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ABSTRACT

With every Lie semi-group, II, possessing certain regularity properties, there is
associated a Lie algebra, A; and with every strongly continuous representation of I1
in a Banach space there is associated a representation A(a) of A. Certain theorems

regarding this representation are established.

The above theorems are valid for a representation of a Lie group also. In this
case, it is shown that it is possible to extend the representation to elliptic elements
of the universal enveloping algebra. It is also shown that the representatives of the
strongly elliptic elements of the universal enveloping algebra are the infinitesimal
generators of holomorphic semi-groups. Integral representations of these semi-

groups are given.

T A dissertation presented to the Faculty of the Graduate School of Yale University in candidacy for

the degree of Doctor of Philosophy, 1960
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INTRODUCTION

The study of Lie semi-groups and their representations was initiated by E. Hille in [6]. For asurvey
of the basic problems and results the reader is referred to that paper and to Chapter XXV of [7]. This

thesis is a continuation of work begun there; we summarize briefly the results it contains.

In Chapter 1, the “Dense Graph Theorems” suggested in [6] are proved and it is shown that
linear combinations of the infinitesimal generators form, in the precise sense of Theorems 4 and 6, a

representation of a Lie algebra canonically associated with the semi-group.

In Chapter Il the study of the infinitesimal generators is continued. For the work of this chapter
it is necessary to assume that the semi-group is a full Lie group. It is shown (Theorem 7) that the
representation of the Lie algebra can be extended, in a natural manner, to a representation of the elliptic
elements of the universal enveloping algebra. Then the spectral properties of operators corresponding
to strongly elliptic elements are discussed; in particular it is shown (Theorem 8) that they are the
infinitesimal generators of semi-groups holomorphic in a sector of the complex plane. Canonical

representations of these semi-groups as integrals are given in Theorem 9.

The reader interested in other work to which that of Chapter Il is related is referred to [9], [13],

[19], and a forthcoming paper by E. Nelson.

Acknowledgement. The author wishes to thank C. T. lonescu Tulcea for his advice and encouragement

during the preparation of this dissertation.



Semi-groups and representations of Lie groups 3

CHAPTER |

1. Lie semi-groups have been defined in [6] and [7]. We shall be concerned with semi-groups,
I1, whose underlying topological space is E;f = {(z1,...,2,)|7; > 0,4 = 1,...,n}, a subset of real
Euclidean n-space. We denote the semi-group operation by either F'(p,q) or p o q. The following
conditions, numbered as in [7], are supposed satisfied.
Py. F(a,0) = F(0,a)
Ps. F(a,F(b,c)) = F(F(a,b),c)
P5. There exists a fixed positive constant B such that for all points a;, as and b in II

max{|F(a1,b) — F(az,b)|, [F(b,a1) — F(b,az)|} < (1 + BJb])|as — as|

Ps. There exists a positive, monotone increasing continuous function w(t),0 < ¢ < oo, tending to zero

with ¢ such that
|F'(a,b) —a—b] <rw(s) r=min{|al,[b]}, s = [a| + [b]

Py1. Atevery point of E;F x E:+ the n coordinates of F(p, q) have continuous partial derivatives with
respect to the coordinates of p and ¢ up to and including the third order.

Then, by Theorem 25.3.1 of [7], there is a continuous function f(a) from II into II such that
f((p+0)a) = f(pa)o f(oa)fora €11, p,0 > 0.

Let T'(p) be a representation of II in a Banach space X, which is strongly continuous in a neigh-
borhood of the origin, then fora € II,p > 0, p — T(f(pa)) is a strongly continuous one-parameter
semi-group. Denote its infinitesimal generator by A(a). In this chapter we investigate the relations
among the A(a) and their adjoints A*(a). For the purposes of Chapter II, we remark that similar

theorems are valid for a representation of a Lie group.

We first construct a common domain for the operators, A(a), a € II, which is large enough for

- - k k 2k
our purposes. We use the following notation: %(p, q) = F(p,q); 381; (p.q) = Fk(p,q); % =
Ffi(p,q); FF;(0,0) — Ff,(0,0) = ~75. F(p, q) may be extended to a twice continuously differentiable

function defined on E,, x E,,.> Denote some fixed extension by F'(p, ¢). Since Fﬁ(o, 0) = Ff;(o, 0) = 55-“

L Cf. the construction on p. 12 of [12].
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(the Kronecker delta), there are open spheres N1, No C N about the origin and three times continuously
differentiable functions v (g, h) and x(q,h) defined on N; x Nj such that ¢(0,0) = x(0,0) = 0,
F(h,¥(q,h)) = ¢, and F(x(q, ), h) = q. Moreover if F(h,p) = q [F(p, h) = ¢] with p,h € Ny, then
g € Ny and ¥(q,h) = p [x(q,h) = p]. We may also suppose that all derivatives of ¢)(q, h) and x(q, h)
up to the third order are bounded in Ny, that T'(p) is strongly continuous in N; N II, and that det
(Ff(p,0)) > 1/2and det (F%(p,0)) > 1/2forpin Ny. If N C Ny is an open sphere about the origin,
set

E(N)={y = /HK(q)T(q) x dglz € X, K(q) € Co(N NII)}.

Cy(N N 1I) is the set of twice continuously differentiable functions which are zero outside of N N II.

We refer the reader to [7] for a proof that E(/N) is dense in X.

Proposition 1. Let N3 be an open sphere about the origin with F(N3,N3) C Ny. Ify € E(N3)
then T'(p)y is a twice continuously differentiable function of p in N3 NIL.

Proof. We understand that some derivatives at the boundary will be one-sided. If y € E(N3) and

ej = (0;,...,0%) we have, recalling that K (¢) is zero outside of N3 NI,
lim s~ (T(p + se; )y — T(p)y)

= lim 8_1/ K(q)(T((p+ sej)oq) —T(poq))zdg
NsnIT

s—0

= lim s—l/NmH (K(¢(q77~))det<8@1§f (q”)>> —

= /N 2 <K(¢(q,p))det <86—1Z(q,p)>>T(q)x dg + lim G(q,p,s))dq

,nm Op? 5=0 J Ny

r=p-+se;

T(q)z dq

[ 2 (ke Grtn) ) rd
Nontt OP; ’ g
since G(q, p, s) converges boundedly to 0 with s. The final integral is a continuous function of p. In a

similar manner we show that it is once continuously differentiable. We remark the following formulae,

valid fory € E(N3), p € N3N 1L

() lim s~ (T(f(s0)) = 1) T(p)y

= lim s~! (T(f(SCL) Op)?/ - T(P)?/)

s—0

= lim | 0, 57 (F7(f(sa) op) — p7) 55T (p)y + s~ o(| f(sa) o p — pl)

s—0
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which equals

(1.1) Z(ZFJOP )8 T(p)y.

j=1

So T'(p)y € D(A(a)), and A(a)T(p)y is given by (1.1).

