Xypar =(Xan).

Then
A(G B T {Xan}) = {vwip~|w € A(G°, B?, T°, {X/})}.

Suppose we have an extension

156G -GN > Wr—1

of topological groups. A splitting is a continuous homomorphism from Wx to G for which the composition
WF — G/\ — WF

is the identity. Each splitting defines a homomorphism of n of W into the group of automorphism of G*.
The splitting will be called admissible if, for each w in Wg, n(w) is complex analytic and the associated linear
transformation of the Lie algebra of G° is semisimple. It will be called distinguished if there is a B°, a 7°, and
a collection {X/} such that n factors through a homomorphism of g(F/F) into A(G®°, B°, T?, Xx,)). Two

distinguished splittings will be called equivalent if they are conjugate under G°.

We introduce a category G” (F') whose objects are extensions of the above type, with G a connected reductive
complex algebraic group, together with an equivalence class of distinguished splittings. These we call special. A
homomorphism

p: Gy — Gy
of two objects in the category will be called an L-homomorphism if
G 5 G

N /
Wr
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is commutative, if the restriction of ¢ to G¢ is complex analytic, and if ¢ preserves admissible splittings. Two

L-homomorphisms will be called equivalent if there is a g € G such that

2 = adg o p1.

An arrow in our category will be an equivalence class of L-homomorphisms. For simplicity, we do not distinguish

in the notation between a homomorphism and its equivalence class.

For future reference we define a parabolic subgroup P” of G” to be a closed subgroup P” such that

P°% = P N G? is a parabolic subgroup of G° and such that the projection P\ — W is surjective.

We also remark that A(G?, B, T°, { X ,~}) contains no inner automorphisms. Thus if
n: Q(F/F) - A(GéaBévTév {XaA})a
m:9(F/F) = AG®,B", T" {Xa})
are associated to two distinguished splittings of G/ there is a g € G°, unique modulo the center, such that

7=adgonoadg™!.

Suppose we are given a special distinguished splitting associated to the above map 7. Let L be the group

of rational characters of T°. If both variables on the right are treated as algebraic groups

L" = Hom(T°,C*).

Let conversely
L = Hom(C*,T?).

Define a pairing
LxIL" =17

by
M(A(z)) = 2P 2 e C”

This pairing identifies L" with Hom(L, Z). Associated to each root o of 7 is a homomorphism of SL(2,C)

z— <S 201> — G°

factors through 7°° and defines an element « of L.

into G°. The composition
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Let A" be the set of roots simple with respect to B°. Associated to G°, B, T°,{ X~} are a connected
reductive group G° over I, a Borel subgroup B° of G°, a Cartan subgroup 7 in B°, and isomorphisms 7,

a” € A, of the additive group with a subgroup of B° such that
L = Hom(T,GL(1))

and
A ={ala” € AM}

is the set of simple roots of T with respect to B°. Moreover
adt(ne(2)) = na(a(t)z), z € F,t € T°(F).

The collection G°, B°, T°, n, is determined up to canonical isomorphism by these conditions. Any w in

A(G°,B°,T° {X,~}) actson L and L". There is a unique way of letting w act on G so that
wA(Wt) = A(t), A€ L,teT°(F),

and

W () = Nya(z), x€F.

The automorphism w so obtained is defined over F'. Thus
n:9(F/F) — A(G®, B°,T° {Xar})
defines an element of H*(g(F/F), AutG°) and hence an F-form G of G°. In particular
G(F) = {g € G°(F)|rn(r)(g) = g)vr € a(F/F)}.

Observe that the group G is quasi-split. Observe also that the data associated to two special distinguished
splittings of G are connected by a unique inner automorphism. It follows readily that the group G, together
with B, T, {n,}, is determined up to canonical isomorphism by G*.

Conversely, suppose we are given a quasi-split group G over F'. Choose a Borel subgroup B and a Cartan
subgroup T in B all defined over F. Interchanging the roles of L and L and of A and A", we pass from
G,B,and T to G°, B®,T°, and {X,}. The group A(G?, B°, T° {X,}) may be identified with the group of

automorphisms of L that leave the set A invariant. Define a homomorphism
n:9(F/F) — A(G°, B°,T°, {Xan})

by

n(T)A(T(t)) = 7(A(t)), X€ L,teT(F).
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This map allow us to define G”, which again is determined up to canonical isomorphisms by G alone.

Suppose G and G are two quasi-split groups over F and ¢ : G; — G is an isomorphism with ¢~ 17 (1))
inner for each 7 in g(F/F). Choose g € G1(F) so that ¢/ = v o adg takes B; to By and T} to T». Then ¢’
determines a bijection A; — A, as well as an isomorphism ¢’ : L1 — L. These do not depend on the choice of
g and determine an isomorphism " : G — G$. This isomorphism takes B to BS, TY to T, and X0 X 0
if a1 and ay are corresponding elements in A; and A,. Since v/~ 17(3 ') takes T} to Ty, By to By, and is inner it

is the identity on T;. It follows readily that

()Y (M) = 9 (m(7)Ar).

Thus ¥ may be extended to an isomorphism of G? with Gg that preserves the splittings. It is determined

uniquely by the conditions imposed upon it.

These are of course the considerations which allowed us to define G” in the first place. If G; = G5 = G then
G may be realized either as G¢ x W or as G5 x Wr but these two groups are canonically isomorphic. There

are occasions when a failure to distinguish between G and its realizations leads to serious confusion.

In general if (G; is a connected reductive group over F we may choose an isomorphism ) of Gy with a
quasi-split group G. 1 is to be defined over F and +)~'7(v) is to be inner for 7 € g(F/F). We may, taking
into account the canonical isomorphisms above, define Gf to be G. However, we should observe that the same
difficulties are present here as in the definition of the fundamental group; the isomorphism 1 we write G? ().

There are some further observations to be made before the task of this paper can be formulated. Letp(G) and
p(G1) be respectively the sets of conjugacy classes of parabolic subgroups of G and G, that are defined over F'.
Let p(G") be the classes of parabolic subgroups of G* with respect to conjugacy under G°. We want to describe
a bijection

p(G) < p(G)
and an injection

p(G1) = p(G").

For the first we recall that for a given T"and B and the corresponding 7%, B® we have a bijection A — A", It
is well known that p(G) is parametrized by the g(F'/ F')-invariant subsets of A. The classes of parabolic subgroups
of G° are parametrized by the subset of A. The normalizer of P° in G”\ is parabolic if and only if the associated

subset of A is invariant under g(F'/F). This yields the bijection.
The injection will now be defined by
p(G1) = p(G).
Suppose P; is a parabolic subgroup of G; defined over F'. | claim that here there is a g in Gl(F) such that if

Y’ =1 o adg then P = ¢’'(P) is defined over F. The class of P depends only on 1) and the class of P;. The

required injection maps the latter class to the former. To prove that g exists we use the following lemma.
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LEMMA 2.1. Let G’ and G be connected reductive groups over F. Let G be quasi-split and let ¢ : G' — G
be an isomorphism defined over F. Suppose 1~ 7(¢) is inner for 7 € g(F/F). If T' is a Cartan subgroup of
G’ defined over F there is a g’ € G'(F) and a Cartan subgroup T in G defined over F such that ¢’ = 1) oadg’
when restricted to T’ yields an isomorphism of T’ with T that is defined over F'.

Let G/, be the derived group of G’ and let G be its simply connected covering group. Define G4e: and G
in the same way. Lift ¢ to an isomorphism . : G. — Gs.. Let Ty be the inverse image of 7’ in G... Choose
t' € T!.(F) with image ' in T'(F) so that T, is the centralizer of ¢ and 1" the centralizer of t'. Set; = 1. (t').
Since

7—({1) = wsc(?/Js_clT(wsc)(f')), TE g(F/F)v

the conjugacy class of #; is defined over F'. By Theorem 1.7 of [14] there is a § € G.(F) such that = adg(f;)
liesin Gs.(F). Lett be its projection in G(F'). The centralizer T of t is defined over F' and if ¢’ is the projection of
g =11 (g) theny’ = 1poadg mapst’ totand T’ to T. Since both ¢’ and ¢ are rational over F the automorphism
Y=L (y") which is inner commutes with ¢’ and hence with all of 7". It follows that v’ : T" — T is defined over

F.

We apply the lemma with G’ equal to G; and with T” equal to a Cartan subgroup 7} lying in P;. Choose g
so that if ¢/ = v o adg then ¢/~ 17(3)) lies in T\ (F) for 7 € g(F/F). Then if

P=4'(P)

we have

T(P) =4' ("7 (@")(P1)) = ¢(P1) = P
and P is defined over F'.

Let p”(G1) be the image of p(G1) in p(G,).
LEMMA 2.2. If?; D P, and the class of P, lies in p"(G1) so does the class ofﬁi,

Choose P; in G that is defined over F'. The parabolic subgroups of GG; that are defined over F and contain P;
belong to different classes. So do the parabolic subgroups of G? that contain Pf . We have only to verify that these
sets contain the same number of elements. Choose 7' in P, that is defined over F' and choose an isomorphism
of G; with a quasi-split group G so that ¢~ (1) is inner and commutes with 7} for all 7 € g(F/F). Let M, be a
Levi factor of P, containing 77 and let .S; be a maximal torus in the center of M;. Then P = ¢(Py), M = (M),
and S = ¥(51), as well as |S; are all defined over F. Thus the maximal split tori in .S and S; have a common
rank » and P and P; are both contained in 2" parabolic subgroups defined over F'. Since the number of parabolic
subgroups of Gf that contain Pf is equal to the number of parabolic subgroups of G that are defined over F' and

contain P the required equality follows.
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The group W liesin G (F'). Let ®(G1) be the subset of
HOIIIQA(F) (VVF7 G? )

consisting of these  such that the class of any parabolic subgroup P” containing ¢(Wg) lies in p™(G4) under

the above injection. In particular, for the quasi-split group G
(I)(G) = HOIHQA(F)(WF, GA)

which is obviously a covariant functor of G*.

We shall start in the next paragraph to relate ®(G) to II(G). There are some simple properties of ®(G) to
establish first. The group G(F') does not change on restriction of scalars and neither does TI(G). We had best
check that this is also true for ®(G). Although there is, in the present circumstances, only one nontrivial way to

restrict scalars, namely from C to R, | would prefer not to take this explicitly into account.

Let E be a finite extension of F. We want first of all to define a faithful functor from G (E) to G"(F).
We imbed E in F. Corresponding to this imbedding is an imbedding of W in Wgr. Actually there is some
arbitrariness in both imbeddings. Since, up to equivalence, it has no effect on the functor to be constructed, we
ignore it. Suppose G liesin G (E). Choose a distinguished splitting of G” and let 7] be the corresponding action

of Wx on G°. Let G be the set of functions 4 on Wy with values in G satisfying
h(vw) = 7(v)(h(w)), v € Wg.

Letn(v), v € Wg, send h to b’ with

With respect to this action form the semidirect product
G/\ = Gé X WF.

It is easy to see that the given splitting of G is distinguished and that G lies in §*(F'). Observe also that there

is an obvious bijection from p(G") to p(G™).

If we had chosen another distinguished splitting 7}’ there would be a g € G° such that
i'(w) = gi(w)g™", we Ws.

The map h — k' with b/ (w) = gh(w)g~! together with the identity on W would yield an isomorphism between
G” and the group constructed by means of 77’; so we need not worry about the arbitrariness of the distinguished

splitting either.
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Choose a set V' of representatives v for Wg\Wg. If w € W let
vw = dy(w)v', v,0 €V,
If & is an L-homomorphism from G, to G5 let
(1 xw) =alw) x w, we Wg,

with respect to special distinguished splittings of G‘? and Gg. If w € W let a(w) be the function in G§ whose

value atv € V is a(d, (w)). If h is a function in G¢ let b’ be the function in G4 defined by
W (0) = $(h(v), veV.

Define G? and Gg as above and let ¢ be the homomorphism from the former to the latter defined by
w(h x w) = halw) x w.

A little calculation that will be left to the reader shows that ¢ is in fact an L-homomorphism and that its class is
determined by that of ¢ alone and is independent of the auxiliary data. The reader will also easily verify that the

class determined by ¢ @9 is p1p2.

Given ¢ we define ¢ as follows. If h x w,w € Wi, belongs to G‘f we let h be a function in G¢ with h(1) = h.

o(h x w) =h" xw

we set

o(h x w) =h'(1) x w.

The class of ¢ depends only on that of . Itis clear that this process inverts the operation of the previous section.
A slight variant of Shapiro’s lemma shows that the reciprocal is true. Starting from ¢ we construct ¢; from ¢ we
pass to ¢’. We have to show that ¢ and ¢’ lie in the same class. We may assume that the set of representatives V/
contains 1. Suppose

o(w) = hy X w
and define h in G§ by

It is easily verified that

Thus our functor is fully faithful. The object of §*(F') corresponding to Wg is Wp.
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Suppose Gis quasi-split over F¥ and GG over F is obtained from G by restriction of scalars. Then for any
scheme Z over F
Homp(Z,G) = Homp(Z @r E,G)

because restrictions of scalars is the right adjoint of base change. In particular if a Borel subgroup B of G and a
Cartan subgroup T of B are given, then restriction of scalars yields B and T in (G; so G is quasi-split. We must

verify that G” is obtained from G by the functor introduced above.

Let L’ be the group of functions \’ on g(F/F) with values in L" satisfying
N(or) =oXN (1), o€g(F/E),

and let A’ be the set of \’ that are zero on all but one coset of g(F/E) on which they take values in A. All we

have to do is show that L’ is isomorphic to L as a g(F/F') module in such a way that A’ corresponds to A.

Since we have chosen an imbedding of £ in F'we may take E tobe F. Map ' ® - E to the ring R of F-valued
functions a on g(F/F) satisfying
a(or) = o(a(r)), o€g(F/E),

by
a®fB—a:17—T7(a)p.

This is an isomorphism. Then

LN = HOIIlf(GL(].) RSF F, TRr F)

= Homp(GL(1)®F, F,T) = Homg(GL(1) ®F R, T).

Every T € g(F/F) yields by evaluation a map R — F and hence a map

Hompg(GL(1) ®F R,T) — Homg(GL(1) ¢ F,T) = L".
Thus every element of L” yields a function on g(F/F) with values in L". The function is easily seen to lie in L’.
That the resulting map from L” to L’ has the required properties is easy to see.
If we take L to be Hom(L,Z) we may identify L with the space of functions  on g(F/F) with values in L
satisfying
AoT) =o(\(1)), o€ g(F/E).

The pairing is

XY= > Q@)

g(F/E)\a(F/F)
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If z is an F-valued point in GL(1) then
AWM (2)) = 20N = LZDEXNO> S TTAW (7)(2) = [[ 7 HAO N (1) (72))}
because every rational character of GL(1) is defined over F. In general we have an isomorphism
T(F) = Homp(Spec F,T) = Homg(Spec R, T) = T(R).

Since each 7 € g (F/F) yieldsamap R — F, we may associate to each s € T'(F) afunction 7 — s(7) on g(F/F)
with vaules in T(F). If s = \(z) then s(7) = A\ (7)((z)). Since the points \(z) generate T'(F) we have

As) = [[7"HA@)s())

In particular if s lies in T'(F) then s(7) = 3 is independent of 7 and lies in T'(E).

It has already been pointed out that the definition of the associated group of an arbitrary connected reductive
group G depends on the choice of an isomorphism ¢ : G; — G with G quasi-split. However, composing v with
an inner automorphism has no effect on the construction. In particular, since ¢y~ 7(¢), 7 € g(F/F) is always

supposed inner, ¢ could be replaced by 7(%).

LEMMA 2.3. Suppose G1 and G are given over E with G quasi-split, together with an isomorphism 1[) :
G1 — G over E. Let Gy and G be obtained from Gi and G by restriction of scalars. There is associated to

W an isomorphism v : Gu — G over I defined up to composition with an inner automorphism and G; 18

obtained from G () by the restriction of scalars functor from G"(E) to G (F).

Only the existence of 1/ needs to be established. We imbed E in F and identify E with F'

HOInF(G1 QF F,G RF F) = HomF(G1 XRF F, G)
= Hompg(G1 ®g (G1 ®F R, G)

and

HomF(G1 Rp F, G ®F F) = HOInE(G1 Rr R, él)

Start from the identity morphism on the left to get a morphism from G; @ R to G1. On the other hand, if
we choose a set of representatives p for g(F/E) in g(F/F) we may imbed F in R by associating to « € F the
function whose value at each p is . This yields a morphism from Spec R to Spec F over E. The two morphisms
together yield a morphism from G; ®r R to G, ®z F. Composing with JJ : G, ®p F — G we get a morphism
from G; ® Rto G and hence ¢ : Gy @ F — G.

The invariance of ®(G) under restriction of scalars is now clear. Suppose P is a parabolic subgroup of G

over F. We may choose B and T in P. Now construct G, B, and T°. Let P" be the parabolic subgroup of G
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containing B® whose class corresponds to that of P. Let NV be the unipotent radical of P, N that of P?, and let
M = P/N, M" = P"/N”. Itis easily seen that M" belongs to §”(F') and that M " is the associated group of
M. If P" is another parabolic subgroup in the same class as P" there isa g € G° such that gP"g~! = P". The
induced map M” — M?" is uniquely determined up to an inner automorphism by an element of Mé. Thus if
P and P lie in corresponding classes in p(G”) and p(G) the associated group of M is canonically isomorphic,
in the category G/ (F), P"/N".

Suppose ¢ : G; — G is such that 1)~ 17(¢) is inner for 7 € g(F/F). If Py is a parabolic subgroup of G
over F' we may always modify ¢» by an inner automorphism so that P = «(P;) is defined over F'. We readily

deduce the following lemma.

LEMMA 2.4. Suppose Py is a parabolic subgroup of G1 over F and Pf is a parabolic subgroup of G? whose
class corresponds to that of Pi. Then MlA = IA/NIA is canonically isomorphic in the category G™(F) to the

associate group of Mj.