(i) T'(p)A(a)y = Sh_r% s71 (T(p o f(sa))y — T(p)y), which equals

(1.2) Z <ZF7 p,0 > o =T(p)y

Jj=1 k=1
(iii) Setting (F7,(p,0)) =

(1.3) 2 Ty =3 A0 TE) Aler)y

(iv) Settingy-7_, FI(0,p)7¥(p) = B¥(p), we have

A@ABT = Y (Zﬂ’“ 0) (3 F 0" ) T A

k,j=1 m=1

D

V) (@) Ala+Db)y = A(a)y + A(b)y

(8) Aleq) Ales)y — Alej)Aler)y = Yoy vi5A(er)y.

For a proof of the latter relation, see [7], p. 758.

2. The first theorem is known as a “Dense Graph Theorem™ and has been suggested by E. Hille in

[6] and [7].

Theorem 1. Let {a1,...,a,} CII. If G, is the closure in the product topology on X x ... x X
(p+ 1 factors) of {(z,A(a1)z, ..., A(ay)z)|z € E(N3)} and G = {(z,A(a1)z, ..., A(ay)z)|z €
NY_1D(A(a))}, then G = G,.

Proof. G D @, since an infinitesimal generator is a closed operator. We show that G, 2 G. Let
{br41,...,b,} be @a maximal linearly independent subset of {a,...,a,}; it is sufficient to prove the
theorem for the former set. Let {b1,...,b,} C II be a basis for E,. Ift = (t',...,t") € II, set
p(t) = f(t'by) o ... 0 f(t"b,). p(t) is a twice continuously differentiable map of IT into IT and may be
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extended to a twice continuously differentiable map of E,, into E,,. Denote some fixed extension by
p(t). The above process is analogous to the introduction of canonical coordinates of the second kind

on a Lie group.

Since %ﬁ; (0) = %, p(t) has a twice continuously differentiable inverse defined in a sphere N,

about the origin. We may suppose that F'( Ny, Ny) C N5 and that all derivatives of the inverse function
up to the second order are bounded in N,. If y € E(Ny) and p € Ny N 11, then T'(p)y € E(N3). For
y € E(Ny). set

u(y, s) = S(t)y dt
R(s)

wheres = (s',...,s™), S(t) = T(p(t)), R(s) is the rectangle with sides [0, s7¢;], and R(s) is contained

in the image of NV, under the inverse map. By (1.1),

Aulys) = [ Ab)S(Oydt = G Sty
R(s) R(s) Z; 875
where ¢} (t) = Z;‘m L F (O p(t ))b;” % is once continuously differentiable. Integrate by parts to
obtain
n 4 (', s") 8 L
Gy a9 =Y [ dwso| ar [ 3% swya
i=1 Y R(8") (#,0) R(s) =1

Since the integral of a function with values lying in a closed subspace of a Banach space is contained

in that subspace,

(1.5) (u(y,s), A(br+1)u(y,s), ..., Alby)u(y, s)) € Go.

Since (1.4) is a continuous function of y and E(N,) is dense in X, for any y € X, u(y,s) €
ﬂ;?ZID(A(bj)) and (1.4) and (1.5) hold. To complete the proof it is sufficient to show

(1.6) ;l_)I?% o "u(y, s(o)) =y
(1.7) lim A(bx)o™ (y, s(a)) = A(bg)y

o—0
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fork >r+1,yen?_  ,D(A(br)), and s(c) = (o,...,0). (1.6) is clear; to prove (1.7) we expand
Ci(t) in a Taylor’s series and consider

GRS
df’
(#,0)

o—0

tmo [ GOS(Oy
R(3i(0))
— lim o+ / St (S(#, o)y — S(F,0)y) dF
R(5)

o—0

+onl / Gk ()57, 0)y dif
R

—n+1 -1 8@2 7% 7% 7%
+o > o 2E(0) )L (S(E, o)y — S(,0)y)di
R(81) poy otJ
, ¢t
= S ARy + Sk (O)y
provided
(1.8) lir% ot (S(tk, o)y — S(Et",0)y) = A(by)y.
But the left side is
k—1 '
[T 7(r#s)))
j=1

applied to

U_I(T(f(o'bk))y_y)+(T(f(0'bk:))_1)< > ( 1:[ T(f(tmbm)))a_l(T(f(t"bi))—y)>

i=k+1 m=k+1

and (1.8) follows if we recall that ¢ < o and that y € D(A(b;)) fori > k > 7+ 1. Summing over i and

taking the last term of (1.4) into account we obtain (1.7).

The following theorem is not of so much interest as the one just proved but we want to use it to

establish the analogue of a theorem of [7]. We merely sketch the proof.

Theorem 2. If F, is the closure in the product topology of {(y,A(e1)y,...,Alen)y,

A(ei)A(ej)y)ly € E(N3)} and if F = {(y, A(e1)y, ..., Alen)y, A(e:) Ale;)y)|y € Np_y D (A(ex)) N
D(A(e;)A(e;))}, then F = F,.

Proof. F'isaclosed setand thus F' O F,. We show F, D F'. Taking b, = e; we use the notation of the
proof of Theorem 1. For y € E(Ny),

" 0
Ale;)A(ej)uly, s) = A(e;)A(e;)S(t)ydt = / Z (5fn(t)—(5(t)A(ek)y) dt

R(s) R(s) k,m=1
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where 65, (1) = >_r_, 8% (p(t)) F} (0, p(t)) gﬁ: is once continuously differentiable. Integrating by parts,

we obtain the following relation (1.9)

(m,s™)

N "L 96k
dim — / 2 (1S () A(ey)y dt.
R(s) k,;zl ot

Ale) Alesulys) = Y /R S5, (1S Aler)y

(8™) k=1

(im,0)

Theorem 1 implies that (1.9) holds for y € mgle(A(ek)). The proof is now completed as above.

3. We now consider the adjoints of the infinitesimal generators and prove the corresponding dense
graph theorem. If y* € X*, the dual space of X, we denote the value of y* at y € X by (y,y*). If
N C Ny, set

E(N) ={y" € X"|(y,y") = /H (v, K(¢)T"(q)z")dq}

with z* € X*, K(q) € C*(N n1I),and forally € X. E*(N) is dense in X* in the weak-« topology.

Proposition 2. If y* € E*(N3) T*(p)y* is twice continuously differentiable in the weak-* topology,
for p in N3y NII.

Proof. We merely sketch the calculations since the proof is essentially the same as that of Proposition
1.
lim s~ / (, K (a)(T"(p + sej) = T"(p)) T (¢)=")dg

II

s—0

= lim 57! / (v, K(0)(T* (g0 (p + sej)a™ — T*(q)z"))dg
11

s—0

I O e e R

The last integral is again a continuously differentiable function of p.

We remark the following, valid for y* € E*(N3)and p € N3 N 1I.
0)

(1.10)  lim s~ (y, (T°(f(sa)) = DT (p)y") = ) ( > FL, 0)am> %(%T* ()y").

j=1 “m=1

This implies that T*(p)y* € D(A*(a)) and that (y, A*(a)T™*(p)y*) is given by the right side of
(1.10).

(i) As in the remarks following Proposition 1 we may show, for y* € E*(N3),
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(@) A*(a+b)y" = A" (a)y" + A*(b)y”
(B8") A" (e) A% (e5)y" — A" (e5) A" (ed)y” Z%’EA* €)Y
Theorem 3. Let {ay,...,a,} C II. If H, is the closure (in the product of the weak-* topolo-

gies) of {(y*,A*(al)y*,...,A*(ap)y*)|y* € E*(N3)} and H = {(y*,A*(al)y*, . ,A*(ap)y*)|y*
e N_1D(A*(aj))}, then H = H,.

Proof. H DO H, since A*(a) is closed in the weak-x topology. We show H, O H. Let {b1,...,b,.}
be a maximal linearly independent subset of {ay, ..., a,}; it is sufficient to prove the theorem for the
former set. Let {by,...,b,} be a basis for E,,. Again we use the notation of the proof of Theorem 1. If

y* € E*(Ny), define u(y*, s) by
, ,8)) = , 5% ) d
') = [ (5w a
with S*(t) = T*(p(t)). As above
(y,A*(bk)U(y*js))

(1.11)

(£,5%) N Z”: 851 ( )
dtz—/ () y, S™(t)y*) dt
(£,0) R(s) ;=1 ot

with &.(t) = >0y F7 (p(1), 0)b) aatm. As above u(y*,s) € NP_, D(A*(by)) for all y* € X* and

7j,m=1
A*(by)y* is given by (1.11). Moreover,

(u(y*, s)A*(by)u(y™,s),..., A" (b.)u(y™, s)) cH,.

The proof may be completed as before if we show that

(112 lim o (g, (8" (7*,0) — 5" (1*,0))y") = (. A" (b))

0'—>0
forl<k<r t/ <o,and y* € ﬂ{le(A*(bi)). But the expression on the left equals

< H T(f(tb;) 1(T*(f(abk))—l)y*>

j=k+1

k—1 n
+Z( H T(f(t™bm)) (T(f(obi)) = 1) ] T(f(tjbn)y,o—l(T*(f(tib»)—I)y*),

=1 m=i+1 Jj=k+1
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and (1.12) follows since, see [11], o '(T*(f(t'd;)) — I)y* is uniformly bounded and
“H(T*(f(obk)) — I)y* converges in the weak-+ topology to A*(bx)y*
4. Ifa = (d',...,a") € By, Aa) = 3_7_, a/ A(e;)y is defined for y € E(N3). By the remarks
after Proposition 2, £*(N3) is contained in the domain of its adjoint so that A(a) has a least closed
extension which we again denote by A(a). By Theorem 1, this notation is consistent with that used

previously for a in II.

Lemma 1. A*(a), the adjoint of A(a), is the weak-x closure of the operator Z _, al A*(e;) with
domain E*(Ns).

Proof. Suppose (y,z}) = (A(a)y,z3) forall y € E(N3). Then, using Theorem 1 and the notation of
its proof with b; = e;,fory € X

o " /R(S(U)) (S(t)y,z*) dt
=0 a] [Z/R S(t)y, x3)

Transposing and taking limits, we have

(tAivo’) 1
dii — / ( o (t)S(t)y,x;> dt].
(#,0) R(s) \= Ot

lim o~ Za]/ (y, (S*(H,0) — S*(#,0))z2)dt? = (y,27).

o—0 (8-7)

Then using (1.11), we obtain

(1.13) lim c™" <y, Z a’ A*(ej)u(zs, s(a))> = (y,x7).

o—0 -
J=1

Theorem 3 implies that u(xz3, s(c)) is in the domain of the weak-* closure of 3 a’ A*(e;) and (1.13)
then shows that =7 is also. By Theorem 25.8.1 of [7] the %’“] as defined in Paragraph 1, may be used as
the structural constants of a Lie algebra A over E,,. Denoting the Lie product, in this algebra, of ¢ and

b by [a,b], we have [a,0]* = 3=, v};a’b/. We can now prove the following theorem.
Theorem 4. I. The function a — A(a) defined on A has the properties
(i) If v € D(A(a)) N D(A(b)) then x € D(A(sa+ tb)) and A(sa + th)x = sA(a)zx + tA(B)x.

(ii) If & € D(A(a)A(b)) N D(A(b)A(a)) then x € D(A([a,b])) and A([a, b))z = A(a)A(b)z —
A(b)zA(a)x.

II. The function a — A*(a) has the properties
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(i) If z* € D(A*(a))ND(A*(b)) then z* € D(A*([sa+1b])) and A*([sa+tb])z* = sA*(a)z* +
tA*(b)x*.

(ii) If * € D(A*(a)A*(b)) N DA*(b)A*(a)) then x* € D(A*[a,b]) and A*([a,b])z* =
A*(D)A*(a)x* — A*(a)A*(b)x*.

Proof. If z € D(A(a)) N D(A(b)) there is a sequence {z,,} C E(N3) such that z,, — z, A(a)z, —
A(a)z and A(b)z, — A(b)x; but then, using formula («), A(sa + tb)x,, = sA(a)x, + tAb)z, —
sa(a)z + tA(b)z. Since A(sa + tb) is a closed operator, z € D(A(sa + tb)) and A(sa + th)x =
sA(a)x + tA(b)x.

Ifz € D(A(a)A(b)) N D(A(b)A(a)), then for z € E*(N3)

(A(a)A(b)x — A(b)A(a)z,2*) = (2, A*(b)A*(a)z* — A*(a)A*(b)z*).
So, using formula (5'),
(1.14) (A(a)A(b)x — A(b)A(a)z, z*) = (z, A*([a,b])z*).

The lemma implies that (1.14) holds for z* € D(A*([a, b])). In other words, the vector u =
(A(a)A(b)z—A(b)A(a)z, ) in X®X isannihilated by the annihilator of the subspace U = {(A([a,b])y,y)|y €
D(A([a,b]))}. Sou € U,orz € D(A([a,b])) and A([a, b))z = A(a)A(b)x— A(b)A(a)z. The remainder
of the theorem is proved in a similar manner.

Recalling that if a sequence of once continuously differentiable functions and the sequences of first
order derivatives converge uniformly on some domain then the limit function is once continuously
differentiable and its partial derivatives are the limits of the sequences of partial derivatives, we have,

using (1.3) and Theorem 1, the following result.

Theorem 5. Ify € ﬂ;‘:lD(A(ej)) then T'(p)y is once continuously differentiable in a neighborhood
in II, of the origin and (1.3) holds. Consequently, T'(p)y € D(A(a)) for a € E, and p in this
neighborhood and (1.1) and (1.2) hold for a € II.