Choose a splitting M; — P, defined over F' and a splitting Mf — Pf that carries distinguished splittings
of Mf to distinguished splittings of G? . The isomorphism between Mf and the associated group of M; depends

on the choice of P; and Pf with M and Mf as Levi factors.

LEMMA 2.5. Suppose Py and PlA are given as above with My and MlA as Levi factors. There is a bijection
1 between the parabolic subgroups of G1 defined over F that contain My as a Levi factor and the parabolic
subgroups of G? that contain MlA as Levi factor such that 7T1A = n(Py), and such that the isomorphism
between MlA and the associated group of My is the same for all pairs Pf, n(P1).

Take G quasi-split and let 1) be an isomorphism from G; to G with 1 ~!7(¢)) inner for 7 € g(F/F). We
also suppose that there is a Cartan subgroup 73 in M, defined over F such that each 1) ~17 (1)) commutes with
the elements of 7. Then (1), M = (M), and P = v(Py) are defined over F. In fact if P; is any parabolic
subgroup over F that contains M; then P = ¢)(P;) is defined over F. The definitions are such that we may
prove the assertions for GG, M, P rather than Gy, My, P;. Choose a Borel subgroup B over F' that is contained
in P and a Cartan subgroup 7' of B that is also defined over F. Then build G*, B°, T°, and {X,~}. We may
replace G? by G and suppose that P” contains B”. Since any two Levi factors of P are conjugate under P°

(cf. [12], Theorem 7.1), we may also suppose that A" contains 7.

Let D(M) be the space of vectors in L @ R invariant under g(F/F) and orthogonal to the roots of M". By

a chamber in D(M') we mean a connected component of the complement of the union of the hyperplanes

{a € D(M)[{a,a”) =0}
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where o is a root of 7° in G° but not in M?°. There is a bijection between chambers in D(M) and parabolic

subgroups P of G” that contain M” as Levi factor. P” corresponds to the chamber
C={aeDM)|{(a,a") >0 ifXor €p", Xor €m"}.

p and m” are the Lie algebras of P and M”".

There is also a bijection between chambers of D(M) and parabolic subgroups of G that are defined over F
and contain M as Levi factor. If B is the Killing form, which may be degenerate, then C corresponds to P defined
by the condition that it contain 7" and that a root « of 7' in G be a root in P if and only if B(a, «) > 0 for all a in

C. The bijection 7 is the composition of P — C' — P”.

The Weyl groups Q" and Q of 7° in G° and of T' in G are isomorphic in such a way that the reflections
A= A=\ aM)a,

AN = M — (o, M)

correspond. Suppose P" = n(P). There is an w” in Q" that takes every root of 7° in P° not in M? and every
root in M° N B to a root of 7% in B°. Let h in the normalizer of T in G represent w” and let P, be hP h~1,

and MOA be hM" k1. We may suppose that
Adh(XaA) = Xw/\(o(/\)

if o/ is aroot of T° in M° N BO. If g in the normalizer of T in G(F) represents the element w of ) corresponding
to w” then P, = gPg~! contains B. It is clear that « is a root of 7' in P, if and only if o is a root of 7° in P, .

Thus P, and POA and hence P and P” belong to corresponding classes in p(G) and p(G™").

If we build the associate group of M starting with M, B N M, and T we obtain M", B N M”, T, and
the collection { X~} where o/ runs over the simple roots of 7° in M?° with respect to B° N M?°. This gives
the isomorphism of M” with the associate group of M defined by P and P”. The isomorphism between M”"
and the associated group of M defined by P and P” is more complicated to obtain. This is not because of any
intrinsic asymmetry but rather because of the simplifying assumption that P” contains B” and P contains B.
We have to use g to establish an isomorphism between M and M, = gMg~! that we may assume is defined over
F', then build the associate group of M, with respect to B N My and T, obtaining thereby MOA, BN MOA, T°, and
{X 4}, where o’ runs over the simple roots of 7° in M° with respect to B° N Mg, and finally we have to use

the isomorphism between M and MOA given by h.

What has to be verified to prove the lemma is that, in the category g" (F), the isomorphism between M " and
MOA given by h is equal to the isomorphism between them as two concrete realizations of the associate group of

M. What is the latter isomorphism? The isomorphism adg takes M to My, BN M to BN My, T to T, and the root
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a of T'in M to wa. Then the isomorphism between M and MOA as realizations of the associate group takes M°
to M2, B° N M° to BO N Mg, T° t0 T?, Xyn 0 Xnan, respects the splittings M” = M° x Wg, My = M2 x Wg
built into the construction, and acts trivially on Wg. It is characterized by these properties. Since (wa)” = wa”
the isomorphism given by h has all these properties except perhaps the last. To achieve the last we exploit the
circumstance that we are not really working with isomorphisms but rather with classes of them to modify our

initial choice of h.

Wr acts on L”. Since in its action on G? it leaves P°, M?, and B invariant and since the normalizer of 7°

in B%isT?, itis clear that on L"

ww” = ww, we Wk.

That i can be modified in the fashion desired follows immediately from the next lemma.

LEMMA 2.6. Let G, B°, T°, and {Xan} be given. Suppose w” € Q" and that on L"

ww” = ww, we Wp.

Then w” is represented by an element h of the normalizer of T® in G° that commutes with w in Wr and
satisfies

adh(XaA) = XWAQA
if o is simple with respect to B°.
We ignore for the moment the last condition and simply try to find an h that represents w” and it is fixed by

the action of Wx on G°. The action of Wx on G° factors through g(F/F) and it is easier to forget about W and
deal directly with g(F'/F). Start off with any h that represents w”. Then

T —ar(h) = T(h)}fl

lies in 7° and is a 1-cocycle of g(F/F) with values in T°. If h is replaced by sh, s € T°, then a,(h) is replaced

by 7(s)a,(h)s~!; so our problem is to show that the class of the cocycle is trivial. Since
ar(hiha) = ar(hy)wy (ar (h2))

it will be enough to show this for a set of generators of the centralizer Q of g(F/F) in Q.

Suppose A is the set of vectors in L ® R invariant under g(F/F). The group QS acts faithfully on A and, as
is easily seen, acts simply transitively on the chambers, that is, the connected components of the complement of
the hyperplanes.

{a € A|(a,a”) = 0}
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where o is any root of 7% in G°. Each orbit O in A" defines a reflection
So:a—>a—<a,a8> Z «
areO

where 048 is any element of O. These reflections are each given by an wg in QS and the collection of wg generates
QS. We have to show that each wg is represented by an element of G? that is fixed by g(F/F). Replacing G° by
a subgroup if necessary, we may suppose that 0 = A”. Since the question only becomes more difficult if G° is
replaced by a finite covering group, we may suppose G? is the product of a torus and a finite number of simple,

simply connected groups. The torus may be discarded. Let

GO = f[G?, T = ﬁle, 0N = HlﬂA
=1 1= i=

and
T
A A
wh = Wpan = Hwi .
=1

If 7(G?) = GS then
T(w; ) = w; .
Suppose g(F/E) is the stabilizer of G¢ in g(F/F). Then w; commutes with g(F/F). Suppose it is represented
by h1 in G$ which is fixed by g(F/E). Set
hj =7(h1)

where 7 is any element of g(F'/F) that takes G to G5. Then h; is well defined and

h = ﬁhj
j=1

is fixed by g(F/F) and represents w”.

We are now reduced to a situation in which G is simple and simply connected and g(F/ F) acts transitively
on A, There are two possibilities. The group G? is of type A; or As. In the first case g(F/F) acts trivially and
there is nothing to prove. In the second we may take G to be SL(3, C), T° to be the group of diagonal matrices,

B? to be the group of upper triangular matrices, and the collection { X, } to consist of
010 0 0O
0 0 0], 0 01
0 0O 0 00

Then A(G?, B®,T°,{ X, }) consists of the trivial automorphism and the automorphism

0 0 1 0 0 1
H—->|0 =1 o|'H'[0o =1 0
1 0 0 1 0 0
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We may take h to be

0 0 1
0 -1 0
1 0 O

Suppose w” is arbitrary in Q" and is represented by an 4 in G° that is fixed byg(F/F). In order to complete
the proof of the lemma we have to show that there is an s in T° that is fixed by g(F'/F) such that

ad(hS)Xa/\ = Xonan, o’ e AN,

Let
adh(Xan) = c(a™) Xpnan-

Clearly c(ta’) = c(a) for 7 € g(F/F). We may choose d(a"), o € A", such that d(ra”) = d(a”) and such
that
d(a™MI8F/DI = c(a),

If t in T° satisfies

aNt)=d(™) 7t oM e AN,

then

reg(F/F)
is the required s.
Suppose ¢, is an automorphism of G, such that o1 *7(p1) isinner for all 7 € g(F/F). For example ; could
be defined over F'. If ¢ is an isomorphism of G; with a quasi-split group G, we define the automorphism ¢ of G
by transport of structure. We have seen already that ¢ determines an automorphism ¢” of G*. By transport of

structure again we obtain an automorphism <p§ of Gf. It is easily seen that <p§ depends only on ¢ and not on .

LEMMA 2.7. Suppose Py is a parabolic subgroup of G1 over F' and PlA is a parabolic subgroup of G" whose
class corresponds to that of Py. Let My be a Levi factor of Py over F' and MlA, which we take as the associate
group of My, a Levi factor of Pf. Suppose g € G1(F') normalizes My. If o1 is the restriction of Adg to M,
and ga; the associated automorphism of MIA, there is an element h in the normalizer of Mf in G¢ such that

1/ is the restriction of Adh to M, .

Suppose that g is only in G, (F) but that g~ '7(g) lies in M, (F) for each 7. Then we can still define , and
the lemma remains valid. We work with the weaker assumption. The advantage is that if ) is an isomorphism
of G with a quasi-split group G such that ) =17 (3)) = adm, with m, € M (F) for each 7 then ¢(g) continues to

satisfy the weaker assumption, for

D(g~)T((g) = (g~ meT(g)ms ) € M(F)
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if M = ¢(M). We prove the lemma for the group G. P; is replaced by P = +(P;) and M; by M. g is now in

G(F). We choose B and T such that BC Pand T C M.

We may compose g with any element of M (F) and thus suppose that g(BN M)g~' =bN M, gTg~ ' =T.

Since g is determined by these conditions modulo T',
gr(g™) €T, 7eg(F/F).

In particular g represents an element w of (2 fixed by g(F/F). Let w” be the corresponding element of QS.
We construct G*, B, T?, and { X, } corresponding to G, B, and T and realize w” by an h that satisfies the
conditions of the preceding lemma. If we take P” to contain B it is clear that Adh is equal to go; on M".

For the next lemma we work in the category of tori over F'. Suppose S is such a torus. Then S” admits by

construction a special distinguished splitting. Also L" is a covariant functor of S and
5% = Hom(L",C*)

is a contravariant functor. So is S”*. ®(S), which consists of classes of continuous homomorphisms of W into

S”, is also contravariant. We write a homomorphism ¢ as

We compose @1 and s by setting
p1p2(w) = ar(w)as(w) X w.

This composition is actually defined for the classes and turns ®(.5) into an abelian group. TI(S) is the group of
continuous homomorphisms of S(F') into C*. Although the following lemma is valid over any local field, we

prove it here only for the real and the complex field.
LEMMA 2.8. On the category of tori over F' the group-valued functors ® and I are isomorphic.

When F is C the lemma is particularly easy. Any homomorphism from the topological group C* to C* may
be written as

»— et Zagb — eaz-i—bac

where a and b are two uniquely determined elements of C whose difference liesin Z. If ¢ € ®(S) is a continuous
homomorphism from C* to S" = S, let p(2) = a(z) x 2,z € C*, and

M(a(z)) = 22z

where ;i and v are uniquely determined elements of L ® C whose difference lies in L. Associate to ¢ the element
of 7 of I1(.S) defined by
mit— p(t)v(t) = ol H)+ (v, H)
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where H € L" ® C is defined by
At) =eMH) N e L.

That the map ¢ — 7 gives the required isomorphism of functors is easily seen.

Now let F' be R. Let ¢ be an honest homomorphism from W g to S”. Let p(w) = a(w) X w and
M(a(z)) = 2BA0z0A 5 e o
If o is the nontrivial element of g(C'/R) then v = ou. Let
a(lxo)=a, acS

and let
(@) = 20N \jeLwC.

Ao is determined modulo L and

Ao +0oX==(u—v) (modL).

N~

w and v are determined by the class of ¢ alone but )\ is determined only modulo the sum of L and
{A=oAA e L®C}.
We write an element ¢ in S(C) as e/ where H in L" @ C is defined by
At) =MD Ne L
t liesin S(R) if and only if
H —oH € 2miL".

Define 7 by

() = e(/\g,Hfaﬁ)Jr(u/Q,HJraﬁ).

This is permissible, for if ¢ is 1 then H € 2wiL" and

Do, H — oH) + <§,H+O—F> = (o + Ao + g - %,m € 2miZ.

On the other hand, if 7 is given extend it to a quasi-character " of S(C). Let

T (t) = elu H)+(p2, H).

Define p and g by

12 1z
H1 9 + Ao,  op2 5 0,
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so that
1 ope
H=p1+op2, Ao 5 5
Then
1 1
Ao+ odo =Sl +opn — pz —opu} = g{p + oy — ops — paj(modl)
and

M1+ o2 — Op1 — fi2 = [b— Of.

All we have to do is check that u is determined by 7 alone and that A\ is determined modulo the sum of L and
{A=oAA e L®C}bym.

For this we may suppose that = is trivial. If H € L™ ® C then

1= 7T/(6H+Uﬁ) — e(u,H}—Q—(au,ﬁ}
and = 0. If \» € L™ and oA = A\ thereisan H € L" @ C such that
2miA =H —oH.

Thus
(Ao, AA> cZ.

It follows immediately that

X €L+{A—oAXeLxC}l
There is one fact to be verified.
LEMMA 2.9. The functor from ® to I respects restriction of scalars.

We consider restriction of scalars from C to R. Let S be a torus over C and S the torus obtained by restriction
of scalars. Then

S(R) = Homg (Spec R, S) ~ Hom¢ (Spec C, S) = S(C).

We denote corresponding elements in S(R) and S(C) by s and 5. L is the group of functions on g(C/R) with
values in L and g(C/R) operates by right translation. If \; = A(1), A\, = A(o) then

A(s) = A1(8)o(A2(5))-
Ifs=ef"" , H” ¢ " @ C'thens = ¢" with H = (H~,H ) and

H+ocH=2HH ), H—0oH=0,



Classification of irreducible representations 20

and
B HT)H(@HT) — (N0, H—cH)+(p/2,H+oH)

1 -

p= (i1, v), )‘0+§(ﬁ_ya0)'

Thus if the quasi-character 7 of S(C) is given by i, 7, the associated quasi-character 7 of S(R) is given by . and

Ao.

One the other hand let » : W — S be given by $(z) = a(z) x z and let
M (@(z)) = 2 BAZEAY)

59 is the set of functions on g(C/R) with values in S°. If ¢ : w — a(w) x w is obtained from ¢ by the restriction

of scalars functor, then
a(z) = (a(z),a(z)), a(lxo)=(a(-1),1).
One calculates easily the corresponding i and Ay and finds that they have the correct values.
Now take G connected and reductive. Let Z be its center. We want to use the previous lemma to associate
to each element ¢ in ®(G) a homomorphism X, of Z(F) into C*. Since Z; is not affected by an inner twisting,

we could, but do not, suppose that G is quasi-split. Let G,.q be the maximal torus in Z and let G be the quotient

of G by G.aq. If G,q is the adjoint group of G we have the following diagram

Zg
TN\
1 — Grad - G — Gss — 1
N
Gad

in which the horizontal line is exact. A pair B, T in GG determines B, Ty and B,q, Taq. Using these to build the
associate groups, we obtain
1 « G°

rad(_G(O<_G(gs(_1

’\ TA
(o]
ad
in which the horizontal line is exact.

In particular we haveamap ®(G) — ®(Graa), S0 thatevery element ¢ in ®(G) determinesa homomorphism

of Graa(F) into C*. Thus when Z is connected we are able to define X,. Ingeneral let
M = Hom(Zg ® F,GL(1)).

M is a g(F/F) module and there is surjection n : L — M whose kernel is the lattice generated by the roots. Let

¢ : Q — M be asurjective homomorphism of g(F'/F)-modules with @ free over Z. Let

L={(\p)n(») =<(p)}
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and let
A ={(a,0)|a € A}

From L and A and the cocycle defining G we construct G. The surjection L — L obtained by projection on the

first factor yields an injection G — G and a surjection G — G” whose kernel is a torus over C, namely
Hom(N",C*) = §°

if IV is the kernel of L — L and S is the torus over F associated to the g(F'/F)-module N. Moreover Gyaq = Zg
is the torus defined by Q.

There is an exact sequence

1 — Hom(S(F),C*) — Hom(Z(F'),C*) — Hom(Zg(F),C™).

Every element of ®(G) determines an element of the middle group and hence of the last. If 7, and &, in ®(G)

have the same image in ®(G) then, after an appropriate choice of representatives,

where a(w) € S° and

is an element of ®(S). Thus the images of 7, and B, in ®(Gaq) differ by an element in the image of ®(S). By

the functoriality of Lemma 2.8, they determine the same element of Hom(Z¢(F),C*).

The nextlemma will allow us to define X, ¢ € ®(G); itwill remain, however, to verify that itis independent

of the choice of Q.

LEMMA 2.10. Suppose G and G" are objects in G"(F) and ¢" : G" — G is a surjective morphism.

Suppose that the kernel of ¢ is a torus S° in the center of G°. Then
Hom(Wg,G") — Hom(Wg, G")
18 surjective.
The assumption does not depend on the representative chosen. If 7 is a Cartan subgroup of G° then
=0

T =" H(T?)

is a Cartan subgroup of @6. If L™ and L are the lattices of rational characters of 7° and Té then L — T is

injective and the quotient is torsion-free. Let

¥ € Hom(Wg, G™).
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We may assume that
P(C*) C T°.
Let
M\ (1h(z x 1)) = 2mANZ0A%)
where pand v liein L® Cand . — v € L. The map L — L” leads to surjective maps L — Land L ® C — C.
Lift ;to i and v to 7in L ® C so that i — & lies in L.
Define )(z x 1) in T° by
M ((z x 1)) = 2FANZZAN AN e TN
Lift ¢»(1 x o) arbitrarily to ¢)(1 x o) and set, in general

P(z x o) =Pz x (1 x o).