The following theorem, analogous to Theorem 10.9.4 of [7], is an immediate consequence of

Theorem 2.
Theorem 6. Ify € N'_;D(A(ex)) N D(A(ej)A(e;)) then y € D(A(e;)Ale;)).

The only properties of E(N3) used in the proof of Theorem 1 were that 7'(p) E(Ny) C E(N3) for
p in a neighborhood of the origin, that £(N;) was dense in X, and that equation (1.1) was valid. Thus,

using Theorem 5, we could repeat the proof of Theorem 1 to obtain
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Theorem 1'. Let F C E C X be the two dense subspaces of X contained in Ngerr D (A(a)) and let
T(p)F C E for p in a neighborhood of the origin, then Theorem 1 is valid with E(N3) replaced by
E.

In the next chapter we shall consider strongly continuous representations of Lie groups only. The
group will be denoted by G and its Lie algebra by A. A little care is necessary in the definition of A in
order that the formulae above remain valid. A is taken as an algebra isomorphic to the algebra of left-
invariant infinitesimal transformations with the multiplication XY —Y X (Cf. [2]). Thenif e(a) denotes
the exponential map of A into G, and the representation is 7'(p), A(a) is the infinitesimal generator
of the one parameter group T(e(ta)). With a we associate the following left- and right-invariant

infinitesimal transformations

Laf(p) = lim t~"(f (pe(ta)) — f(p)))
Rof(p) =lim =" (f (e(—ta)p) — f(p)).

These mappings are isomorphisms of the Lie algebras involved. Formulae (1.1) and (1.2) may now

be written very simply.
(1.1) A(a)T(p)y = —RT(p)y,

(1.2)) T(p)A(a)y = LaT(p)y.
The adjoint representation p — day, of G is defined in [2]. With respect to a fixed basis {e;, ..., e, }
of A letthe matrix of the representation be (o’ (p)) sothatday, (37— ale;) = 377 (327, i (p)a)e;.

We state formally the following simple lemma.

Lemma 2. If z € D(A(a)), then T(p)z € D(A(day(a))) and
(1.15) A(doy(a))T(p)z = T(p)A(a)z.
Proof. z € D(A(a)) if and only if

lim ¢t~ (T(e(ta))z — z) = A(a)z

t—0

exists, or

lim ¢t~ 'T'(p)(T(e(ta))z — z) = T(p)A(a)z

t—0

exists, or

lim ¢t~ 'T'(p) (T (e(ta)) — I)T(p~ )T (p)x = lim t ' T'(e(tdoy,(a)))T(p)z — T(p)z = A(day,(a))T(p)x

t—0 t—0



Semi-groups and representations of Lie groups 13

exists.

This proves the lemma. We may write (1.15) as A(day,(a))z = T(p)A(a)T (p~*)z. Formula (1.15)
is implicit in formulae (1.1), (1.2), and (1.3).

Using the basis of A previously introduced we set 4; = A(e;). If {X;}, i = 1,...,nis a
set of n indeterminates and o = (ay,...,q,,), is an m-tuple of integers 1 < «a; < n, we write

Xo = Xy, Xo, - Xa,,. Theabsolute value of a,

a/l, is equal to m. This notation is slightly unorthodox
but it is necessary to allow for the fact that the A;’s do not commute. We shall be interested in forms

Let E be the set of vectors y in = which can be written in the form

y = /G K (p)T(p)xup(dp)

with u a left-invariant Haar measure, = in X, and K(p) an infinitely differentiable function with
compact support in GG. E satisfies the conditions of Theorem 1’. Similarly E* is the set of y* in X* such

thatforz € X

(2,5%) = /G K (p) (2, T ()" ) u(dp).

With any form ngm aqa X, We may associate the operator B, with domain E, defined by
Box = 3|, |<m @aAaz and the operator Bj, with domain E*, defined by Bjz* = 3_, , -, aa A%, 2"
If o = (ai,...,q)q) then o™ = (qq, ..., 01).

The following simple proposition is of some interest. A special case has been considered in [17].

Proposition 3. If, for x in E, B,T(p)xr = T(p)Boz, then the adjoint of B, is the weak-* closure
of B}.

Proof. Suppose that for all x in £

(Bow, x7) = (2,23).

Then, for x in E,
([ x@T@eas )uan = ([ KB @autip). )
- < /G K (p)T(p)Bom(dp),g;;)

We may write this as

(o [ KT @)asutan)) = (.5; [ KT Greintan) ).
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The integrals in the final formula are taken in the weak-x topology. We now let K (p) approach the 6-
functionandobtain [, K (p)T™*(p)zipu(dp) — xiand B} [, K (p)T*(p)xiu(dp) = [, K (p)xsu(dp) —

x5 in the weak-* topology.
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CHAPTER I

1. Before proving the principal theorems of this chapter we must establish some estimates for
the fundamental solutions of strongly elliptic differential equations and a differeintability property of
weak solutions of elliptic equations. The estimates are deduced from familiar ones for the fundamental
solutions of parabolic equations (cf. [3], [15], [18]). Since we are unable to refer the reader to complete
proofs of the latter estimates we establish them below. Although the required property of weak
solutions of elliptic equations is known (cf. [1]) we have included a proof.

2. A differential operator, Zla‘gm(—i)‘“|aa%, with constant coefficients, is called strongly
elliptic if for any real n-vector &, Re {Z‘M:m an€*} > pl&|™, with a fixed p > 0. A fundamental

solution for the operator ), <, (i) *laq 2= + A is

1 eir-§
G(x,\) ~ / d§.
( ) (277')” E,. Z\a|§m aaga + )\
If
£ = —(Zaaﬁo‘)t ERP)
o) = o [ e g
then

G(z,\) = / e Mg(x,t)dt.
0
This is a basic observation since it allows us to obtain estimates for G(x, \) from those for g(x, ).

We shall be interested in the case that a,, = a,(y), || < m, depends on a parameter, y, varying in
aregion, U, of n-dimensional real space. We shall suppose that a,, (y), || < m, ism times continuously

differentiable in U and that, in U,

oY

(i) |praa| <M pl < m

i) Re{ Y anle | = ",

la|=m
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We want to estimate the mixed partial derivatives of g(x,y,t) and G(x,y, A) up to the order m.