Let
P(w1)h(w2) = a(wy, wa)P(wiws),

where a(wy, ws) is a continuous 2-cocycle on W with values in S°. What we have to do is show that there is a

continuous function b(w) on W with values in S° such that
b(s1)w1 (b(ws))a(w, ws) = b(wiws).

What we do is introduce the extension K of topological groups defined by this cocycle and show that it splits
continuously.
This is clear if F = C; so take F' = R. Let N be the lattice of rational characters of S°. Consider the inverse

image of C* in K. This extension of C* splits. Write an element in it as

sxz=cll xe®

withzinCand H in N ® C. Let

esz) _ ea(H)—&—z;H—EV N

ol e

with g and v in N ® C. Applying o again we see that v = —c(u). Moreover p + o () must lie in N. In fact o

must fix the square of any lifting of 1 x o to H. Since this square is of the form s x (—1),

eTilpto(n) — 1

and p + o(p) € 2N. Set
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and

a=v—0, B=v+6.

Thenpu=2(y+46),a— = —2dliesin Nand o(a) + p = 3, 0(8) — o(u) = . We replace the original splitting
over C* by

€% — 7130 % 7,

Since
O_(ezaJrEﬁ % ez) _ ez(a(a)Jru)JrE(a(ﬁ)fa(p,)) X % = ez,BJrEa N

this new splitting is respected by the action of o.

We have still to split the extension completely. Choose a representative h of 1 x o in H. Let h? = s x (—1).

LetS=eand H = H, + H_, witho(H) = H,,0(H_) = —H_. Replacing h by
(e7H+/2 x 1)h
if necessary, we may suppose that H; = 0. Since o(s) = s, 2H lies in 2wiN. Write
H =7i(A—0a(N\))
with A € N ® C. We may modify the splitting over C* once again, replacing it by

7 — ez/\+Ea(/\) % e~.

In this new splitting over C*, h? is given by
eH—Tri)\-‘rTritT()\) x —-1=1x —1.

We have now split the extension completely.

To show that ., is independent of () is easy. Suppose @1, Q2 together with (;, (> are two possible choices.

Since we may replace the pair Q1, Q2 by @3, Q1 or @3, Q2 with

Q3 = {(p1,p2)|C1(p1) = C2(p2) }

there is no harm in supposing that @) is given by a surjective homomorphism £ : Q1 — Q2. When this is so,

Lemma 2.8 shows immediately that ); and Q2 give the same quasi-character x.,.

The following fact follows easily from the construction and Lemma 2.9.
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LEMMA 2.11. The map ¢ — X, respects restriction of scalars.

Let Z” be the center of G°. The action of W on Z” is well defined and so is the group H' (W, Z"), where

it is understood that only continuous cocycles are to be considered. If ¢ € ®(G) and a € H(Wp, Z") define ayp

by

As is implicit in the notation and is easily verified the class of ay depends only on that of o and ¢. Thus the
group H'(Wpg, Z") acts on ®(G). We should also be able to make it act in II(G). To do this we associate to o a

continuous homomorphism =, of G(F) into C*.

Let G 4., be the derived group of G, G the simply connected covering group of G ger, and Goraq the quotient

of G by Gger. We have

GSC
N
1 = Ggee — G — Georaa — L
Passing to associate groups we have
G2
N A
I« Gger o GO — Ggorad — 1
Suppose we have a diagram
1
!
B
N\
1 - Gg¢¢e - G —-— D — 1
N 1
G
!
1

in which the vertical and horizontal lines are exact, B and D are tori, and G(F) — G(F) is surjective. For
example if R is the kernel of G;. — G and
K = Hom(R®p F,GL(1))

we could take a free g(F/F) module P that maps surjectively to K, set L equal to the group of pairs (), p),
\ € Ly, p € P, with the same image in K, and A equal to {(a, 0)|a € A}, and define G by means of L, A, and

the twisting defining G. Passing to associate groups yields
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This diagram gives Z” as the kernel of D° — B° and hence a map of HY(Wg,Z") into the kernel of
HY(Wg,D®) — HY(Wp, B®). By Lemma 2.8 every element 3 of H!(Wp, D°) = ®(D) yields a quasi-character
of D(F) and hence of G(F). Itis trivial on B(F) and hence gives a quasi-character of G(F) if and only if 3
becomes zero in H' (W, B®). In particular every element o of H*(Wx, Z") yields a quasi-character 7, of G(F).
If G, and G-, are possible choices for G so is G1 x ¢ G». Using this, one shows easily that 7., does not depend on

the choice of G.

LEMMA 2.12. The map o — T, respects restriction of scalars. If ©' = ayp then

X, (2) = ma(2)Xp(2), 2z € Z(F).

The first assertion follows easily from Lemma 2.9 and the construction. Suppose G is the group for which
we are trying to prove the second assertion. Let G be quasi-split and let ¢ be an isomorphism of G; and G such
that «v~17(¢) is inner for 7 € g(F/F). We may so construct G; and G that ¢ liftsto ¢ : G; — G. Dy and D will

be the same and

él — D1
] I
G — D

will be commutative. Since 1) restricted to Z s, is defined over F' and yields an isomorphism of Zg;1 with Zge

and since
X ($(2)) = X (2)
if p € (G — 1) = ®(G), we need only prove the lemma for G.

If T and T are corresponding Cartan subgroups of G and G, defined over F and lying in Borel subgroups

over F, then . X
T° «— D°
T T
T° «— ZN

is commutative. Thus on T'(F'), m,, is the quasi-character defined by the image of « in
H'(Wp,T°) = &(T).

Although we do not need to know it, it could be observed that T(F') — D(F) issurjective because H' (g(F /F), Ty.)

0. Thus 7, is determined by its values on T'(F').

Now consider the objects used to define x,,. We had a surjection ®(G) — ®(G). If ¢ is the image of 3 then
X, is determined by the image of 7 in ®(G"\.q). But GO, =T, and, by Lemma 2.10, &(T) — ®(Tsaq) is
surjective. Thus for ¢ € ®(G) there is an 7 that lies in the image of ®(T") — ®(G) and lifts to 77 in the image of

®(T) — ®(G) such that 7j and  have the same image in ®(G,aq). Then x, = x,,. If n is the image of 3in ®(T')

then, by construction almost, x, is the restriction to Z(F') of the quasi-character of T'(F") associated to 5. Since
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7", the center of G, is the inverse image of Z” in G° we may choose n’ corresponding to ¢’ to be the image of
78, if v is the image of « € HY(Wg, Z"), in HY(Wg,T°) = ®(T). The lemma now follows.
Notice that if v : H — G is defined over F' and has an abelian kernel and an abelian cokernel then we can

associate to it a homomorphism " : GN — H”.
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3. The definitions. The group G(F) is a Lie group. Let g be the tensor product of its Lie algebra with C, let
2 be the universal enveloping algebra of g and let 3 be its center. A (continuous) representation = of G(F') on a
Banach space V will be called irreducible if V' contains no nontrivial closed invariant subspaces; it will be called

quasi-simple if the elements of 3 act on the infinitely differentiable vectors as scalars.

Let 7 be irreducible and quasi-simple. Let K be a maximal compact subgroup of G(F') and let  and v be
irreducible representations of K on the finite-dimensional spaces X and Y. Suppose we have K-homomorphisms
¢ and n of X and Y into V and its dual V* respectively. Suppose moreover that ((z) is infinitely differentiable
forall z € X. Let U = ¥, be the function on G(F') with values in X* ® Y* defined by

U(g) : (z,y) — (7(g)¢(z), n(y))-

Then ¥ is a spherical function on G(F) of type u*, v*, if u* and v* are contragredient to p, v. If we regard the

elements of 2 as left-invariant differential operators on G(F') then
7o =k(2)V, Ze3,
if 7(Z) = x(Z)I. Because  is quasi-simple and irreducible, 7(z) is a scalar for z € Zg(F') and

U(gz) = m(2)¥(g)-
If G°(F) is the connected component of G(F') then
G(F) = KGO(F) = KZG(F)Gcoler(F)

(cf. [11]); so ¥ is determined by its restriction to G, (F'). Notice also thatifv € V, v* € V*,and (r(g)v,v*) =0

for all g then either v or v* is zero.

It follows from these considerations and Proposition 9.1.3.1 of [16] that
dim Homg (X, V) < oo,

so that any representation of K occurs with finite multiplicity in V. Let Vi be the space of K -finite vectors. Every
vector in Vi is infinitely differentiable so that both 2{ and K operate on Vi. The representations 7 and «’ on V
and V’ are said to be infinitesimally equivalent if the representations of the pair 2, K on V/. are algebraically
equivalent. Since any two maximal compact subgroups of G(F') are conjugate, this notion does not depend on the
choice of K. II(G) will be the set of infinitesimal equivalence classes of irreducible quasi-simple representations

of G(F'). We shall usually not distinguish between a representation and its class.

To every ¢ in ®(G) we are going to associate a finite but nonempty set I, in II(G) such that the following

conditions are valid.
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(i) If ¢ # ¢’ then I1, and IT, are disjoint.
(ii) If 7 € I, then
(2) = xp(2)I, z€ Zg(F).

(iii)) If ¢’ = ap with a € H (W, Z") then

I, = {mq @ m|m € T, }.

(iv) If n : H — @G has abelian kernel and cokernel, if o € ®(G) and ¢’ = (), then the pullback of any
m € IL, to H(F) is the direct sum of finitely many irreducible, quasi-simple representations, all of which lie in
II,.

(v) If ¢ € ®(G) and one element of II, is square integrable modulo Z¢(F') then all elements are. This

happens if and only if o(TWr) is contained in no proper parabolic subgroup of G*.

We remark that the representation 7 is said to be square integrable modulo the center if 7 = { ® 7’ where ¢
is one-dimensional and where 7/, which operates on V', is such that | f’(/(g)v’) |? is an integrable function on
Za(F)\G(F) for any K-finite v’ € V' and any K -finite linear form f’ on V".

(vi) If ¢ € ®(G) is tempered then all elements are. With respect to a distinguished splitting, write p(w) =

a(w) x w. The elements of II, are tempered if and only if {a(w)|w € W} is relatively compact in G".

m, acting on V, is said to be tempered if f(7(g)v) satisfies the weak inequality for any K -finite v € V and

any K-finite linear form fon V.

Since we can always restrict scalars, we may as well take F'tobe R. Lety € ®(G). Let A be the Zariski-closure
of the image of W under the composition of ¢ with the homomorphism of G” into the group of automorphism
of g, the Lie algebra of G°. Let B be the Zariski-closure of the image of C*. Since the elements in the image of C*
commute and are, by assumption, semisimple they can be simultaneously diagonalized. Thus every element of B
is semisimple. The same is true for A4, because A2 C B. Since A is clearly supersolvable we may apply Theorem
5.16 of [13] to see that (Wx) normalizes a Cartan subgroup S° in G°. Since the group of automorphisms of S°
is discrete, ¢(C*) must centralize S°. Consequently g(C/R) = C*\Wg acts on S, on M = Hom(S°,C*), on
M = Hom(M",Z),and on M ® R.

Suppose g(C/R) fixes a point A in M @ R. If P is the parabolic subgroup of G” defined by the condition
that o is a root of S° in P? if and only if (\, o) > 0 then p(WR) lies in P".
We shall first define IL, under the assumption that ¢ (Wp) is contained in no proper parabolic subgroup of
G”. Then if \ is fixed by g(C/R)
A a™y=0

for all o,
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LEMMA 3.1. If ®(G) contains a o with the property that o(WR) is contained in no proper parabolic
subgroup of G then Ggaey has a Cartan subgroup Taer with Taer(F) compact.

We have a map G — G"ge, that yields ®(G) — ®(Gaer). Replacing ¢ by its image in ®(Gqer), We may
suppose that G = Gger. Then M ® R is spanned by the roots of a*. Consequently the nontrivial element o in

g(C/R) fixes no element of M ® R but 0 and act as —1.

Let ¢ be an isomorphism of G with a quasi-split group G’. Choose a Borel subgroup B’ of G’ over R
and a Cartan subgroup 7" of B’. Use G', B’, and T" to build G, B® and T° as a concrete realization of the
associate group. Replacing ¢ by another homomorphism in the same class, we may suppose that S = T, so
that M = L. There are, however, two actions of o on L”, the one built into the construction of G”, which we

denote by A — o\, and the one defined by ¢, which we denote by A — @\, There is an w” in Q" such that
oI = wha .

Since 7 acts as —1, o commutes with & and w”. Let w be the element of €2, the Weyl group of 7", corresponding

to w”.

Because any two quasi-split groups differing by an inner twisting are isomorphic, we may suppose that o
acts on G’ (C) in such a way that
o\ (o7) = o(A\'(t)), teT'(C),

and

o(X.) =X, acA.

oo’

Here the X, are appropriately chosen root vectors in the Lie algebra of G. Define X _,, so thatif H, = [X, X_0]
then a(H,) = 2. The algebraic automorphism of G’ defined by t — w(t), Xo — X,,(a) commutes with the
action of o and its square is 1. It is of course inner. We use the cocycle a; = 1, a, = w to twist G’ and obtain G”'.

G" contains the Cartan subgroup 7" obtained by twisting 7". Since
Mwot) = o(A(t) !

T"(R) is compact.

There is an isomorphism 7 of G” with G such that ¢ = p~1o(n) is inner. We may suppose that n(T"') = T
is a Cartan subgroup of G over R for which the compact part of T'(R) has maximal dimension. What we have
to do to show that T'(R) is compact is to show that &, which normalizes 7", actually centralizes 7", for then
n: T" — T is defined over R. We use an idea that can be found in many places. If t € T”(C) and X is a rational

character of 7" then A(o(t)) = o(\(t)~!). Thus

No€(t)) = o(ME) ™) = a(€TIAB) ™) = 7N (0 (1) = A€o (1))



Classification of irreducible representations 30

and {0 = o€, Since éo =1, €2 = 1.

Suppose « is a root of 7" and £« = —«. Consider the subgroup H” of G” that is generated by 7"'(C) and
the one-parameter subgroups exp zX”, exp zX"”_, z € C. H" is invariant under o and £ and H = n(H") is
defined over R. I claim that Hy. is isomorphic to SL(2) over R and that Ty, the inverse image of T in Hy. is the
Cartan subgroup whose set of real points is noncompact. This clearly contradicts the definition of 7" and shows
that £a # —a for all a. To prove the assertion about H,., we start from the observation that we may choose
X! and X" sothat [X” X" ] = —H! with a(H!) = 2and so that o(X/) = X” . Theno(X” ) = X/. Let
X =aX",, &X",)=0bX]". Then

—!

[aX"

—Q)

bXo] = —H};

so0 ab = 1. However the relation ¢o(¢) = 1 shows that a@ = bb = 1. Recall that, on C, o is complex conjugation.
Choose s in T”(C) such that

a(s)ta(s) = a.

Replacing n by 7 o ads, we suppose thata = b = 1. Set
H, = n(H(Iy/)a Xo = n(X(Iy/)v X o= _n(X(Iy/)'

Then
o(Xa) =n(€o(X7)) = n(Xg) = Xa,
o(X_o) =X_q,
o(Hy) = Hy.
Thus H,, X., X_, span a Lie algebra that, together with the action of ¢ on it, is isomorphic to the Lie algebra of

SL(2). Since H, lies in the Lie algebra of T', this gives the required assertion.

Let M" be the lattice of rational characters of 7. Since « + £« is different from 0 for all « there is a point H
in the dual of M"” ® R such that
(a+&a,H) = (o, H+EH) #0

for all . But ¢ fixes H 4+ £ H and therefore fixes the chamber in which it lies. Since ¢ is inner this is possible only

if £ centralizes 7.

The lemma proved, we return to the original G and . Although it is not important, we choose for the
sake of definiteness an isomorphism 1 of G with a quasi-split group G’, with 1y~ (3)) inner, choose B’ and 1",
construct G°, B®, T accordingly, and take the associate group to be G = G° x Wg. We also suppose that

©(WR) normalizes T°. Write o(w) = a(w) x w. If 2 € C* then a(z) € T°. Let

M (a(z)) = 22Dz
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If A — @\ denotes the action of o on L” defined by ¢ then v = g, u = gv. Also if a = a(1 X o),
M(ao(a)) = M (a(=1)) = (=1) =7,
If (o, \") = 0 for all roots a then \" is a rational character of G° and we may define \"(a). Notice in
particular that (o, \) = 0 for all roots « if \* = Z\". The next lemma is critical.

LEMMA 3.2. Suppose h = a x w, with w = 1 x o, lies in G, normalizes T°, and ha” = —a’ for every

root a. Then ac(a) € T® and, if § is one-half the sum of the positive roots with respect to any order,
Mao(a)) = (=) (@) = (=1) 0" A (a)
if =M\ 4+ hAN.

Of course an h satisfying the conditions of the lemma does not always exist. When it does a is any element

of the normalizer of T° in G that takes positive roots to negative roots.

That ac(a) € T° and that 26 = § — hé is clear. If s € T° and h is replaced by sh then ao(a) is replaced by
sh(s)ao(a)
where h(s) = hsh™. Since " (a) becomes
i (sa) = X (s)hAM(s)a" (a)
and
AN (sh(s)) = A (s)hA"(s)

we are free to replace h by sh. Thus we may suppose that a € G2, or, more simply, that G, and hence G, is
semisimple. Since it only makes the matter more difficult we may then replace G By G.q and G° by ng, which
is simply connected. Then the whole situation factors and we may finally assume that G is simple and simply

connected.

Suppose " is the largest root with respect to the given order [2]. Then o(X3n) = nXga withn = £1. If o

acts trivially on G° then ) = 1. In general | claim that if

6/\: Z n(o/\)ozA

aNeAN

is the expression of 8" as a sum of simple roots and if  is one-half the sum of those n(a”) for which o # oo’

and (o, 0a”) # 0 then np = (—1)!. This statement is not true for 3" alone but for any positive root

Y=Y m(")a"
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fixed by o. Of course n(a”) is to be replaced by m(a”) and 5 by n(7"), where

o (Xyn) = 1n(7") Xyn.

We prove it by induction on m = >_ m(a”).

If m = 1then [ = 0; but by construction n(y") = 1. Suppose m > 1, so that 4" is not simple. Choose a
simple root a; such that (v, ) > 0. If ay = oy, then (v, ap) = (v, ay). Ifa; = a, then ¥ =" — )
is also a root and

Xyn = [X 0, Xn s
s0 n(v") = n(7"). Moreover [(y") = I(7"). If o] # a, and (a;,as) = 0then 7" = 4" — o) — «, is a root.
The integers /(") and [(¥") are equal. Since

X’Y/\ = [Xo(i\v[Xoé\,Xﬁ/\]] = [X A [X A X?/\]]’

g ? a;?
n(y") = n(F). If (a) ,ap) # 0 then a” = o) + as is a root and
Xon =Xy X ]

so n(a”) = —1. If ¥ = o we are done. Otherwise ¥ = " — o” is a root, I(v") = I(%") + 1, and

n(v") = —n(3") because
Xon = [Xon, Xon].

Since (8", a”) > 0 for all positive roots, every root perpendicular to 3" is a linear combination of simple
roots perpendicular to it. Let H° be the connected subgroup of G corresponding to the Lie algebra generated
by {Xon|(a, B") = 0}. HN = H° x W C G” is also an associate group and we may assume the lemma has
been proved for it. Let J° be the group corresponding to the Lie algebra generated by Xpn, X_pn. J° is also
invariant under Wx. The groups H? and J° commute with each other. Let a; be an element of H® normalizing
T° and taking positive roots in H? to negative roots. Let a, be an element of J° normalizing 7° and taking 3"
to —3". ay fixes 8. Thus if o” is positive and (o, ") > 0, then (a;a”, 5") > 0 and a;a” is positive. But
(aga™, BM) = —(a”, B") < 050 axa” is negative. The product a;as takes every positive root to a negative root

and we may take a = ajas. Since as centralizes H®, a; x (Ixo)in H" takes every positive root to its negative.

By induction
M(aro(a)) = (-1)=TE

if Tg = {a> 0] (a, ") = 0}. J® is covered by SL(2,C). We may suppose that

01 0 0
(0 0 )_’Xﬁ“ (1 0 >_’X‘5A-
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Then the action of ¢ lifts to conjugation by

Since we may take a- to be the image of

(%)
((—10)l+1 (_10)l+1 )

M (ago(az)) = (—1)FHDEAY),

az0(az) is the image of
Thus

To prove the lemma we have to show that

B = D (o, M) (mod2).
(a BA) 70

a#B

If « > 0, (o, B") # 0, and if a # 3 then 3{a, 3") — « is also a positive root and is different from «. Thus the
right side is I'(3, \") if

=1 Y = s} o= s 1= T 1

a>0 a>0
a%p
(a,B7)#0

It would be enough to show that [ = I’(mod2).

To finish up we make use of some standard facts [2]. The order h of a Coxeter elementis I’ + 1. If o acts
trivially then [ = 0. But if o acts trivially then a itself must take every root to its negative. This forces I’ + 2 to
be even ([2], p. 173). If o does not act trivially the roots are all of the same length. There is an « in A such that

{a, B™) = 1 ([2], p. 165). Since (2§, o) = 2
o ao(a)) = (~1)"""
However A acts on the Lie algebra of G°, and
MXar) =cX_an, hWX_ogrn) =dXan, h([Xor, X_an]) = —[Xar, X_an]-

This forces ¢d to be 1; so
aMao(a) Xar = h?(Xar) = Xan

and ! — I’ is even.

There is another lemma to be verified before we can define IT,,.
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LEMMA 3.3. Suppose ¢ € ®(G), o(Wg) is contained in no proper parabolic subgroup of G", o(Wg)

normalizes T°, and

M (p(2)) = AR NPY ol

Then {u,a”™) is different from O for all roots a™. Moreover o(Wr) normalizes no other Cartan subgroup of

Go.
Suppose (i, o) = 0. X~ is fixed by p(2), z € C*. Leth = ¢(1 x o) and set
U=Xuor + h(Xa/\).

Then hU = U. Let b be the space of vectors H in the Lie algebra of T° for which o (H) = 0. Then h + CU is
the Lie algebra of a Cartan subgroup of G° normalized by ¢(Wg). It is however, clear that the action of o on the
roots does not take every root to its negative. This we know is incompatible with the assumption that o(Wg) is
contained in no proper parabolic subgroup of G**. Thus (i1, a”) is never 0 and the centralizer of o(C*) in the Lie

algebra of G° is exactly the Lie algebra of T°. The second assertion of the lemma follows.

Ifn € G° and

¢ w — ne(w)n!

satisfies the conditions of the lemma, with ., v replaced by 1/, v/, then n must normalize T° and i/ = nu, v’ = nv.

Consequently the orbit of 1 under the Weyl group is determined by the class of ¢ alone. Since u — v € L and
(n=v, ") = (p—op,a”) =2(u,a")

the number (i, o”) is real for all o”. Since it is different from 0, we may choose ¢ in its class so that (u, a”) > 0

for all o € A”. This done, the only way we may modify ¢ is to replace it by

¢ w— sp(w)s™!

with s € T°.
We have observed that if (o) = 0 for all roots «, we may define A" (a), where p(1 x o) = a x (1 x o).

Choose \g € L ® C such that

)\/\(a) — eQﬂ'i(AU,AA>
for such A, )\ is determined modulo

L+> Cot+{A-FA[AeL®C}
aEA

or,since o = (v — dv) /2,

L+{\—FA|AeL®C}
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We know that (u, a”) is real and different from 0 for all «. Let

5:%Za

(p,a™)>0

andsetpyy =p—0, vy =ouy =v+46.Thenpuy —vy = p—v — 26 € L, because p — v € L. If \ € L” then, by

Lemma 3.2,
ewi(ufu,)\A) _ )\A((IJO’((IJ)) _ ewi(QS,AA)Jr()\OJrE/\O,)\A);
so
N
Ao+ TN = (modL).
Thus
A 1 — AN 1 A A
(n,a”) = §<M—0M,04 )= §<M1 —v,a") +(6,a")

<)\0 +E)\Q,Oé/\> + <5, Oé/\> =1
modulo Z and (i, o”) is integral. If (i, o) > 0 then
(1, 0") = (u,a") = (8,0") = (@, ") =1 > 0.

Let S be a Cartan subgroup of G over F' for which S(R) N Gger(R) is compact. We may choose the
isomorphism ¢ of G with G’ so that ¢(S) = T’. The isomorphism allows us to identify L, the lattice of
rational characters of 7", with the lattice of rational characters of S. Then the semidirect product 7° x g(C/R)
with ¢ acting on T° as & becomes the associate group of S. As in the proof of Lemma 2.8, 1, v1, and \g
then define a homomorphism y of S(R) into C*. However since ¢ is not uniquely determined, p1, v, and
Ao are only determined modulo the action of the Weyl group. Although the elements of the Weyl group of .S
may be represented by elements of G(C) their action on S is defined over R. If we replace u1, 1 and Xy by
wp, wry = owpq, and wAg, which is congruent to Ap modulo {A — @A | A € L ® C}, then x is replaced by

X it — x(w™t(t)). Let X,, be the set of these quasi-characters . X, is determined by the class of ¢ alone.

To verify that the sets IL,,, which we shall soon define, are disjoint and exhaust the classes of representations

of G(R) that are square-integrable modulo the center, we shall need the following lemma.

LEMMA 3.4. Suppose G has a Cartan subgroup S over R such that S(R) N Gaer(R) is compact and X is
an orbit of the Weyl group in the set of quasi-characters of S(R). Then there is a unique ¢ € ®(G) such
that o(WR) is contained in no proper parabolic subgroup of G and such that X = X,,.

We have first to observe that an » in G” that satisfies the conditions of Lemma 3.2 exists. Let 1) be an
isomorphism of G with a quasi-split group G’ such that ¢~ 1o (1) is inner. If B’ and T" are chosen as usual, we

may suppose that ¢(S) = T'. We have to show that there is an element w” of the Weyl group of 7 such that
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whoa” = —a” for all . This is equivalent to showing that there is an element w of the Weyl group of T” such
that woa = —a for all . w and W will then be corresponding elements. Let 1o () ~1) = adn, with n in the

normalizer of 7”7, then
¢ Ha) =0 @) = ¢ (Yo (v~ oa) =y (noa)
and noa = —a. We take w to be the element of the Weyl group represented by n.
Let & be the action on T°, L, and L determined by such an h. We regard T, with the action 7, as the

connected component of the associate group of S. If y € X choose w1, 1 and g so that

x(t) = o, H=FH)+(p1/2,H+7H)

if t = e lies in S(R). Given X, u1, v1, and )\ are determined modulo the action of the Weyl group. Also

1 — vy € Land, since ga” = —a”,

(= v1,") = (u — oy, a”) = 2(u1, o)

is real. Choose an order on the roots so that (1, ™) > 0if o’ is positive; let § be one-half the sum of the positive
roots « with respect to this order, and set 4 = p; + 6, v = Gu. Since the § which arise in this way differ by an
element of the Weyl group that fixes pq, the orbit of 4, v, and A¢ under the Weyl group is determined by X,
alone. The various p are certainly nonsingular. To be definite choose the unique one that is positive with respect
to B°.

If ¢ is normalized in the way described earlier, it is clear that X = X, only if
M(p(z)) = 22020 e oX.

Fixan h = b x (1 x o) satisfying the conditions of Lemma 3.2 and choose a representative . If X = X, and ¢

gives rise to this particular \ then (1 x o) = a x (1 x o) witha = sb, s € T, and
20N = M\(a) = A\ (s)AN (D)
if (o, \) = 0 for all a. An s in T° satisfying this condition always exists. We will be able to extend ¢ to Wg if
N\(ao(a)) = e H=rAD
for all . By Lemma 3.2 the left side is

62m‘<6,>\A Y27 Ao +T A0, A")

Since
H1 — 1

5 =X +7TN\ (modL)
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it equals the right side. As for the uniqueness, if \*(s) = 1 whenever («, \*) = 0 then, in particular, \*(s) = 1
when 7\ = M\ and s = t5(t~1) with t € T°. Then sh = tht~!. Choosing a different representative for )\,

forces the same kind of change in s; so the class of ¢ is determined uniquely by X.

Suppose ¢(Wg) is contained in a parabolic subgroup P" of G*. Then ¢(Wg) is contained in a Levi factor
M” of P" and normalizes a Cartan subgroup of M?°. But p is regular; so T° is the only Cartan subgroup
centralized by (C*) and therefore the only Cartan subgroup normalized by »(Wg). P” must then contain 7°.

Since (1 x o) takes each root to its negative, P" is G

Suppose S and S’ are two Cartan subgroups of G such that S(R)NGge: (R) and S’ (R) NG g4 (R) are compact.
Thereisa g € G(C) such that adg(S) = S’. The restriction of adg to S is defined over R and

X, ={xoadd | x € X;}.

If g € G(R) then g = g1g2 where g; lies in G . (R) and g- lies in the normalizer of S. If  is the Weyl
group of S and ©; consists of those elements in 2 with a representative in G4, (R), the connected component
of Gaer(R), and w is the image of go in Q then g — Qqw is a well-defined map of G(R) into 2, /Q. The inverse
image of Q; in G(R) is

Go(R) = S(R)Giu(R) = S(R)G°(R) = Z6(R)G ., (R).

If x € X, and y; is defined above, choose an order on the roots so that (u;,a”) > 0 if « is positive and let
& be one-half the sum of the roots positive with respect to this order. By Harish-Chandra’s theory of the discrete
series there exists for each such pair x, § a unique irreducible representation 7y (x, §) of Go(R), square-integrable
modulo the center, whose character on the set of regular elements in S(R) is
S(wH—H)

(@) Y e
weRy

Here s = e/ is a regular element in S(R) and

Ais)= [ @—e)
(8,a”)>0

e(@), which is £1, depends on G alone.

Itis clear that, if x € X, X" € X, the representations 7o(x, d) and mo(x’, d") are equivalent if and only if

» = ¢ and thereis an w € Q4 such that § = wé’ and

forall s € S(R). If g € G(R) has image Qyw in Q1 \Q, 7o = mo(x, J), and

mo(h) = mo(ghg™"), h € Go(R),
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then 7, = mo(x’, 0") with wé’ = § and x/(s) = x(ws). Thus the representations
7T(X, 6) = Ind(G(R)a GO (R)7 7TO(X) 6))

are irreducible. We set
O, = {m(x,0) | x € Xy}

If the image of G(R) in 1\ has e elements, then II, contains
[2:Q4]/e

classes.

Before explaining why conditions (i) to (vi) are, insofar as they apply to the I1, already defined, fulfilled,

we verify a simple lemma.

LEMMA 3.5. The restriction of an irreducible quasi-simple representation m of G(R) to G§.,(R) is infinites-

imally equivalent to the direct sum of finitely many irreducible representations of G5, (R).

Let macton V. Let K be a maximal compact subgroup of G(R) and let K° be K NG9, (R). Since m(z) isa
scalar for z € Z¢(R) and since

(K : Ko(K N Za(R))] < oo

every irreducible representation of K occurs with finite multiplicity in the restriction of = to K. Let p be an
irreducible representation which actually occurs and g¢; . . ., g,- be a complete set of representatives for the cosets
of Zg(R)G4,.(R) in G(R). If £ is the character of p let U; be the range of the projection
Ej= [ &k)n(g; kgy)dk.
Ko

U; is finite-dimensional. Let E be
E(k)m(k)dk.

Ko

If U is a closed nonzero subspace of V' invariant under Gg,,(R) then U N (3_; U;) is not zero. If it were
0=m(g;)E;U = Em(g;)U
for each j. But V' is contained in the closure of

> wlg)U

and EV # 0. As a consequence, among the closed nonzero subspaces of V' invariant under G4, (R) there is at

least one minimal one W. The representation of G5_.(R) on W is irreducible.

der
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Choose a maximal collection h; ..., h; from {g¢; ..., g.} such that

is direct. Each 7(h,)W is invariant and irreducible under G§

der

(R). Moreover

is dense in V' and therefore contains all K -finite vectors. The lemma follows.

If Q2(G) is the group of elements in the Weyl group of S that can be realized in G(R) then the character of

m(x,0), which certainly exists as a distribution, is given on the regular elements of S(R) by the function

eé(wH—H)

oy e
Q2(G)

It follows that the sets II, that have been defined so far are disjoint.

Suppose 7 is an irreducible quasi-simple representation of G(R) on V that is square-integrable modulo
the center. By the previous lemma the restriction of 7 to Go(R) is the direct sum of finitely many irreducible
quasi-simple representations, each of which is clearly square-integrable modulo the center. Let 7wy be one of
them and let g act on V[, C V. By the theory of the discrete series, G has a Cartan subgroup S over R, so that
S(R) N G4er(R) is compact and there is a x and a ¢ such that g is 7o (x, ). By Lemma 3.4 there is a ¢ such that
x € X, Ifg1..., g, are asetof representatives for Go(R)\G(R) then

Vo @W(Qi_l)vo
i=1

because the representations h — (g;hg; *) are inequivalent. If g;g = h;g; and

v= @ W(gi_l)vi
then
m(g)v = P w(g; "))
with v; = 7(h;)v;. Mapping v to the function on G(R) whose value at hg;, h € Go(R) is w(h)v; we obtain an
infinitesimal equivalence of 7 with 7(x, ). This shows at least that (v) will be a consequence of (i) and that the
union of the sets II,, will contain all classes that are square-integrable modulo the center.
Suppose 17 : H — G has abelian kernel and cokernel and ¢’ = 5" () where ¢ € ®(G) and o(WR) is

contained in no proper parabolic subgroup of G*. Then ¢’ (WR) is contained in no proper parabolic subgroup of

H”. It follows from the preceding lemma that the restriction of any irreducible quasi-simple representations = of
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G(R) to H(R) is, infinitesimally, the direct sum & m; of finitely many irreducible quasi-simple representations
of H(R), for the map HY, . (R) — GY.,(R) is surjective. If m is square-integrable modulo the center so is each ;.

We consider the restriction of w(x, d). m(x, ¢) restricted to Go(R) is the sum

@ mo(w ™y, w™e)

Q1\Q2(G)

and 7o (w ™1y, w™16) restricted to Ho(R) is irreducible. It is clearly equal to mo(w~tx’,w=1d’) if }/ is the quasi-

character s — x(n(s)) on the inverse image of S(R) in H(R) and if ¢’ is the pullback of §. It is also easy to see
that X, = {x' | x € X} Thus 7(x, d) restricted to H(R) is

@ W(w_lx/,w_lé/)
Q2 (H)\Q22(G)
with x’ € X/, and condition (iv) is satisfied.
Condition (i7) is clear when the center of G is connected. In the general case it follows from (iv) and the
definition of x,,. Condition (i7i) is clear when G, is simply connected. In the general case it follows from (iv)

and the definition of 7.

If the quasi-simple irreducible representation 7 is square-integrable modulo the center and if ¢ is the quasi-
character of G.q(R) defined by
m(2) =C(2)] z € Graa(R),

then = is tempered if and only if ¢ is a character. This is so if and only if (i, H) is purely imaginary whenever
H € L" x C satisfies cH = H and (o, H) = 0 for all a. On the other hand, if p(w) = a(w) x w then

{a(w) | w € Wr} is relatively compact if and only if {a(z) | z € C* } is. This is so if and only if

z=e" = X\(a(z)) = LA @A) (2 A +T TN

is a character of C* for each \", that is, if and only if (u, H) is purely imaginary when H € L" @ C satisfies
@H = H. Any such H is a sum of terms of the form z\" + Za\" where A" is either a root o or satisfies
(a, \) = 0forall a. If \ = o’ then

2N+ TN = (2 — 7).