We notice that, for ¢ > 0,

ov 9° 1 181¢° - ank” ix-
meg(x’y’t):W/E i1 (2 (1) e e

! ) me™ aag” iz
W/E 1B A (et )AL (¢ 1) i€

and that the integrand in the final integral (with the factor ¢2'¢ removed) as a function of the complex
n-vector § = oy + o + 47, 01,0, and 7 real, is dominated by an expression ¢;e 171" tgartloHiT[™ gast

when |y + 8| < m. The constants ¢, p1, a1, az depend on n, m, M, and p only. Consequently

' " {8101/ m L (g, t)e= (D aag)t } ‘

¢k
ik B4lBl/m e—(Zaagoo‘)t e
(2m)n /l_glzr d¢; /Cn_€n|:Tan{C tPM (¢ t) /H(soz @)}'

. €™ eagt’rm
| pa2t ,—p1

< ekl e??e F
Here and in the following all constants, unless the contrary is mentioned, depend only on n, m, M, and

p. Since r, in the above inequality, is arbitrary we choose it to be (k/t)'/™ and obtain

t(n+181)/m

k o m t\ ™
a_k eIBImAL (¢ 4)e (2200t L] < okt et ePrIEl™ k(2]
o¢; k
Then
o 98 " o o
2k 2k—1 2k
| meg(xayvt) <n (;xz ) a—gﬂé)?g(x’y’t)'
n2k-1 1 " 92k o .
e [ Y 1eB4IBl/m —(Zaaﬁ t) ixz-&
2m)r dl/m /En;aﬁi% {¢7 M, (&, t)e te dﬁ‘
€a2t ¢ Qk/m
R 2k [ - —p1lEI™t
agt
€ 2k/m 2k(mLy41/2 2k
S C7 t(n+|ﬂ|)/m (CGt) (2k) € .
If ||/ (ct)t/™ > 2, set
B l |$‘m/m—1
2 (cgt)1/m—1
to obtain
o o° ‘ < e’ o P2 (AR T

el Wg(xayat)
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If |2 < 2(cgt)/™, then

eagt

o 9
‘ §nF 18D m

oy Wg(xayvt)‘ < ¢y

Now we observe that
Re{e”( Y aa(y)éa)} > (cosp — ksingp)[¢|™.
|a]=m
So there exists ¢; and ¢ with 7/2 < ¢1 < 0 < ¢ < m/2 such that, for ¢; < ¢ < ¢o,
Re{e™ > aa(y)éa)} = p/20¢|™.
|a|]=m

Consequently we have proved

Lemma 3. Let all the above conditions be fulfilled. Then for ¢1 < argt < ¢o and |y + 5] < m, the

following inequalities are valid.

(i) If |x|/|t|1/m > by, then

|| )mn_ll

_p3(‘t‘l/m

g os ebsltl
@ Wg(%%t)' < bzme

(ii) If 2| /|t]"/™ < by, then

ebslt]

(¢ H1BD

Fo L
'@ Wg(x,y,t)

' < by
The constants depend only on n,m,p, and M.

As a consequence, if |y + 3| < m,

J

o o

A d
oy OxP g .

(r —z,2,1)

is at most

[z] )mnll

bs | 1 bst| (7w bs|t|
e e e e
b4—/ —dx+b2—/ dr < by——.

tw'/m |z—z|<by|t|1/™ ‘t‘n/m t‘m/m |z—z|>bq|t|1/ ™ ’t’n/m ‘t“m/m

Let S be the sector in the complex plane defined by
S = {z|Re (2¢'*") < bs and Re (ze'%2) < bs}.

If Xis notin S we can find a ¢, ¢1 < ¢ < @9, such that Re (\e??) — b3 > p(), S), the distance from \
to S.
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Lemma 4. If X is not in S, then for || < m and |y + 5] <m

o
v |0y 0z

C
(o)

G(x —z,z,\)|dx <

Proof. Choose ¢ as above; then

8 €00 5
883;7 88355 Gz —z,x,\) dx<// le ™| 883;7 88335 g(x — z,x,t)| |dt]
o—(Re(A-ci®) by )t
= b5/0 a4
< C
= TRe (X - %) = by} i-1AI/m
C
ey S)l—\ﬁ\/m'

We must now estimate 2= 27 G(z — z,z, \) pointwise for |z| < R, R > 0. Choose y as above;
Oy 0xP

then
o 9f
‘a—y'y W G($—y7x7)\)',
is at most
6_(Re()‘ew)_b3)t e_(Re(’\ew)_bS)t —ps( =l )m"il
+1/m
< by /t>(z—z)m FGAn m 4+ b /K(zb_z)m dnt1AD/m € dt

= baly + bols.

We estimate the two terms separately for Re (Ae’¥) — b3 = w > §p > 0. For simplicity we replace

r — z by x.

(i) 0<d; <l|z| <R

m —(n+18])/m
(5) +1 it

(i) |o| < 61.

ne [T ae [ Ly
1= | o (1) EFBD/m

< {01+C2!~’E\m_”_|ﬁ' m—n—|[B] #0
~ e+ eollog x| | m—n— |3 =0.
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We remark that, for |5| = m —1,m —n — || = 1 —n = 0only if n = 1, in which case

o 22 G(x — z,2,\)| < C(X) for |z — 2| < 8. This is a simple fact about Fourier transforms in one

variable and we do not prove it.

(i) 0< 6 = |z| <R

1
M)m—l

'I"VLL —_
wripl o [ fRITT e s (=5
L <w ™
0

t(n+8)/m

> ep3t L\B\_l
“ /Mm% t(n+1B)/m dt} =w {1+ 2}

wlal e ! W o]
— —wm < —wm .
= | e < o

nt1gl [ —L1 48l
= (el [ e gy
(wlz|™) ™™™
< 04(w’x‘m)1—_nfn‘m /Oj e—pstt(m—l) (%_2)+m—2dt
wm |z

1
< cse” P I (wlz ™) 4 (w]z ™))

with certain exponents ¢; and gs.

(iv) |z <di.
7= (‘%)m e_Ps(\l‘th/m)m;Ll i@t
S A #(n+1B) /m
bs —Ps/tml*1
— | |m—n—IB] e -
= Il /0 feTan m 4

< cdx,m—n—\ﬁ\'

The estimates are precise enough for our purposes. All we need to know is that G(z — y, x, \)
goes to zero uniformly as w increases provided |x — y| remains between two fixed positive constants

and that the derivatives of order m — 1 go to infinity like |z — y|*~™ as |z — y| goes to zero.

3. The differential operator, Z\a|=m aa%. with constant coefficients, is elliptic if Q(§) =
szm a.£® # 0 for any real n-vector £. F. John, in [10], has constructed fundamental solutions for

such differential operators. These are, for n, the number of variables, odd and even respectively,

dw§

@21  K@—y) = ——— 'A:Tl/ﬂ ((I—y)'é)m;?gn((x—y)-f)

_ 1 n/ ((r—y)-O™log|(x —y)-¢] ,
(22) Kz —y) = aze [ & o du
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where ()¢ is the unit sphere and A is the Laplacian. Actually John was concerned only with the
case that the coefficients are real; however, a repetition of his argument shows that (2.1) and (2.2) are

fundamental solutions when the coefficients are complex. In order to use these fundamental solutions

we must perform the indicated differentiations. Let L;; = x; - a —x; a ; then
LB 10 0?
(2.3) - ?”2 Z Z] r _+W
4,5=1
0 x; O
2.4 = =55 OrjTi — Okixj)Lij + = —.
(2.4) Oz, 2r? Z(k]x ki) Lij + r Or

With a suitable skew-symmetric matrix, A;;,

Ly | o 90@ie=lim | [ ot ta-0s@as [ ot sas]

t—0 Q¢

t—0 t

~ tim [ /Q U - f(f)}d%]
- /Q 9 L (€

Of course, in the last integrand, = has been replaced by ¢ in the operator L;;. Setting 7 = ‘—; we have

for n odd

P()
{Q(&)}

(2.5) K(z) = 4(2772')”_11(771 — 1)!7“m_" /QE (& - &)™ tsgn (z - €) Ao dwe .