Since (i, o) is real, {(u, zA" +ZT\") is purely imaginary. If (o, \) = 0 for all « then T\ = o A\". Condition
(vi) is now clear.

Before completing the definition of the sets 7, we remind ourselves of some properties of induced repre-
sentations. Suppose P is a parabolic subgroup of G over R, N its unipotent radical, and M = P/M. Suppose
p is an irreducible quasi-simple representation of M (R) on a Banach space V. Lifting, we may also treat p as a

representation of P(R). If p € P(R) let 6p(p) be the square root of the absolute value of the determinant of the
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restriction of Adp to the Lie algebra of N. Let I(V') be the space of continuous functions on G(R)) with values in

V that satisfy
¢(pg) = op(p)p(p)p(g9), p€ P(R).

I(V') is a Banach space; let I, be the representation of G(R) on it by right translations.

There is a quasi-character (, of Zz(R) such that I,(z) is the scalar {,(z) when z € Z¢(R) and a unique
positive real-valued quasi-character £, of G(R) such that |(,(z)| = ,(2) if z € Zg(R). There is also a quasi-
character ¢, of Z/(R) such that p(z) is the scalar (;(z) if z € Zy(R) and a positive quasi-character &/, of M (R)
such that [(}(2)| = £,(2) if z € Zg(R). ¢, is the restriction of , to Zg(R). If 7 is an irreducible quasi-simple
representation of G(R) we may also define ¢/ and (/.

Suppose p* is a quasi-simple irreducible representation of M (R) on V* and there is an M (R)-invariant
bilinear form

(v,v*) — (v,v*) € C

on V x V*. We may introduce I(V*), I,., and the bilinear form

(o) = /K (o (k) (k) dk

on I(V) x I(V*). Itis known to be G(R)-invariant. Any K-finite continuous linear form on (V) is of the form

@ — (p, ) for asuitable ¢ in I(V*). We want to investigate the function (I,(g)¢, ¢) for K-finite ¢ and 2.

Let X be the lattice of rational characters of P and Y the lattice of rational characters of M,.q. There is an
injection X — Y that leads to isomorphisms X @ R — Y ®R, X  C — Y ® C. We identify these two spaces.
If D(P) is the set of invariant elements of X ® R, then every A = > z;)\; in D(P), \; € X, ; € R defines a

positive quasi-character 7 of M (R) by

m(g) = H Ni(g)l®, g€ M(R).

my is a representation on C'. If P is minimal over R, we take 7} to be w;1 and ¢ and v to be identically 1 on K

and set

oA(9) = (Iny (9)ps ¥).

As usual Z¢ is the function ¢q.

Recall that if 7 is a quasi-simple, irreducible representation of G(R) on W that is square-integrable modulo
the center, and u and v are K-finite vectors in W and its dual, then (7(g)u,v) is bound by a constant times
G (9)Ec(9).

We now prove an easy sequence of lemmas. G is a reductive linear group over R. There is a hermitian form

on the underlying real vector space that is invariant under K and with respect to which G(R) is selfadjoint. Every
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g € G(R) isaproduct g = kh where k € K and h is selfadjoint and positive with respect to the given form. Let
I(g) be the norm of logh. We choose an abelian subgroup A of G(R) every element of which is selfadjoint and
positive and which is maximal with respect to this property. A is then connected and G(R) = KAK. If Pis a

given parabolic subgroup over R we may, and do, take A in P(R).

If we choose ¢ : G — G’ where G is a quasi-split and ¢~ o (1) is inner, if B’ and T have the usual
significance, and if P’ = (P) contains B’ and ¢(A4) C T’ as we may suppose, then X ® R may be regarded as a
subspace of L @ R. Let D*(P) be the setof A\ € D(P) such that (\,a”) > 0if cisarootof T"in N’ = ¢)(N). Let

E+(P) be its closure. If P is minimal let A™(P) be the set of a in A such that a(a) > 1 if aisa root of 7" in N'.

LEMMA 3.6. Let P be minimal over R. There is an integer d and a constant ¢ such that
¢a(a) < ema(a)dp (@)(1 +U(a))?
ifae A*(P), x\e D (P).

The group G(R) = P(R)K. Write g = p(g9)k(g). p(g) is not uniquely determined but 7 (p(g)) and 6 p(p(g))

are and
¢A(a):/K(?p(p(ka))wA(p(ka))dk.

By Lemma 3.3.2.3 of [16]

ma(p(ka) < 7x(a).

Thus
éx(a) < ma(a)po(a) < ema(a)dp (a)(1+1(a))”.

The last inequality is a consequence of Theorem 8.3.7.4 of [16].

LEMMA 3.7. For each A € 5+(P) there is a positive constant c¢(\) such that
éx(a) > c(N)ma(a)dp (a)
for all a € AT (P).

To prove this we remind ourselves of an integration formula (cf. [4]). Let P be for the moment any parabolic
subgroup over R. Let N be the unipotent radical of a parabolic subgroup over R opposed to P. G(R) is again
P(R)K and we write g = p(g)k(g). If f is any continuous function on K N p(R)\ K then, with a suitable choice

of the Haar measure on N (R),

(3.1) /K f )k = /ﬁ PO
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Take P to be minimal over R, take

f(k) = dp(p(ka))mr(p(ka)),

and write p(n) = p1, k(n) = k1. Then

1

kia = pflaa_ na

and
dp(p(kia))mr(p(kia))

equals

{05 (p1)7x ' (p1))HOp(a)ma (@)} {0p (p(a™ ' Tia))ma (p(a” ' Ta))}-

Consequently

{65! (p)m3 (1) H0,p(p(a™ 'Tia))ma (p(a™ ' T1a)) hdm.

N(R)

or(0) = bp(ama(a) [
Substitute afa " for 7@ to obtain

5?(@%(@)/ {65 (p(ana™"))my (p(amia™ ") Hp (p(7))ma(p(70))ma (p(7)) b 7.

N(R)

All we have to do is show that for a given A € ﬁJr(P) the integral is bounded below by a positive constant as a

varies over AT (P). If U is a relatively compact subset of N (R) so is

U aUa™t.

a€AT(P)

Since the integrand is continuous and positive, the required estimate is certainly valid.

We shall eventually have to make use of a well-known result of Bhanu-Murty-Gindikin-Karpelevich. If P;
is a parabolic subgroup of G over R that contains the minimal P we may set P, = ¢(P;), N7 = ¢(IN1). Suppose

P, is opposed to P and N is its unipotent radical. If (\,a”) > 0 whenever « is a root of 7" in N then

(3.2) /‘ 5 (p(T)m (p(7)) 7T < .

N1(R)

If P and P, are two parabolic subgroups of G over R and P C P, then D(P) C D(Fy). Also if £ is any
positive quasi-character of G(R) there is a A in D(G) such that & = 7.
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LEMMA 3.8. Suppose P is a parabolic subgroup of G over R. Suppose p and p* are two irreducible quasi-
simple representations of M(R) on V' and V* respectively. Suppose that there is a nontrivial M (R)-invariant
pairing V x V* — C. Let K' be the projection of KN P(R) on M(R) and suppose that for any two K’-finite

vectors v and v* there is a constant ¢ such that
[(p(m)v,v™)| < c€,(m)=p(m), m € M(R).

Suppose &, = mx with \ € Dt (P). If P contains the minimal Py then A € Dr (Po) and for any two K -finite
w and v in I(V) and I(V*) there is a constant ¢ such that

I(I,(g)0, V)| < corlg), g€ GR).

As usual we suppose that ¢ (P) = P’ and 1 (P;) contain B’. If ais a root of 7" in N/ that is also a root in n’

then (A, a”) > 0. If ais a root in IV but notin N’ then (\, o) = 0. Consequently \ € 5+(P0).

Ifk € K, g € G(R) write kg = pk1, p € P(R), k1 € K, and let m be the projection of p on M (R). Then

(g o) = /K (o (kg), (k) dk = / G () o) (k) (k) dk.

K

There are functions ¢; in I(V'), functions ¢, in I(V*), and continuous functions a;, b; on K such that
p(hk) = > ai(k)pi(h), (k) = bj(k)i;(h)
for h € G(R) and such that ¢;(1), v;(1) are K’-finite. Then
(P (P)p(p)p ko), (1), (k) = p(p) Y an (k)b (k) (p(m)pi (1), 15(1))-
i
There is therefore a constant ¢ such that
(82 (p)p(P)¢(k1), (k)| < bp(p)mr(m)Zns (m).

We may lift M to a Levi factor of P, chosen so that M (R) is selfadjoint with respect to the given hermitian
form. Then K N M(R) is a maximal compact subgroup of M (R) and K N M(R) = K N P(R). The function

¢ (9g) is given by
| sr kg mam(ko)ae = | { / . 6P0<po<ukg>>m(po<ukg>>du}dk.

Setp(kg) = p = nm,n € N(R); then

ukg = unu~ Lumk;
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and unu~! € N(R) C No(R). P, = Py N M is minimal parabolic subgroup of M over R. Write um = poko,
po € P(R), Pp € KNM(R). Then

dp, (Po(ukg)) = dp(m)dp; (po)-

Because A € D(P)
T (po(ukg)) = ma(m).

Thus

oa(g) = /K(Sp(m)ﬂ,\(m){/KnM(R) (5p6(p0)du}dk.

/ (Sp(m)ﬂ')\ (m)EM (m)dk
K

The right side is

Since dp(p) = dp(m), the lemma follows.

COROLLARY 3.9. Assume in addition that A € D(G) C D(P). Then
[{To(9), )] < ema(9)Z6 (9)-

One has only to observe that when A € D(G)
or(9) = mA(9)Zc(9)-

We shall have to make use of some results from [6] that are considerably more serious than those of the
preceeding lemmas. We recapitulate them in the form we require. Two conjugacy classes p and p’ of parabolic
subgroups of G over R are said to be associate if we can find P € p, P’ € p’ such that P and P’ have a common
Levi factor. Given P and the Levi factor M, for which M (R) is selfadjoint, we may, with no loss of generality,

assume that it is the common factor, for we may replace P’ by a conjugate.

If p is a quasi-simple irreducible representation of M (R) we may define I, with respect to P or to P’. To
distinguish the two possibilities we write If, I}f'. To apply the results of [6] we take p to be square-integrable
modulo the center. It then satisfies the conditions of Lemma 3.8. In fact, we may suppose, since it is only the
infinitesimal equivalence class of p and I, that interests us, that V' is a Hilbert space and that 77;1 ® p is unitary.
Then we take V* to be the dual space to V' and p* to be the representation contragredient to p. If (u,v) is the

inner product on V' then

(o, ) = /K (k). (k) dk

is an inner product on I(V). If we assume in addition, as we must, that p satisfies the condition of the corollary,

then wgl(g)Ip (g) is unitary with respect to this inner product.
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For a general quasi-simple irreducible p, the elements of £ operate on the infinitely differentiable vectors
in I(V') as scalars. Moreover the restriction of If to K contains any irreducible representation of K with finite
multiplicity. Exploiting, for example, the fact that the characters of irreducible quasi-simple representations of
G°(R) are functions, one sees that I;D admits a finite composition series. Our present stronger assumptions on
p, which imply the existence of an inner product on I(V') with respect to which the operators I,(g) differ by a
scalar from a unitary matrix, allow us to conclude that I, is infinitesimally equivalent to the direct sum of finitely
many irreducible quasi-simple representations. From Lemma 8 and Theorem 3 of [6], we conclude that if I,f’ and

/ - - - - -
15 have an irreducible constituent in common then the classes of P and P’ are associate.

If P and P’ have the common Levi factor M, then, by computing the character, one sees that If and Ilf,’
are infinitesimally equivalent ([6], f 11). By Lemma 12 of [6], the representations If and I}; are infinitesimally
equivalent if and only if there is an A in the normalizer of M in G(R) such that o’ and m — p(hmh~!) are
infinitesimally equivalent. What does not appear so clearly in [6] is that if I,f’ and Iﬁ have an irreducible
constituent in common, then there is an 4 in the normalizer of M in G(R) such that p’ and m — p(hmh~1) are
infinitesimally equivalent.

This is an important point. We shall return to it after some considerations that are, unfortunately, only
implicit in [6]. We take up once again the assumptions of Lemma 3.8. Suppose ¢ € V* is K N M (R) finite. If
p € I(V)is K-finitethen p(k) € Vis KN M (R) finiteforall k € K and {¢(k)|k € K} spans afinite-dimensional

subspace of V. There is therefore a constant ¢ such that

[(p(m)e(k), )\ < ema(m)ZEn(m)

forallm € M(R)andall k € K. Suppose ¢ € I(V), ¢ € V*, and

[(p(m)p(k), ¥)

(3.3) sup oot = el < oo

kom TA(M)En

If U is a compact subset of G(R) and p(kg) = n(kg)m(kg) then
{m(kg)lk € K,g € U}
is relatively compact. Set m, = m(kg), k1 = k(kg), and let mg € M (R); then

[(p(m)p(kg), p(ma))| = p(ma)|(p(my 'mma)p(k1), V)]

which is bounded by

emx(my fmmy)Ea (my Pmmy) < dma(m)Za (m).

For the last inequality see Proposition 8.3.7.2 of [16].
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It follows easily from these considerations that if f € C>°(G(R)), if ||¢'|| < oo, and

then

(3.4) Jim [IZ,(9)¢ = Lo (h)¢lly = 0.

Notice in particular that if ¢ is K-finite there is an f such that
o =1I,(f)e.

If v € V* let I(V, ) be the set of all ¢ € I(V) satisfying (3.3) and (3.4). If v is a compactly supported

measure on M (R) and

' = d
0 /M(R) p(m)pdv

then I(V, ') D I(V,4). In particular I(V,) is the same for all nonzero K N M (R) finite vectors . If I(V, )

contains the K -finite vectors then the restriction of I, to I(V, ) is infinitesimally equivalent to ).

LEMMA 3.10. Suppose p satisfies the conditions of Lemma 3.8 with A € D(P)". Suppose M is a Levi factor
of P with M(R) selfadjoint and PN P = M. If N is the unipotent radical of P, 1 € V*, and ¢ € I(V, 1)
then

L (p(ng), ¥)dn

N(R)

is absolutely convergent.

We may take g = 1. Write @ = nmk,n € N(R),m € M(R), k € K. Then

(@), ) = dp(m)|[(p(m)e(k), ¥)| < cdp(m)mr(m)Ens(m).

We have seen that if Py C P is minimal then

/ 5po(po(T))ma(po (M) dn

N(R)
is infinite; it equals
/7 / op, (po(uﬁufl)m\(po(uﬁu*l))dﬁ.
N(R) JKNM(R)

Since po(unu~t) = po(um) we may proceed as in the proof of Lemma 3.8 to see that this double integral equals

/ 5p(m)7r)\(m)EM(m)dﬁ
N(R)

The lemma follows.
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We set

/_ (o (7g), W7 = M(i, 3 9).
N(R)

Itis clear that
M(p,v; 9h) = M(I,(h)g,; g)
and that
M (g, p(m)v,g) = 6p*(m)M (p,v3m™g).
Let V;; be the space of vectors ¢ in V* for which I(V, ) contains the K-finite vectors. V" is invariant under
M(R). If ¢ is K-finite
¥ — M(p,9,1)

isa K N M (R)-finite linear form on V(. There is therefore a K’ N M (R)-finite vector M () in V such that

M(p, 1, 1) = (M (), ¥)

fory € Vi

The map p x i — pn of P(R) x N(R) into G(R) is a diffeomorphism of P(R) x N(R)) with an open subset
of G(R). If f isan infinitely differentiable complex-valued function on N(R) with compact support X andv € V'
is K -finite, define ¢ € I(V') by

e(pm) = f(m)op(p)p(p)v.
The set
Y={meMR)NRmMKNX # o}

is compact. If m € M(R) and mk = nymi7m, ny € N(R), my € M(R), 7 € X then m = mymg withms € Y.
Thus if ¢ is K N M (R)-finite

[{p(m)p(k), )] < emx(ma)En (m1) < ¢'ma(m)Eas (m).

Given 1 we can clearly choose v and f such that M (¢,4,1) # 0. If din C°(g(R)) is a sufficiently close
approximation to the delta-function and ¢’ = I,(d)¢ then M (¢’,4,1) is also not zero. Since ¢’ € I(V, ) we

have the following lemma.

LEMMA 3.11. Ify € V* is K N M (R)-finite there is a ¢ € I(V, 1) such that
M(p,1,1) # 0.

If M(R) is selfadjoint and A C P(R) then A C M (R). Let A(P) be the centralizer of M (R) in A and let
AT (P) consist of those a in A(P) for which a(a) > 1 if aisaroot of 77 in N'. We say that a — oo in AT (P) if

a(a) — oo for all such a.
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LEMMA 3.12. Suppose that ¢ € I(V) and ¢ € I(V*) are K-finite. If m € M(R) is fized, then

(Lp(am)p, ¥) = 05" (a){¢)(@) M (0,%(1),m) + o(mr(a))}
as a — oo in AT(P).
Since |(,,(a)| = mx(a) the error term is smaller than the principal term if M (p, (1), m) # 0.

Replacing ¢ by I,,(m), we suppose m = 1. ¢ may no longer be K -finite.

<Ip(a)<p,w>:/K<<p(/m),w(k)>dk.

The integrand is clearly a function on K N P(R)\K. Choose P and N as in the previous lemma and write

n=nmk,n € NR),m e M(R), k € K. Applying (3.1) we see that the integral is equal to

L dhmtetha), vy, dm.

N(R)

1 1

Let a 'Tia = nimaiki. Since ka = m™'n"'Ra = m~'n"taa"'7a the intergrand is
5p(m)dp(a)dp(my){p(m™"ami)p(k1), (k).

If we substitute ama ! for @ so that @ = nymi k1, ana™! = nmk the integral becomes
55 (@)y(a) [ 8p(m)dp(m)(plm™ )Gk, w(k))
All we have to do is show that

im [ Sp(m)Sp(my){p(m ™ my)p(ky), p(k))di = Mo, (1), 1).
a—o0 JN(R)

In a moment we shall show that we may take the limit under the integrals ign. Since amma~! — 1, we may suppose

thatn — 1, m — 1, k — 1. The integrand approaches

p(ma)(p(mi)e(k1), ¥(1)) = (p(m), (1))

and the lemma follows.

The integral is dominated by a constant times

b)) Za (m™ 1 my).

op (m)(Sp (m1)7r)\ (mf

Choose Py C P such that Py(R) 2 A and such that P, is minimal over R. As usual let P} = P, N M. Since

zMwﬂmnzf 6y (B (em ™ Vma ),
KNM(R)
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it is enough to show that the integral of

dp(m)dp(my)my (m71m1)5P6 (o (um™"my))

is uniformly small on the complement of a large compact set in N(R) x (K N M (R)).

Choose a Py C P that is opposed to Fy so that
AC ﬁO(R) N Py(R) = Mp(R) C M(R).

Write an element of No(R) as g = nomoko, no € No(R), mg € Mo(R), kg € K. If f is a function on
K N My(R)\K then

/ F(k)dk = ﬁ 5%, (mo) f (ko) drio.
K No(R)

If N:) = NO N M then NO(R) = NB(R)N(R) Let ng = ﬁi)ﬁl; let ﬁé = NoMmav, N € Né(R), mo € MQ(R),
ke KN N(R), let Uﬁlvil = ngmazks, n3 € N()(R), ms € Mo(R), ks € K. We may suppose

mo = MaMs, ko = Ksu.

Then the integral is equal to
Lo [ 8k mama) (e am i,
No(R) /N(R)

Replacing 71 by aft1a ™ so that ngmsks = vamia~ v~ we obtain
5;2(a)/ / 8%, (mams) f (ksv)dmydmy,.
Ny,®R) /NR)

On the other hand, if m = nmk

/K f(k)dk = /N - 5123(m){ /K - f(uk)du}cm.

Replacing @ by ana ™!, we obtain

) [ s [ mMm)f(uk)du}cm

where nmk is now ama !

Thus
/ (5123(m){ / f(uk)du}dﬁz / / 5% (mams) f (k) diiy dit.
N(R) KNM(R) s(R) JN(R)

If X is a compact setin Ny (R) x N(R) = No(R) with complement €.X, then

Y = {me N(R)[7 € P(R)X}
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is also compact. If f is positive

(5123(m){ / f(uk)du}cm < [ 52 (mams) f (hyv)dmi ).
% knM(R) exX

Take f to be the function
55" (a)my M (a)ma(po(ka))dpo(po(ka)).

I = nmk, then uka = um—n"1lam and

If ana™

512)(m)f(ul<:) = 5p(m)5p(m1)7r)\(m*1m1)5p6 (ph(um™ramy))

if m = nymy k1. Observe that
(5p((l) = 5p0(a)

and that, more generally,
dpo(m) = dp(m)dp; (pp(m))

(0]

for all m in M(R).

To finish the proof of the lemma, we show that
5% (mams) f(ksv)

is dominated on N (R) by an integrable function that is independent of a. Let v v~ = nymaks, ny € No(R),

myg € Mo(R), kg4 € K. Since kzva = mglnalaﬁo and mg = mams,
3%, (mamg) f (k3v) = b, (m2)dp, (mama)ms(mz tma)
mo does not depend on n;. Consider the function
dp, (m3m4)7r,\(m§1m4)

on N(R). Replacing 72; by v~'7;v we may, for the present purposes, suppose that v = 1. Thereisa § in D*(P)
such that
dp,(m) =ms(m), m € My(R).

Thereisa 3,1 > (3 > 0, such that § — 3\ also lies in D" (). Leta« = 1 — 3. By Lemma 13 of [4],
7T5,,3A(T)’L3) <1, 7ra>\(m§1m4) <1.
By the formula of Bhanu-Murty-Gindikin-Karpelevich [3], the function

o457 (Ma)
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1

is integrable on N (R). It does not depend on a. Since the transformation 7m; — v~ '@, v is unimodular, it remains

only to observe that, by the same formula,
/ 6%, (ma)dmy < 0.
No®) °

We still suppose that A € D(P*). The space I(V, 1) is the same for all nonzero K N M (R)-finite . Denote
it by Ip(V) and provide it with the norm

lelle + sup [[(F)].
keK

This norm depends in no essential way on . The subspace
L(V)={p € I(V)|M(p,,9) = 0 for all g € G(R)}

is also independent of ¢. It is closed and G(R)-invariant. The quotient J(V') = I4(V) /I (V) is not zero. Let J,

be the representation of G(R) on it. When we want to indicate the presence of P we write Jf instead of J,,.
LEMMA 3.13. The representation J, is irreducible.

Suppose I (V') isaclosed invariant subspace of Iy(V)and I1 (V') ¢ Io(V) ¢ Io(V). Ifv* € V*is KNM (R)-
finite then the function

o — M(p,v",1)

on Iy(V) is continuous. If it vanishes on all K -finite functions in I3(V) it vanishes identically on I5(V'). Then

0= M(I,(9)p,v", 1) = M(p,v*,g)

for all ¢ € (V). This is impossible unless V* = 0. On the other hand, there is a K-finite function ¢ in I(V*)
that is not zero but is orthogonal to I5(V'). Then (I,(g)¢, I;(k)i) = O0forallg € G(R) andall k € K. If ¢ in
I5(V) is K-finite we may apply Lemma 3.12 to see that

M(p, (k) 1) =0
for all k. This in turn implies that ¢ (k) = 0 for all k, which is a contradiction. The lemma follows.

LEMMA 3.14 (a) Suppose p and p’ satisfy the conditions of Lemma 3.8 with respect to P and P’ respectively.
Suppose A € DV (P) and X' € DY (P'). If J¥ and JI)F,)' are infinitesimally equivalent there is an h € G(R)
such that P' = hph™', M’ = hMh~*, and such that m — p’'(hmh~1) is infinitesimally equivalent to p.

(b) Suppose p satisfies the conditions of Lemma 3.8 with respect to P and A € DT (P). Suppose p'
satisfies the conditions of Corollary 3.9 with respect to P'. If P # G, then Jf is infinitesimally equivalent

to no constituent of Jil.

We may certainly suppose that P and P’ both contain P, minimal over R, that A C Py(R), and that M (R)
and M'(R) are selfadjoint.
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If  and 7’ are two irreducible quasi-simple representations of G(R) on W and W', respectively, then 7 and
«' are infinitesimally equivalent if and only if for any K -finite vector w € W and any K-finite linear form f on

W there are a K -finite w’ € W’ and a K -finite linear form f’ on W’ such that

forall g € G(R). If S(r) is the set of all v € D(Fy) such that for any K -finite f and w there is a constant ¢ such
that

|f(m(a)w)| < cdp, (a)m, (a)

on AT (P) then

S(m) is a convex set. We introduce the Killing form B(u,v) on L ® R. Itis positive semidefinite. If S(7) is not

empty there is a unique point v() in its closure such that
b(v(m),v(r)) = inf{B(v,v)|v € S(m)}.
If 7 is J[ there is a K-finite o in 1o (V') and a K-finite ¢ in I(V*) such that

f(m(g)w) = (L, (9)p, ¥)

for all g. By Lemmas 3.6 and 3.8, the closure of S(r) contains .

We may choose a K -finite ¢ in I(V*) such that ¢ is orthogonal to I; (V') and such that /(1) # 0. We may
also choose a K-finite ¢ in Iy(V') such that M (p,,1) # 0. Applying Lemma 3.12 to this pair we see that if
v =X+ pbelongs to S(r) then u(a) > 1ifa € AT (P). Since A € DT (P), B(\, i) is then nonnegative and

B(v,v) = BOWA) + 2B(X, i) + B(u, ) > B\, N).

Thus v(m) = A

If o/ satisfies the conditions of Lemma 3.9 and 7’ is a constituent of Ilff' then we can find ¢’ and v’ such that

f(@(gw') = Ty (9)¢, ¥').

It follows readily from Lemma 3.6 and Corollary 3.9 that \’ lies in the closure of S(7’). Since X' € D(G) = D*(G),
BN, N)=0andv(s') = X.

If P and P’ contain Py, D™ (P) and D*(P’) are disjoint unless P = P’. This gives the second part of
the lemma and half of the first. We now suppose that P = P/, M = M’ and show that if J" and Ji' are

infinitesimally equivalent then so are p and p’.
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Let« in I(V*), with ¢(1) # 0, be K-finite and orthogonal to I; (V). Let ¢ lie in Io(V') but notin I; (V) and

be K-finite. Then there exist ¢’ and v/’ that satisfy analogous conditions with respect to p’ such that

(L(9)p, ) = Ly (9)¢", ).

Applying Lemma 3.12 we see that

= M(p, p*(m~ " )p(1)1) = M(p,9(1)m)

is equal to
(p'(m)M ("), ¢'(1)).
Since M(p) # 0, it follows that p and p’ are infinitesimally equivalent.

There is a point mentioned earlier that remains to be settled. We have to show that if p and p’ satisfy
the conditions of Lemma 3.9 with respect to P and I,f’ and Ilf,’ contain infinitesimally equivalent irreducible
constituents then there is an h in the normalizer of M in G(R) such that p’ and m — p(hmh 1) are infinitesimally

equivalent.

We have defined the quasi-character 7, on M (R) for v € D(P). The same formula

T

771/(9) = H |/\7,(g)

if v =5 x;\; serves to define it for v € D(P) ® C. Set p, = m, ® p. All the representations p,, act on the same

space. Take v in iD(P) and consider the functions

I(9) = (Ip,(9)p, )

where ¢ € I(V) and ¢ € I(V*) are K-finite. Let h run over a set of representatives for the normalizer of M in
G(R) modulo M (R). If v does not lie in a certain finite set of hyperplanes the quasi-characters ¢/ : a — p, (hah™")

of A(P) are distinct and if fp is defined as in [6] then, by Theorem 5 of that paper
fp(m) =" 05 (m)
h

where
Or(am) = G (a)f(m), a€ A(P).

By Lemma 3.12 and by Lemma 9 of [6], 87 (m) has the form

01 (m) = (pv(m) M. (), (1))
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where M, (y) liesin V. M,(p) is a meromorphic function of v in a neighborhood of : D(P) and its singularity
can be killed by a product of linear factors. Let p/ be the representation m — p, (jmh=1). Since I,, and . It
follows that 607 is of the form

(i (m) M, (), N (1)

where M (), N (v)) are K N M (R)-finite vectors in V and V*. They too are meromorphic in a neighborhood

iD(P) and their singularities can be killed by a product of linear factors.

Let A1, ..., \, beabasis for D(P). If a = (a4, ...,a,) is an r-tuple of non-negative integers set

la(m) = H{log o (m) .

Let {h} be a set of representatives for the normalizer of M in G(R) modulo the group of those g in the normalizer
for which p9 : m — p(gmg~1) is equivalent to p. If the reader is willing to admit* that, for a fixed m, f%(m)

depends continuously on v € ¢D(P), he can conclude that
FRm) =3 la(m){p" (m)el, o)
h a

where the sum on « is finite and ¢ and ! are K N M (R)-finite vectors in V and V*.

If M is also a Levi factor of P’ then a similar result holds for f2,(m). Since not all of the functions f2,(m)
can vanish identically, we conclude that from a nonzero matrix coefficient of any irreducible constituent of If
we can retrieve at least one nonzero matrix coefficient of one of the representations p”. This yields the required

assertion.

We are now in a position to complete our definition of sets II,. Let P” be minimal among the parabolic
subgroups of G” containing ¢(Wg). The group G may be represented as a semidirect product G° x Wy. Since
C* C Wy acts trivially we may divide out by it to obtain the algebraic group G° x g(C/R). The image of P"
is also algebraic and we may use the theorem that any two maximal fully reducible subgroups in an algebraic
group are conjugate to conclude that o (Wg) is contained in a Levi factor M” of P. By assumption the class of
Pliesin p”(G). Let P be a parabolic subgroup of G over R whose class corresponds to that of P”. Since p(WR)
is contained in no proper parabolic subgroup of M” the earlier definition, together with Lemma 2.4, associates
to o a finite set I, (P, P") in II(M).

Suppose p(Wg) is contained minimally in both P" and P". Then
(P* N PMN" 2 (PP N PO)N?

and the right side is a parabolic subgroup of G° ([1], Proposition 4.4). The right side is the connected component

of the left. Since the left contains (g ) which projects onto Wg, it is a parabolic subgroup of G*. Since it is

* The author leaves him to struggle with his conscience.
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contained in P" and contains ¢(Wg) it is equal to P”. By the same proposition ?6 contains a maximal reductive
subgroup of P°. Reversing the roles of the two groups we see that P° contains a maximal reductive subgroup
of P°. Since any two maximal reductive subgroups of P? or of P° have the same dimension, P° and P° have
a common maximal reductive subgroup. As before, we can divide G by C* C G" = G° x W to obtain an
algebraic group. C* is contained in P N P” and the quotient of P N P by C* is an algebraic group. Take a
maximal reductive subgroup in it which contains the image of p(Wg). Let its inverse image in P N P" be M.
M" contains (W) and therefore projects onto Wg. Since [12] any two maximal reductive subgroups of the
quotient of P N P” by C* are conjugate, M " contains a Levi factor of P° and of P°. Thus M itself is a Levi

factor of P and of P".

Since the set IL, (P, P") does not depend on A", we may, for our purposes, fix A/” and let P", which
does affect I, (P, P"), vary over the parabolic subgroups of G with M" as Levi factor. Since the pair (M, P)
together with the set I1,,(P, P") is determined only up to conjugacy we may assume that M too is fixed. It will

be supposed that M (R) is selfadjoint, although this is not important.

If D(M) is the space introduced in the proof of Lemma 2.5 and M is a Levi factor of P then D(M) = D(P).
Let A = A, (P, P") in D(M) be defined by the condition that

6o (2)] = ma(2)

if p € I, (P, P") and z € Zy;(R). We observe next that P and P"* may always be so chosen that A, (P, P") €
5+(P). In fact, if we vary P and P” simultaneously as in Lemma 2.5 we may let P vary over all parabolic
subgroups of G with M as Levi factor without affecting I, (P, P") or Ao (P, P™). For at least one such P,
Ao(P, PM) € E+(P), the closure of the chamber corresponding to P. From now on we only consider pairs P,
P” for which A\, (P, P") € E+(P). There is, moreover, a unique parabolic subgroup P; of G over R such that
Py D M and A, (P, P") € D*(P;). P, contains P and there is a unique P, containing P such that P; and P;"

lie in corresponding classes.

We can characterize P,” in terms of M " and ¢(Wpg) alone, without reference to P and P”. For this we shall
have to take cognizance of the way M” is identified with the associate group of M. We recall that we choose
an isomorphism 1+ of G with a quasi-split group G’, containing B’ and 7", so that ¢~ 1o (1) is inner and so that
¥(P) 2 B"and M’ = (M) 2 T'. We then use G’, B’, and T" to construct G°, B®, T° and G" = G° x Wk.
Conjugating M” and P”, and therefore also ¢, but that does not matter, we arrange that P O B° and that
M” D T°. The construction of G is such that this M can be trivially identified with the associate group of M.

We may also suppose that ¢(C*) C T° x C*.

Now that everything is explicit, let us recall how the restriction of ¢/, p € IL,(P, P"), to the connected

component of M,,q(R) is determined by (. We write ¢(w) = a(w) x w with respect to the splitting G° x Wg.
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As before let @ be the action of o € g(C/R) on T°, L, and L" determined by ¢. Choose yand v = gpin L® C
such that

M (alz)) = 22X
Any s in the connected component of M,.q(R) may be written as s = el where H = H lies in L™ ® C and
(a, Hy = 0if «isaroot of 7" in M’. Then

¢(s) = /2, H+TH) _ (u.H)

Write i1 = p1 + po Where gy = p1, e = —pe. Because o(WR) is contained in no proper parabolic subgroup

of M, {1,y = 0if o/ isaroot of T° in M°. Since y — o = 2puz liesin L,

<M2aH> = <N27ﬁ> = <6/-‘27Eﬁ> = _<M27H>
and (u2, H) is purely imaginary. A similar calculation shows that
R€</J,1, H> = <ReM17 H>

Thus

x;

Gy (5)] = eftern ) = R 2 = T Ai(s)

if Repr; = > ;A It follows that if A = A\, (P, P"*) then A = Repy. Thus P, is determined by the condition that
o’ is aroot of T in P} if and only if (Repy, a”) > 0.

Pf is therefore determined by ¢ alone. P; is then any parabolic subgroup of G over R containing M
whose class corresponds to that of P,*. P and P” are then any pair with P C P;, P" C P, whose classes
correspond. Choose a Levi factor M; of P; over R that contains M. PN M; = P’ is a parabolic subgroup of M.
If p € I1,(P, P") we may consider the irreducible constituents of I arepresentation of M; (R). Let IT), be the
set formed by the infinitesimal equivalence classes of these constituents as p varies over I, (P, P"). We have to
observe that IT/, C II(M,) is independent of the choice of P and P". Since II}, is not affected if we simultaneously
conjugate P’ and IL, (P, P") with an element of M (R), we need only check that IT}, is independent of P". But
if we change P” then, by Lemma 2.5, we may change P and hence P’ so that IL,(P, P") is not affected. Since
Ilf" and If' are infinitesimally equivalent if P’ and P are two parabolic subgroups of M; with M as Levi factor,

the set IT}, does depend only on ¢.

We have normalized ¢ so that Pf contains B°. Suppose ¢’ is normalized in the same way and gives rise to
the same Pf. We shall need to know that if IT/, and H[p, have an infinitesimal equivalence class in common then
¢ and ' determine the same element of ®(G). If IT,, and II/,, have an element in common then, as we can see
from our review of the results of [6], the images ¢(Wg) and ¢’ (Wg) may be supported to lie in the same M ",

no proper parabolic subgroup of which contains either of them. We may choose, tentatively, the same P and P"
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for both of them. Then there are a p in II,(P, P") and a p’ in II,/ (P, P") and a g in the normalizer of M in
M;(R) such that p is equivalent to m — p’(gmg~1). If ¢y is the restriction of adg to M and wf the associated

automorphism of M” then, by condition (iv),
Iy (o (P, P ={m — p(gmg~")|p € T,(P, P")}.