P(¢&) is a polynomial in &. A similar formula is valid for n-even. We may also show that, for n odd,

a_a T 1 rmn\a| 7 &) gon (4 - P( )
o = 1wy T(m 1) f @0 e e

dwg

P(z,€) is a polynomial in  and £. Again, a similar formula is valid for n even. For =z # 0,
> aa%K(az) = 0. If p(y) is an infinitely differentiable function with compact support and p(x) = 1
in a neighborhood of 0, then (cf. p. 57 of [10])

o= [ e %wm

\al

Y { Z fo <%K> (—2)2a, }@dw
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with & = (a1, ..., q)q—1); OF

e—0

: 9~
(2.6) 1 = lim ‘ I_EZaa <%K>(—x)xaa/rdw.
(2.6) is also valid for the fundamental solutions discussed in Paragraph 1.

We can now prove the lemma of this paragraph. We consider a differential operator B =
> lal<m ao ()= which is defined and uniformly elliptic in a domain V' of Euclidean n-space; that
is, for any real n-vector { and any = € V|-, _,, ae(z)EE| > plé|™ with some fixed constant p. We
suppose that a,, () is |a|-times continuously differentiable in V and that its derivatives up to the |
order are bounded in V. C2°(V) is the set of infinitely differentiable functions with compact support

in V. Then we have:

Lemma 5. Suppose u(z) and f(x) are two continuous functions in V' such that

(2.7) /V Bo(x)u(z)dz = / () f(2)dz

\%4

for all functions ¢ in C(V). Then u(x) is m — 1 times continuously differentiable in V' and the
modulus of continuity of any (m — 1)st order derivative is 0(6log1/d) uniformly in any compact

subset, U, of V.

Proof. By the usual arguments it can be shown that (2.7) holds for ¢(z) m-times continuously
differentiable with compact supportin V. Let K (x — z, y) be the fundamental solution of the operator
Z\a|=m aa(y)%; let ¢)(y) be infinitely differentiable with compact support in V' and be identically
1 in a neighborhood, W, of U. Let ji(y) be infinitely differentiable; ji(y) > 0; fEn Jr(y)dy = 1; and
Jr(y) = 0if[y| > £. Then, for large k, (2.7) is valid with

e(y) = /E Jk(y — 2)(2) K(x — 2z, y)dz.

n

We calculate
> ) e | = K e
[ T 0 S g e
= /En(—um alZ:m aa(y)%jk(y — 2)Y(2)K (x — 2,y)dz

) 80’1 80’2
£ Y Y Wi A e K - 2
En VA y 2
lal<m oy + g = a
laa| <m
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With our unorthodox notation the symbol o; + a2 = «is a little difficult to explain. It means that oy
and ay are subsequences of the sequence a whose union exhausts «. Integrate the first term by parts

to obtain ( ;
4 T —2),
— lim aq (y -z ~K(x — z, 7“1‘61
/H_E > aalikly =gz K e =2

|z = 2]

#f, =2 B g e el

—i=a+ [ =2 Y L EKE - )

lee|=m

Substituting these formulae into (2.7) and letting k¥ — oo we obtain, for x € W,

u@) = [ G @—p) )y
(29 [ Y al) g K @ - s

Y Y [ e (g e s o,

We use this representation of u(z) to prove the lemma. We first show that if w(J) is the modulus
of continuity, in a compact subset of W, of a typical term of the right hand side, as a function of x, then
w(d) = 0(dlog1/6). This is obvious for the second term since it is an infinitely differentiable function
of x. The only terms which give trouble are those which contain derivatives of K, with respect to z, of

order m — 1. Consider then

oM 0% 9%
L(z) = N K(z —vy,y)d
(@) = [ wan(n) G t) o 5B = )i
with |ag| = m — 1. We estimate L(z + w) — L(x), which is
le %1 Qo [0 %} 042 aa?)

K(w— — K(- .
[ v+ 2oty + )5ty + o) S S =y o) S SR )

We remark that 22 22 K (w—y,y+z) is 0;22 gade(xl—zl,yl)evaluated atz,—z =w—y

0292 8 as
and y; = y + «. This notation is perhaps a little confusmg, but it is desirable to keep the number of

letters and subscripts introduced to a minimum. Also K (w — y,y + x) is defined only for y + x € V;



Semi-groups and representations of Lie groups 23

but since we are multiplying by a derivative of 1)(y + z) there is no difficulty in taking the integral over

E,. Now

0% 93
0z%2 Qys

K(w—y,y+2) =y —wf™" / o(@ - )P(w " g,6,y + x)dwe

=y —w[' " G(w - y,y + ).
G(w — y,y + x) is once continuously differentiable, with respect to w, when w # y and
K
<
lw =yl

Gw—y,y+x)

fory+zinV.
Write L(x + w) — L(x) as

[e58

[ty ohaaty+ o) s+

Gw—y,y+x)—G(~y,y+x)
T &

[05]

+/E U(y+ﬂf)aa(y+w)8yalw(y+x)G(w—y,y+x){ L _ }dy

ly —w[r=t  Jy|n—t

n

=L+ L.

If |w| is small enough

L < / n /
ly|<|w|log 1/|w| ly|>|w]|log1/|w]|

Gw—y,y+z)—G(-y,y+=x
go(\w\logl/\w\)JrKl/ |G(w—y,y )n_1 (—y,y+2)
R>|y|>|w|log 1/|w] [yl

dy.

The integrand in the second term is dominated by

Kol K _jul _ Kolul

lyl" "y — 0wl ~ yl™ g — G T lylm

1 1 1
I, = O<|w| log —) + O(\w| log <— log —))
|w| lw| 7wl
1
= O<]wllog —>
|w|
1 1
Bl < [ e
ly|<R ly — wl |y

1
=0 <\w\ log m) .

0 < 6 < 1. Integrating

dy
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If m = 1, there is nothing more to prove. We suppose m > 1. Now we observe that the equations

s T o %GBty
dyP [@K(W—yay)} = , 42@::5 Een WK(JC—%Q)

allow us to replace, in (2.8), partial derivatives of K (x — y,y) by sums of total derivatives of terms

97
oy~

K (x — y,y). To avoid confusion, we explain this in detail.

Until now we have when differentiating the function K = K (x — z,y) regarded it as a function of
the three variables z, y, and z and only after taking derivatives have we substituted y for z. However, in
the following it will be necessary to integrate by parts. To do this it is necessary to replace the function
% o

878—3/“*[((96 —2,9) .

by partial derivatives of some function of y. The above formula is the means to do this. The right
hand side is obtained by taking % of K (x — z,y); setting z = y; and then taking 872 of the resulting
function of z and y. We have indicated this by writing the sign for a total derivative.