By Lemma 2.7, there is an h in the normalizer of M” in M{ such that on M " the operator adh is equal to q/)f. We
may replace ¢ by adh o ¢. Then IL, (P, P") and I, (P, P") have an element in common; so ¢ and ¢’ belong to
the same class in ®(M;) and hence in ®(G).

We are now able to introduce I1, in general. IL, consists of the classes Jfl ,pE H’W. By Lemma 3.14, together
with the preceding discussion, these sets are disjoint. The other conditions on the sets II, are built into their

definition.

4. Exhaustion. It remains to prove the following proposition.
PROPOSITION 4.1. The sets I1,, ¢ € ®(G), exhaust II(G).

We agree to call an infinitesimal equivalence class essentially tempered if it is a constituent of some I, where
p satisfies the conditions of Corollary 3.9 and is square-integrable modulo the center. To prove the proposition,

we have only to prove the following Lemma.

LEMMA 4.2. If 7 is an irreducible quasi-simple representation of G(R), there is a parabolic subgroup P of
G over R and an essentially tempered representation p of M(R), M = P/N, such that A € D*(P) and such

that ™ is infinitesimally equivalent to J,.

A has the same meaning as in Lemma 3.8. Notice that, by Lemma 3.14, p and P are uniquely determined by
7. The lemma reduces the problem of classifying the classes of irreducible quasi-simple representations of G(R)

to that of classifying the classes of essentially tempered representations of the various M (R).

Let 7 be given. The first, the easy, step is to find P. Let r acton V. If g € G(R) and v* lies in the dual space
of V define 7*(g)v* by

(v, 7 (g)v") = (m(g™ v, v").

If f € C2°(QG) define 7*(f)v* by

It is clear that
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Itis also clear that every K -finite vector v* is a finite linear combination
vt = ZW*(fq)vz*
[

Let V* be the set of all v* for which

lim [|7*(g)v* — 7 (R)v*| = 0
g—h

for all h. Since V* contains all vectors of the form 7*( f)v*, it contains all K -finite vectors. The representation 7*
on V* is continuous and the pairing (v, v*) — (v, v*) is G(R)-invariant.

Let X be a finite collection of classes of irreducible representations of K. Let V(X) and V*(X) be the direct
sum of the subspaces of V and V* transforming according to the representations in X. Consider the function

from G(R) to the dual W (X) of V(X) ® V*(X) defined by
U(g):u®v — (n(g)u,v).

Choose a parabolic subgroup Py of G minimal among those defined over R. We suppose that A C Py(R).

D(Py) and the Lie algebra 21 of A are in duality over R in such a way that

ma(expH) = e,

It will be convenient to shuck some of our earlier notation, which is not always appropriate to our present
purposes. Write D(Py) = Do + D, where Dy is orthogonal to 2l N gqer and D is orthogonal to 24 N g,aq4. D has
as basis the roots a4, . . ., o, of A simple with respect to Py(R). The Killing form B(y, v) is nondegenerate on D
and zero on Dy. Define 51,..., 8, in D by

B(ay, 85) = di;.

By Theorem 9.1.3.2 of [16] there is a countable subset L(m, X) in D(FPy) ® C such that in the interior of

AT = AT (Py) an expansion

(4.1) U(a) =m0 3 ()
AEL(m,X)

is valid. ¢ is one-half the sum of the roots of A positive with respect to P, and taken with multiplicity. a = e
and p, is a polynomial function of H with values in W (X) that does not vanish identically.
If A and p belong to D(Pp) ® C we write A > p if
ReA = Rep + XT: Ti0
i=1
with z; > 0. Let E(n, X) be the set of A maximal in L(r, X) with respect to this order. As in [16], E(, X) is finite.

There is a simple fact to be verified.
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LEMMA 4.3. The set E(m, X) is the same for all X for which W (X) is not zero.

If X and ) are two finite collections of classes of irreducible representations of K we may also introduce a

function ¥ with values in the dual W (X,9)) of V(%) ® V*(2) by
U(g) :u@v— (r(g)u,v).

Thus ¥ also admits an expansion of the form (4.1). We introduce E (7, X,%)) and show that it is the same for all

X and 9 for which V(X) # 0 and V*(2)) # 0.

Itis clear that if X; C X5 then every element of E(7, X1,%)) is dominated by an element of E(r, X2,9)). If

V(%) is different from 0 then every K-finite vector in V' is a finite sum

Z W(Xz)uz

with u; € V(X), X; € ), the universal enveloping algebra of g. If

then
(m(g)m(X)u,v) = X f(9g).

IfueV(X),veV*)then (r(g9)m(X)u,v) is a coordinate of the W (X,9)) valued function X ¥(g). It follows
from Theorem 9.1.2.9 of [16] that every exponent in the expansion of (7 (g)7(X)u, v) is dominated by an element
of E(m, X,9). Thisif V/(%1) # 0 and V(X2) # 0 then every element of E(m, X1,%)) is dominated by an element

of E(m, X2,9) and conversely. The two sets are therefore the same.

We define a double action w — 71 (k1)wre(k2) of K on W(X,9)) by
(k) wra(k2) :u @ v — w(n(ky u @ 7% (k2)v).

We may interchange the roles of V' and V* and of X and 9), replacing 7 by 7*. If w, the element of the Weyl group

of A that takes positive roots to negative roots, is represented by k € K, then
(u, 7 (a)v) = (r(a™ )u,v) = (m(w(a™))m(k)u, 7 (k)v).

Thus ¥(a) is replaced by
T (K™ (w(a™))m2(k)

and
E(r*,9,%X) = {-w\)|X € E(m,X,D)}.

It follows that E(7n*, X,9)) is also independent of ).



Classification of irreducible representations 61

We all also need some simple geometric lemmas. We recall that B(«a;, ;) < 0ifi # jandthat B(3;, 3;) > 0
for all i and j. If Fis a subset of {1,...,r} let Dr be the subspace of D spanned by {f;|i € F}. Ifi € F let

pE = p;;ifi € Flet 8] be the orthogonal projection of 3; on the orthogonal complement of D . Define o by
B(%F, ﬁ]F) = dij-

Ifi ¢ Fthen ol = ;. Ifi € F then

F
o =+ E Cik Q-
kgF

If kis not in I then
0= B(aj,B) = (i, B ) + cik.
{ak|k ¢ F} is a basis for the orthogonal complement of Dy and B(ay, ;) < 0if k # 1. Since {38 |k ¢ F} is the

dual basis, B(3f, 8} > 0. Therefore 3/ is a linear combination of the «, with nonnegative coefficients. Since

B(ay,ar) <0, By, BF) < 0fork ¢ Fand c;; > 0. Thusif i and j belong to F and i # j

B(af,af) = B(af',a;) = B(o, ;) + Z ciBlag, a;) <O0.
kg F
The inequality B(«]", of') < 0is also valid if one of i and j does not lie in F'.

For each F' let e be the characteristic function of
{A € D(Py)|B(aj,A) >0, i€ F, B(Bf,\) <0, igF}.

LEMMA 4.4. If A € D(P,) then

ZEF()\) =1.

F

Suppose B(a;,\) > 0 for all i. Then B(al',\) > 0 for all i and all F. Since the basis {3} is dual to
{af'} and B(af,af) < 0fori # j, ] is a linear combination of the o} with nonnegative coefficients and
B(BF,\) > 0foralliand F. Thuser(\) = Ounless F = {1,...,7} when er(\) = 1. Thus all we have to do is

show that ¢ is a constant.

A hyperplane defined by an equation B(al", \) = 0 or B(3F, \) = 0 for some i and F will be called special.

If \is any pointin D(P,) and if B(«;, ) > 0 for all ¢, then for any sufficiently small positive real number a
er(A\) =er(A —ap)

for all F. Moreover A\ — ap lies in no special hyperplane. To show that e is a constant we have to show that it
is constant on the complement of the special hyperplanes. For this we have only to verify that it is constant in a

neighborhood of a point Ay lying in exactly one special hyperplane.
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For this we may disregard all those F' which lie neither in
S; = {F|B(af’, \o) = 0 for some i € F}

nor in

so = {F|B(BF', \o) = 0 for some i ¢ F}.

The sets S; and Ss are disjoint. F' = {1,...,r} does not belong to Se. We can introduce a bijection between S
and S,. If Fy € S; and o withi € Fy is orthogonal to Ao set Fy = F; — {i}. o™ and 31> both lie in the space
spanned by {(,|j € Fi} and are both orthogonal to {3;|j € F>}. Thus they are multiples of each other and

F, € So. ltis clear that F; — F5 is a bijection. Since

1= B(al", ) = Bal", 8),

i M i M
of' is a positive multiple of 572, We have relations

F _ Fy :
a;? =a;' +cjoyt, JE Fy,

Bl =B +d;8, j¢ P
Near Ao

signB(0]%,A) = signB(B;", ), j & Fi,

signB(aj?, \) = signB(a}*, ), j € F.

Moreover, either B(a*, \) > 0 or B(65, \) < 0 but not both. Thus ¢, + £, is constant near \o. The lemma

7

follows.

If A € D(Py) let F' = F(\) be the unique subset of {/, ..., r} such that
B(af',\) >0, icF,

b(BE,N) <0, igF.

Let A\Y be the projection of A on the sum of Dy and Dg. Then B(a;, \°) > 0 for all i and B(a;, \°) > 0ifi € F.
This is clear because B(a;, A\°) = 0ifi ¢ F and B(a;, \°) = B(al',\%) = B(af,\) ifi € F. Let A = \0 + AL
Then

)\1 = Z bZOél

igF
Notice that
bi = B(Bi, \') = B(BF,\Y) = B(BF,\) <0.

70 ]
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LEMMA 4.5. Suppose A and u lie in D(Py) and

/\O—I—Zciai:,uo—l—u—l— Z djo;.

i=1 JEF (1)

Suppose ¢; <0, v € D, B(aj,v) =0 ifi & F(u), and B(B;,v) >0 ifi € F(u). Then \° = u°.
Certainly \° — 1% € D. Ifi € F(u) then
(42) B(ﬁz,)\o - /J/O) = —c; + B(ﬁz,l/) Z 0.

Ifi ¢ F(u)then
B(Ozi, /\0) = B(Ozi, /\0) > 0.

Ifi g F(u)

F
B =" eay

JEF (1)
withe; > 0; so

B( zFa)‘O_MO)ZO'

Moreover

B =6~ D aif

JEF (1)

and

a; = B(B:, 3;)|B(8;,3;) > 0.

For (4.2) we conclude that
B(ﬁh)‘o _/J’O) Z B( z’FaAO _MO) Z 0.

The lemma follows.
COROLLARY 4.6. iF X\ > p then \° = 1.

If A > pthen
A+ Z cioy = [
=1
with ¢; < 0. Since
A=+ ) by
igF(X)
with b; < 0and
p=p+ Y dia,
JEF (1)

the corollary follows.
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Since the set E(m, X) is the same for all X with W (X) # 0 we may denote it by (7). Consider
Lo, %) = {\°]A = ReX, N € L(m, X)}

and
E%(m) = {A° A =Re)N, N € E(m)}.

Suppose p lies in LO(7, X). Thereisa N € E(w) such that \' = p/; then A = Re) = p = Rep/ and A0 = 0.
Thus L°(7, X) has a maximal element \° and \° € E°(r). We fix such a \° once and for all. Since \° lies in the
closure of D (P,) there is a unique P containing P, such that \° € D*(P). This will turn out to be the P which
appears in Lemma 4.2.

To obtain the representation p we have to apply some results that appear in an unpublished manuscript of
Harish-Chandra [5] but, to the best of my knowledge, nowhere else.

D(P) is the sum of D; = D(P) and its orthogonal complement D2. A is a product A; A;, where A; =
A(P) = {e®|HL1 Dy} and Ay = {ef|H 1 D;}. Let Li(m, X) be the projection of L(r, X) on D; ® C. The first

result we need from [5] is that U(a) = ¥(ay, as) = V(e ay) admits an expansion

(43) M N g, (Hag)e P
A1 ELl(TK‘,:{)

valid for a; in the interior of A7 = A% (P). ¢x(Hi,az) is a polynomial function of H; whose coefficients are

analytic functions of a,. The degrees of thee polynomials are bounded. If a = el € AT = A+ (P,) then
(4.4) o (Hy, az)eM—0H) — Zp/\(H)e(/\—&H)

where the sum is taken over all A € L(, X) whose projection on D1 ® C'is A;.

To exploit this expansion we have to generalize some considerations to be found in §9.1.2 of [16]. The
generalization being quite formal, we shall be as sparing as possible with proofs.

Choose a Levi factor M of P over R such that M (R) is selfadjoint. Let p, m, n, ¢ in g be the complexifications
of the Lie algebras of P(R), M (R), N(R), and K and let 3, 2%, 91, and £ be their universal enveloping algebras.
Let q be the orthogonal complement of m in €N gge,. As on p. 269 of [16], but with a different result, we define Q
to be the image of the symmetric algebra of q in L.

Note that

dimq=dim g—dimp=dimn
and that

dim g = 2dim q+ dim m.
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Let K1 = KN M(R). Itis a maximal compact subgroup of M (R). Let U be a compact subset of M (R) with

U = K1U = UK;. As m varies over U the eigenvalues of adm in the orthogonal complement of m in gqe, lie in

{z|}% <z < R}.

Let AT (R) be the set of all a in A; such that a(a) > R for every root of Ay inn. If m = mya, m; € U,a € A} (R)

compact subset of C*, say

the centralizer of m in g lies in m. Moreover
(4.5) g=adm(q) Dmaq.

To see this one has only to verify that
adm(q)N(m+gq)=0.

Since m and q are invariant under K; and M (R) = K; AK; we may suppose that my, and hence m, lies in A.
Suppose X lies in the above intersection. Let 6 be the automorphism of G(C) such that 8(g—1) is the conjugate
transpose of g with respect to the hermitian form introduced earlier.  is a Cartan involution. Let H lie in the Lie
algebra of A; and set

Xy = (adH)?X.

Then Xy € tand ad m(Xg) € . Consequently
adm(Xg) = 0(adm(Xy)) = adm ™ (Xg)
and
adm?(Xy) = Xp.

Since ad m has only positive eigenvalues and since its centralizer in g is m, this equation implies that Xz € m.
Thus
(ad H)*X = ad H(Xy) = 0.

However, ad H is semisimple; so X = 0. Since H was arbitrary in the Lie algebra of A;, X lies in m. Since both

m N qand m N adm(q) must be zero, X is zero.

The relation (4.5) yields an isomorphism
A~adm(Q)@M Q> QM Q.

If X € 2 we let X,,, be the corresponding element on the right. The function ¥ restricted to M (R) yields a
function on M (R) with values in W (X%). If X € 9t we denote the result of applying X to this function at the
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point m by ¥(m, X). The actions 7, and 7» of K on W (X) yield actions of £&. Let X — X" be the involution of ¢
definedby X~ = -X, X € & If X € A and

Xp=) X,0Y®Z

then
XU(m) = Zﬁ(ZiN)‘If(m,Yi)TQ(ZiN)-

Let P = §(P). Then P is defined over R.and PN P = M. Moreover
g=n+m+gq

and
A = NMA.

IfX:ZYl-Zi,YiGDJT,ZiGchen
Xy =) 10Y;®Z.

Suppose X € 1. Let X = 0(X), X € n. Then
Y=X+X

liesin q. Let X’ = adm(X), X = 6(X’) and
Y = X' +X = X'+ 6(adm(X)).

Since

adm(Y) = X' +adm(X) = X' + 0(adf(m)(X))

we have

f({adm —adf(m)}X) =Y’ —admY.

We are still assuming that m = mya, m; € U, a € A (R); the restriction of ad m — ad#(m) to n is therefore
invertible. Let § be the ring of functions generated by the matrix coefficients of its inverse. § does not contain 1.

Replacing X by {ad m — ad #(m)} !X, we see that
X =Y film)adm(X;) + > gi(m)Z;
with f;, g; inF and X;, Z; in Q. Then
Xm=> filmX;®101+)> g(m1ele Z.
One proves more generally by induction on the degree that

(4.6) X =Xo+ > film)X;
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where f; € §F, X; € Q @ M ® Q and where Xy € M ® Q ~ MO is uniquely defined by the conditions that
X — Xp e n?l.

Notice that as a function of a € A{“ an element of § is a linear combination of products of the functions
{a(a) — a~t(a)} 71, a aroot of A; in n with coefficients that are analytic functions of m;. Moreover {a(a) —

a~!(a)}~* admits an expansion.

e
(4.7) S emCnna )
n=0

fora = efl in A (R).

If X € D, the centralizer of K in 2, and if M (X) is the linear transformation of 1V (%) adjoint to the operator
uv—m(X)u®wv

on V(%) ® V*(X) then
XU = M(X)U.

A% € D; was fixed some time ago. There is at least one A} € Lq(m, X) with ReAY = \°. Fix such a \y. If

m € M(R) we write m = kjaks With k1, ko in K7 and a in A. We write a = ajaz, a1 = e*, and set
®(m) = M 1 (ky V) e (Hi, az) o (ki L),

Because of the uniqueness of the expansion (4.3), @ is well defined. The elementsof A@M@ Kacton d. X RY @7
sends @ to @’ with
O (m) =1 (Z7)P(m, Y )2(X7).

Let X € © and let X, be defined as in (4.6); then Xy € K @ M ® K and

(4.8) Xo® = M(X)®.

To see this we start from the equation X ¥ (m) = M (X)¥(m). If we set my = kya2ks and
Ox, (Hi,ma) = 71(ky ), (Hi, az)ma(ky )

the function M (X)¥(m) has an expansion

S M(X)¢a, (H,mg)eP =01,
A1 ELl(ﬂ',X)

The function X ¥ (m) is equal to

XoW(m) + Y fi(m)X;¥(m).
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X, and the X; are acting as elements of & @ 91 ® K. Because of (4.7) each f;(m) has an expansion
> e (mg)e
K1

valid for my € U, a; € A (R), where U is a compact set in M(R) and R = R(U) is chosen as before.
runs over the projections on D; of sums of positive roots of A in n. The sums are not empty and p; is never
zero. We may, for convergence offers no difficulty (cf. 16), apply X; to ¥ term by term, expand the product
f:(m)X; ¥ (m) formally, add the results, and then compare coefficients of the exponentials ¢(**=%#1) on both

sides of the equation.

We are interested in the terms corresponding to \J. If we incorporate the exponential, the term on the right
is M(X)®(m). At first sight the term on the left seems more complicated. Suppose, however, that y; is the
projection on D of a sum of positive roots of A inn, v liesin Ly (7, X),and v; — 1 = A. Let \) be the projection

of X in L(w, X) and let A = Re)\’; let 11 be the projection of v/ and let v = Rev’. Then
ReX? = \°

and, if as before we define ° to be the projection of v on the sum of Dy and Dp,, then

Revy =v + Z CjOéj:VO—f‘Zr:biai"' Z Gt
1

JEF(N) i= JEF(N)

with b; < 0. Also

Hn1 = Zd7a7 + Z e;jQ
=1

JEF(N)

with d; > 0. Moreover, at least one d;, with i € F'()), is positive. We have
0 + Z(bz — dt)aq =)0 + Z ((ij — Cj)Oéj.
i=1 JEF(N)

It follows from Lemma 4.5 that 1° = \°. By the very choice of A", ¥ is therefore equal to \°. However ifi € F())
then
B(Bi,v° = \°) =d; — b;.

Since this is positive for at least one i, 1° # A°. This is a contradiction. The term on the left in which we are

interested is therefore Xo®(m). The relation (4.8) follows.

® contains 3. As a linear space 2[ is a sum

M 4+ 09 + Nin + nNin
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and

3 C M+ ndn.

Thus if X € 3 = 3¢ then X, belongs to 2 and in fact to 3,,. The map X — X is an injection of 34 into 3,

and turns 3, into a finite 3-module. Notice also that M (X) is a scalar m(X)I if X € 3¢.

According to (4.4) the restriction of ® to A has an asymptotic expansion Zp,\(H)eo‘_‘s’H) where A runs
over those elements of L(w,X) whose projection on D; ® C is A}. Suppose ¢/ is one of the indices for this
sum. Let v = Rer’ and define v as before. We can again apply Lemma 4.5 to see that v° = \°. Thus if
F = {i|B(a;,A\°) > 0} then F = F(v) and

(4.9) Re{B(0p,v)} <0, i¢F.

In spite of the fact that ® is not an eigenfunction of 3, but only of the image of 34 in 3, the considerations
of §9.1.3 of [16], and hence those of its appendix as well as those of [5], may be applied to it. We do not want
to apply them to obtain an asymptotic expansion, which we already have; we want to apply a further result
(Theorem 4) of [5] that in conjunction with (4.) and Lemma 3.7 easily implies the existence of a constant ¢ and an

integer d such that
(4.10) s, (m)||@(m)|| < (1 +1(m))Tmxo (M) Ens (m)

for all m. 41 is the projection of § on D;.

We had fixed X but we may let it grow without changing A°. Thus
®(m)(u ® v) = ©(m; u, v)
is defined for all K-finite p € V,v € V*,

LEMMA 4.7. Suppose v in V* is K-finite. If the function ®(m;x(k)u,v) vanishes identically in m and k

for some nonzero K-finite u in V' then it vanishes identically for all such u.

The function ¢(m) = (7(m)u,v), m = ayma, a1 = eflt € Ay, my = kiasks, az € A, ki, ko € K1, admits

an asymptotic expansion " ay, (m; u, v)et*1 —%H1) with
axo (m;71,1))6“1)_‘5’}11 = ®(m, u,v).

Suppose X € 2 and write
Xm, - XO + Z f?(m)X1

For this we have to constrain my to vary in some compact set U and a; to vary in AT (R), R = R(U). Then

(r(m)m(X)u,v) = Xp(m) = Xood(m) + Z film)X;p(m).
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The symbol X ¢(m) denotes the value of X applied to the function ¢(g) = (w(g)u, v) at the point m. X, and X;
are applied as elements of R @ M ® R.

The considerations used to prove the equality (4.8) show that if &' = 7(X)u then axo (m;u,v) is the

coefficient of e(*1=951) in the expansion of Xo¢(m).
Xo=> 18Y;®Z

withY; € M, Z; € K. Applying Z; we replace the coefficientaAfl)(m,u, v) by a o (m,m(Z;)u,v). FO(m, n(k)u,v) =
0 for all m and k, this is zero. If the coefficient is zero before Y; is applied it is zero after. Since every K-finite

vector in V' is of the form 7(X)u, X € 2, the lemma follows.

There is certainly at least one K -finite v in V*, which we fix once and for all, such that ®(m; u, v) is not zero

for all K-finite u.
Let ¥ be the Banach space of continuous functions § on M (R) for which

|6(m)|

0]l = Sup(l +I(m))4=tryo (m)Zpr(m)

< 0.
If m € M(R) let r(m)6 be the function whose value at m; is
6(mim)
Let 20 be the space of all # in ¥ for which
lim ||r(m)0 — r(mp)8|| =0
m—mg

for all mg. If u € V is K-finite then

0 : m — w5, (M) P(Mm;u,v)
lies in 200 because of (4.10). Let U be the closed subspace of 20 generated by the functions r(m)8,,.
LEMMA 4.8 The representation v of M(R) on U admits a finite composition series.
Let U, be the space of functions in ¥ of the form
0=r(f) = / f(m)r(m)6'dm

M(R)
with f € C*(m(R)). If X € 3¢ — 3a and 6 € Y then
(4.11) X0=m/(X)0
if m’(X) = m(X"), where X" is the element of 3, defined by

X(ms,¢)(m) = w5, (m) X' ¢(m).
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If K1 = KN M(R),if ¢1 and ¢ are two continuous functions on K, and if § € Yy, let
miprpe) = [ [ orbp(umb)es (ko) diada
K JK,
If ! (k) = 1(kki ") and ) (k) = @a(ky k) then
e(klka; #1, <)02) = g(ma Sollv 90/2)
If = r(my)0, then
O, o1, 02) = o (m) [ [ pa(ln)Blhammaas v, o) (k)b

—7'('51 //301 k?l mml, (kﬁg)u ™ (k? ) )(pg(kg)dkldkg

= 75, (m)®(mmq, v, v")

with
= / @2 (ko) (k2)udks, o' = / o1 (k)™ (ky Hvdk .

In particular, if ' = 0 then 8(m, ¢1,p2) = 0 for 8 = r(m4)0, and hence, by continuity, for any 6 in U,. There
is a closed subspace of finite codimension in the space of continuous functions on K7, invariant under left and
right translations, such that v = 0 whenever ¢ lies in this subspace. Factoring out the subspace, we may regard
(1 as varying over a finite-dimensional space. Let X; be a finite set of classes of irreducible representations
of K. For other, more obvious, reasons, if 6 is constrained to lie in the subspace U(X;) of U, spanned by
vectors transforming according to one of the representations in X;, then @2 may be regarded as varying over
a finite-dimensional space. Using (4.11) and a simple variant of Proposition 9.1.3.1 of [16], we conclude that
the space of functions m — 6(m; ¢1, p2), where 6 € U(X1) and ¢; and 2 are continuous functions on K71, is
finite-dimensional. Since ¢; and ¢ may be allowed to approach the delta-function, we conclude that U(X;)
itself lies in this space and is finite-dimensional. Since 2 is dense in T every irreducible representation of K

occurs with finite multiplicity in 5.

To complete the proof we need a well-known fact, which we state as a lemma.

LEMMA 4.9 Let X — m/(X) be homomorphism of 3¢ < 3m into C. There are only a finite number of

infinitesimal equivalence classes of quasi-simple irreducible representations 7 of M (R) such that
7(X)=m(X)I
for X € 3q.

Since there are only a finite number of ways of extending m to a homomorphism of 3,, into C, it is enough

to prove the lemma for G = M that is, we may assume that m’ is already given on 3, and that

7(X) = m/(X)I



Classification of irreducible representations 72

forall X € 3,,.
Let 7 act on W. We saw in Lemma 3.5 that the restriction of 7 to the connected component M°(R) is the

direct sum of finitely many irreducible representations. Let 7, acting on W% C W, be one of them. Because of

Theorem 4.5.8.9 of [16], there are only finitely many possibilities for the class of 7°.

Suppose W' is the space of all functions  on M (R)) with values in WY satisfying
p(mom) = 7°(mo)p(m), mo € M°(R).
M (R) acts on W’ by right translations. There is an M (R)-invariant map from W’ to W given by

e— > g el
MOR)\M(R)

We shall verify that W’ admits a finite composition series
0=Wo W1 CWo & ...C W, =W".

Then 7 must be equivalent to the representation of M (R) on one of the quotients W,;_;\W;. From this lemma

followvs.

To show the existence of a finite composition series all we have to do is show that if
0=Wo Wi ... W, =W

is any chain of M (R)-invariant subspaces then n < [M(R) : M°(R)]. We could instead work with spaces of
K finite vectors invariant under the pair K, M. If K° = K N M°(R) then W’ admits a composition series of
length [M(R) : M°(R)] with respect to the pair K% 9t. Any chain invariant with respect to this pair, and, a
fortiori, any chain invariant with respect to K, 91, has therefore length at most [M (R) : M°(R)].

We return to the proof of Lemma4.8. Let 7y, .. ., 75 be the classes corresponding to the given homomorphism
m’. Choose for each 7 an irreducible representation o; occurring in the restriction of 7, to K. Set X; =
{o1,...,05}.

Suppose U"” Z U’ are closed M (R) -invariant subspaces of . Let o be a representation of K occurring
in W° = D"\D’. Let W(o) be the space of all vectors in 2° transforming according to o. 2W(o) is finite-
dimensional. Among the nonzero subspaces of 20(c) obtained by intersecting it with a closed M (R) -invariant
subspace of 23°, there is a minimal one 2’ (o). Let 20’ be the intersection of all closed invariant subspaces of
200 that contain 20'(c). Let 20" be the closure of the sum of all closed invariant subspaces of 27’ that do not
contain 20’ (o). Then 20" ¢ 20’ and the representation of M (R) on 25”\20’ is irreducible. Since it must be one

of rq,..., 7, itcontains one of oy, ..., os.
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Suppose we have a chain of closed M (R)-invariant subspaces
020, ¢...420, =0.

Since one of 01, ...,05 is contained in the representation of K; on the quotient of the successive subspaces,
n < dim0(X1). On the other hand, if these quotients are not irreducible the chain can be further refined. The

lemma follows.

As before let P = 6(P). Let 2 be the space of continuous functions ¢ on G(R) with values in %0 which
satisfy the following two conditions:

(i) If @ € N(R) then p(ng) = ©(g).

(i) If m € M(R) then ¢(mg) = W(;_ll(m)r(m)ga(g). The representation of G(R) on il by right translations is
the induced representation ITF. It is easily seen that every representation of K occurs with finite multiplicity in
I7 and that
IP(X)=m(X)I, I€3g.

Thus I? admits a finite composition series. We now show that 7 is infinitesimally equivalent to asubrepresentation
of I,.P. For this we have only to define an injection of the K-finite vectors in V' into 21 which commutes with the

action of K and 2.

Recall that the vector v was fixed. Suppose u is K-finite. If k; € K then
O(mky, w(kik)u,v) = ®(m, w(k)u,v).
We define ¢, in 4 by
(4.12) ou(Mmk) : my — 75, (m1)®(mam, 7(k)u,v).

The map u — ¢, is by our choice of v, an injection; it clearly commutes with the action of K. To verify that it

commutes with the action of 2{ we have only to check that

@w(X)u(l) = (If(X)SOu)(l)'

Set o, = p and v (x), = ¢'. Then p(m) = ®(m;u,v) and ¢'(m) = ®(m, 7(X)u,v). Recall that if X is
defined as in (4.6) and equals

Y 1eYiez

then

¢'(m) = Yipi(m).
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On the right Y] is applied to a function of m and
wi(m) = ®(m,7(Z;)u,v).

X was so chosen that
X-Y Yz end

Itis clear that if Y € mand ¢ is K-finite in 4 then
LF(Y)y(1) = 0.

Thus
IP(X)p(1) = S IPO)IP(Z) (1) = Y IF (V) em(z)u(D).

A close examination of the definition (4.12) shows that I?(Yi)gaﬂ(zi)u(l) is the function m — Y;p;(m).

There must be anirreducible constituent p of the representation r on U such that 7 is infinitesimally equivalent
to a subrepresentation of If. This p is the representation figuring in Lemma 4.2, which we are still in the process
of proving. We must show that p is essentially tempered. Accepting this for the moment, we show that = is

infinitesimally equivalent to the representation Jf.

An easy computation (for a special case, see Chapter 5 of ([16]) shows that I[,’ and Ipﬁ have the same character
and therefore the same irreducible constituents.

Let p acton W. JF was introduced as the representation on the quotient Io(1/)/1,(W). All we have to do
is verify that 7 cannot be a constituent of the restriction of If to I, (W).

The A = X(p) that figures in Lemma 3.8 is A°. If  is a constituent of the restriction of I* to I; (W) then, by

Lemma 3.12,
(4.13) (m(am)u,v) = o(65" (a)mx, (@)

if m is fixed in M(R) and a — oo in AT(P). However, Theorem 3 of [5] assures us that the expansion (4.3)
converges decently for fixed as (cf. [16]), Appendix 3). We conclude from (4.13) and Lemma A.3.2.3 of [16] that
the terms of (4.3) with Re\; = \°. This certainly contradicts the choice of \°.

We apply Lemma A.3.2.3 in the following manner. Choose A} € L; (7, X) with ReA) = \°. Let a5 be fixed.

If a; = eH1 lies in A1 then (Sp(al) = e<67H1>_ Thus

S Ga(Hi az)e™ A = o(1)

/\1€L1(7l',x)
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as a; — ooin Af = AT(P). If ¢ > 0 we can choose R > 0 and a finite subset S of L;(r,X) so that if

(ay H1) > R+ eB(Hy, Hy) when « is a root of A; inn then

Z ¢A1(Hl,a2)€<)\l_k?’Hl> <e
)\1€L1(7l',x)
and
3 o (Hyaz)eM | < e
A &S
Then
Z 3% (Hl,ag)eo‘l_”\(l)ﬂ1> < 2e.

A ES

Lemma A.3.2.3 then implies that
|Px0 (Hi,a2)| < 2e
for all Hy. Since ¢ is arbitrary ¢ (Hi, az) = 0.

It remains to show that p is essentially tempered. Any K -finite linear form on 2 is a linear combination of

the functionals

9—’9(7711,%017@2)

where m; € M(R) and 1, ¢ are continuous functions on K. Thus
[F(r(m)0)] < e(1 4 1(m))*~ mr, (m)Zas (m).

A similar inequality is valid for the representation p. Set p’ = 77;01 ® p. Ifw € Wis K;-finite and f is a K;-finite
linear form on W, an inequality

[f(p'(m)w)] < (1 +U(m))*~"Eps(m)
is satisfied.

To finish up we have only to prove the following lemma, in which we replace M by G and p by 7 in order

to allow the symbols p, M, and P to take on a new meaning.

LEMMA 4.10. Suppose that m and 7* are quasi-simple irreducible representations of G(R) on the Banach
spaces V and V* and that there is a nontrivial G(R)-invariant bilinear pairing (u,v) — (u,v) of V.x V*

into C. Suppose there is an integer d such that for every K-finite u and v an inequality

[(m(g)u, v)| < (1 +1(9))"Ec(g)

is satisfied. Then there is a parabolic subgroup P of G over R and a unitary representation p of M(R),

square-integrable modulo the center, such that w is a constituent of III)D,

We start from the expansion (4.1) and show that if Ay € L(7, X) then ReB(5;, Ag) < 0 for all 7. If not, there
is a linear combination 3 = Y b;3; with positive coefficients such that ReB(3, A\o) > 0. Choose Hj in the Lie
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algebra of A so that (\, Hyo) = B(3, \) for all \. Then e lies in the interior of A*. Taking Lemma 3.6 and the

assumption of the lemma into account, we see that for H in a small neighborhood of Hy

S patH) AN = o(1)
AEL(m,X)

as t — oo. Applying Lemma A.3.2.3 as before we conclude that p),(H) = 0, a contradiction.

Let
E()) = {ilRe B(8;, A) = 0}

Let E be maximal in the collection of E(\). P will be defined by demanding that P D Py, a fixed parabolic
subgroup minimal over R, and that D(P) be spanned by Dy and {5;|i € E}.

This decided, we turn to the expansion (4.3). There is at least one \{ in L; (7w, X) with Re A} = 0. We fix
it and define the function ®(m) as before. If A\; € Ly (m, X) then Re B(3;, A1) < 0 for i € E. This allows us to

argue as before and to show that the new ® satisfies (4.8).

It satisfies a much improved form of (4.10). If A € L(w, X) has projection Ay in Li(7w,X) and ReA; = 0
then, by the maximality of E, B(3;, A) < 0fori ¢ E. Since the set E(r) is finite thereisa u € D(FP,) such that
B(Bi,u) =0fori € Eand B(5;, ) < 0fori ¢ E and such that

B(Bi; ) = Re B(fi; A)

if \ € L(m, X) and the real part of the projection of A on D(P) ® C is zero. Theorem 4 of [5] implies that there are

an integer d and a constant ¢ such that
(4.14) s, (a)||®(a)|| < e(1+ U(a))*Ens(a)et D

for a = e in A*(P}), where P} = P, N M. Using this inequality instead of (4.10) we proceed as before to define
p. 7 is then a constituent of If. Since it follows easily from (4.14) that p is square-integrable modulo the center,

the lemma is proved.
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