We wish to invoke the lemmas of E. Hopf [8]. First we must observe that if we replace u(y) by 1
in the terms of (2.8) containing partial derivatives of K (xz — z,y) with respect to z of order m — 1 we
may replace partial derivatives by total derivatives and integrate by parts, for the a,(y) involved in
these expressions will be once continuously differentiable. This lowers the order of the singularity of
the integrand so that we may now differentiate with respect to = to obtain a continuous function. The

lemmas just mentioned now imply that u(z) is once continuously differentiable in a neighborhood of

U.

Now that we know u(z) is once continuously differentiable in a neighborhood of U we return to
the expression (2.8). We replace ¢ (y), which has served its purpose, by another infinitely differentiable
function which has its support in a neighborhood of U in which we know w(z) to be once continuously
differentiable. We write all partial derivatives as sums of total derivatives; integrate those terms
involving total derivatives of order m — 1 by parts; and then take the derivative, with respect to x, of
the integrand in every integral on the right hand side of (2.8). This gives us an expression similar to
(2.8) for «/(z). The lemma is now established by induction. It is only necessary to observe that the
derivatives of the coefficients and of K (x — z,y), with respect to y, which are taken in the proof all
exist. For the purposes of this thesis it may be assumed that the coefficients are infinitely differentiable;

then this difficulty does not arise.
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4. \We return now to the study of representations of Lie groups. We use the same notation as
before. Set Wy = {2 € X|z € Nqy, . a,eaD(A(a1)... A(ay))} and set W = {z* € X*|z* €
Nay,....ancaD(A*(a1) ... A*(ay)) }.

In analogy to the terminology in the theory of partial differential equations, we call the form
> |a|<m @aXa elliptic if when we substitute a real non-zero n-vector { for X, >-, ., aafa # 0.
With an elliptic form, ngm aa X, We associate the operator By with domain W,,,, defined by
Box = ngm aqAqx. We shall need to consider also the operator B, with domain W}, defined
by Bjx* = ngm as A%, x*. Since the domain of By is dense and that of B is dense in the weak-*
topology and since they are adjoint, the closure B and the weak-* closure, B*, of By and B, respectively,

are well defined. The following theorem shows this notation to be justified.
Theorem 7. B* is the adjoint of B.

Proof. Suppose that for all x € W,

(

We shall show that =7 € W, _,. Let u be a left-invariant Haar measure on GG and set R; = R(e;). If

Z aaAax,xi‘> = (z,x3).

laf<m

K (p) is infinitely differentiable with compact support in G,

EaaAa{/K p)Tp dp} /{Z%R K(p } (p)zu(dp).

Consequently

| S e R K@) T @) tap) = [ K0T @, a3) )

Let {¢;} be an analytic coordinate system of the second kind [14] corresponding to the basis {¢; }, in a
neighborhood, V, of the identity; then, assuming that K has support in V,

[ S 00 gk 00) HE e o a = [ KeoHEe0)m.)Fo

lo|<m

Here [(t) and b, (t) are analytic functions; F(t) is nowhere zero; and 3_ , -, ba(t)% is elliptic in
a neighborhood U C V of the origin since b,(0) = a,. Itis then a consequence of Lemma 5 that
(T(p)x,z}) is m — 1 times continuously differentiable. This implies that z; € Wy,_,. Ifz € W,,,
(z,23) = aa(Aaw,77) = ) an(Aa, T, As-27). Since E C W, Theorem 1" implies that

(2.9) (x,5) Zaa INED Af. )
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for all z € Wj. Since {¢;} is a canonical coordinate system of the second kind we may infer as in the
proof of Theorem 1 that fR(S(U)) S(t)zdtisin Wi forall z € X. The notation is the same as in the proof
of that theorem; in particular, S(t) = T'(p(t)). Also

A; / S(t)w dt = / S(F,0)e — S, 0z df + G(o)
R(s) R(3%)

with lim,_, G(") = 0. Then, using (2.9),

lim — / (S(t), 3 dt.
R(s)

Gl(o)

Here — 0aso — 0forall x € X. Consequently

o—0 g™

(2.10) lim — [Zaa/ (S(E*1=1, o)z — S(Ee1,0)x AL 2} df* 1= ] = (z,23).
R(8%IeT)

Now fR(S) S*(t)x;dt (the integral is taken in the weak-* topology) is in W, ; and by Lemma 2 and

formula (1.2") we have, for x € W,,,,
/ (Aa, . Aa, 2, S (t)]) dt = / (S(t)Aa, ... Au 0, di
R(s) R(s)

- / R(s) Y cap(t)(ApS(t)z,x7)dt

1Bl=le

Ca A x,Aﬂi*.’E* dt
/R(s) Z [3 Bis| ( ) 8 1)
/R(S)anﬁ Zgﬁwat )z, A5, 27) dt.

B

We may choose the c,s(t) 50 that c5(0) = 0 unless a = 5 and caq (0) = 1. Also ¢/ (0) = &7. Integrate
by parts to obtain

/ (S0, o) — S0, 0)a, A% 2)di%e! + Ga(o, ).
R(sa“l‘)

We observe that G2(o, x) is a linear function of z which is uniformly bounded as o — 0. Since it clearly

converges to 0 for x € W, it converges to 0 for all x. Consequently, summing over « and using (2.10),

hm Z an A S*(t)x] dt) = (z,z3).

R(s)
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This completes the proof of the theorem.
The form Z|a‘<m aa T is called strongly elliptic if

Re{ Z aafa} > pl§™, p >0,

la=m
for any real n-vector £. Let Z‘a|<m aq T be strongly elliptic and let B be the operator associated, by
the previous theorem, to the form — Z‘a|:m(—i)‘a|aaxa. Then we have the following theorem.

Theorem 8. B is the infinitesimal generator of a semi-group, U(t), of class H(¢1,¢2) [7].

Proof. If x € W, and X is a complex number

(Bz — A&, T*(p)z*) = < =Y (=i)ag Agx — A, T* (p)”)

= _ Z |“‘a T(p)Aaz,z*) — AN(T(p)x, x*)
= — Z ) ay Ly, (T(p)z,z*) — AN(T(p)x, z*).

Let ¢ = (t1,...,t,) be a canonical coordinate system of say, the first kind associated with

{e1,...,en}, inaneighborhood, V, of the identity and let

_ Z Dlela _ Z (—i)1*lby, ()88;“

la|<m la|<2m

in this coordinate system. Since we may choose the b,(t) in such a manner that b,(0) = a,, the
right hand side is uniformly strongly elliptic in a neighborhood U C V of 0. Let K (s — t,r, \) be the
fundamental solution on(—i)'a‘ba(r)% + X considered in Section 1. We have established estimates
for K(s —t,r,A) for p(A,S) > § > 0, with S a certain sector in the complex plane. Let (t) be an
infinitely differentiable function with support in U and with ¢(t) = 1 if || < & for some small ¢;.

Then, if [s| < 01/2,

/ e(t)K (s —t,t,\) (Bx — Az, S*(t)x*) dt
U

-\ | 8 * *
= —/(J@(t)K(s—t,t,A){(Z(—z) b (¢ )@H}(x,s (t)z*) dt
= — lim Z(—i)'aba(t)%K( —t,t )\)( ’ t);‘a (z, S* (t)x*)dw
€20 J|s—t|=¢ $ -

_/I s p(t) z(_i)“'ba(t)a%f((s—t,t,A)(x,S*(t)x*)dt
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o043 3az oot
— |l B . y
Z Z / ot ba( Oraz §ron K(s t,t,)\)(x’S (t)x )dt

fe% a]tagtaz=a
lap|<|e|

o” (s =ty

= — lim D (=i)ba(s $) 5 K (s =15, 3) -

e—0 |S—t‘:8

— (@, S*(x)z*) —---

Here, as before, 5*(¢) = T*(p(t)). Also we have used our usual convention regarding partial deriva-

(z, S*(t)z* ) dw — - - -

tives of the function K (s — t, 7, \). Since |b,(s) — ba(t)| < My|s — t| and

18, \) — ——K(s—t,t,\)| <

o M
0s?

=Tt

we could replace s by t in the appropriate places in the surface integral. We now set s = 0, choose an

x* such that ||z*|| = 1, (z,2*) = ||=||, and make use of the estimates of Paragraph 2 to obtain

N Noflz|| — Nsl|z]]
1Bz = Azl = [lf] - —~==F = T
p()‘a ) p()‘a ) p()\,S)m
Consequently, for p(A, S) > Ny,
N5
z|| < Bx — \z||.
[z p()\,S)H |

This inequality remains valid for x € D(A). For z* € W, consider

(T(p)z, B*z* — A\*) = (T(p)z, — Z(—i)'a‘aaAZ*x* — Az*)
=— Z(i)'a‘aaRa* (T(p)x,x*) — N(T(p)z, z*).

Change into local coordinates and perform the same calculations as above to obtain

(2.11) /U e1(t) K1 (s —t,t, ) (S(t)z, B*z* — Az*) dt = —(S(s)z,z*) — -

By the proof of the previous theorem, if z* € D(B*) we can choose a sequence {z}} € W} such that
(z,2}) — (z,2*)and (z, B*z}) — (x, B*z*) for all x € X. By the principle of uniform boundedness,
||| and || Bz} || are uniformly bounded. Consequently, inuy, (S(t)z, B*a}) — (S(t)x, B*z* — Az*)
boundedly and (S(¢)z,z}) — (S(t)z,2*) boundedly. The dominated convergence theorem now
allows us to assert the validity of (2.11) for all z* € D(B*). Now, given an z* € D(B*), we choose an
x € X suchthat ||z|| <1, (z,2%) > @ and set s = 0 in (2.11) to obtain the inequality

N

=] N3 Ny
p(A,S")

|| - —=——+
> o sE

1B " = Az™|| > [l
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Here we make use of the estimates for the function K;(s — ¢, r, A) established in Paragraph 2. Conse-

quently, for p(\, S")) > Nj,
Ny
| <
= oos)

Thus the resolvent R(\, B) exists for p(A,S”) > Njand || R(\, B)|| < N5 if p(A\, S) > Ny. The theorem

|B*x* — Az™||.

is now a consequence of Theorem 12.8.1 of [7].

5. In this paragraph the strongly elliptic form ) a,z, will be fixed. We denote the operator
associated with — Z\a|<m(_i)|a‘aaxa by B and the semi-group it generates by U (t). Since the space,
X, on which the group G acts will vary in the course of the proof, we shall specify the space by writing

B(X)and U(t, X) when there is a danger of confusion.

Let i be left-invariant Haar measure on G and let L, (i) be the Banach space of functions on G
integrable with respect to n.. Two representations of G in L, (x) of particular interestare {L(p) f}(q) =
f(p~tq)and {R(p)f}(q) = f(gp). Itiseasily shown that these representations are strongly continuous.
We may call them, respectively, the representation by left translations and by right translations. A linear
operator on L; (u) is said to commute with right translations if it commutes with all operators R(p).

We shall need the following lemma, proved in the general case just as it is for the line [7].

Lemma 6. Let S be a bounded linear operator on Ly(p) which commutes with right translations.

Then there is a finite, countably additive Borel set function, v, such that

(2.12) Sf(p) = /Gf(q_lp)V)dQ)

for almost all p. Moreover var (v) = ||S]].

Proof. Let {gx(p)} be an approximation to the identity on G and let f be a function in L; (x) with

compact support. Set

/fq p)gr(q)p(dq)
/f )9k (pa) 1(dq).

Then

Thi(p / fla™ ) (Tgr)(pg)p(dg)
(2.13) - /G £(q7'p)(Tae) (@)pu(da)
= / fla 'p)ve(dq)
G
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with v, (dq) = (T'gx)(q)(dq). Since ||gk ||z, (n) = 1, var (1) < ||T||. Let v be an accumulation point of
the sequence {vy } in the space of bounded, countably additive set functions with its weak-* topology
as the conjugate space of Cy, the space of continuous functions on G vanishing at infinity. For any f in
Ly (p), hy is defined and (2.13) is valid. Moreover hy, — f as k — oo; and, then, Thy, — T'f. Butif f is
continuous with compact support, fG f(g~tp)v(dq) is an accumulation point of (T'h;)(p), as given by

(2.13). Consequently, for all f € Lyi(u),

(T)(p) = /G f(a~ p)r(da)

for almost all p. Clearly var (v) < ||T'|| and ||T'|| < var v.

We remark that the v satisfying (2.12) is unique. We may now state the theorem of this paragraph.

Theorem 9. There exist finite, countably additive Borel set functions, u(t,-), depending only on

the form > anXo, and G such that

(2.14) Ut)e = [ T()ont.dp)
G
at least for 1 < argt < g; 1 <0 < 1hs.

The integral is, of course, a Bochner integral. As the theorem is stated v; and 5 may vary with
the representation. It is true, however, that v»; and 1, may be taken to depend only on the form and on
(. To establish this we have only to observe that the angles of the sector, outside of which the estimates

for R(\, B) were established, depend only on the form and on G.

Proof. Consider first the representation L(p) of G in Ly (). The semi-group U (¢, L1 (y)) generated
by the operator B (L1 (y)) associated with the form — " (—i)*la, X, in this representation commutes

with right translations and, consequently, is given by

(2.15) U (t, Ly (1) f(p) = / F(a p)u(t dg).

This establishes the theorem in this case. We next establish it for the case of the representation by left

translations in Cy. If fisin Ly(x) and g is in Cy, the function

h(p) = /G F(p9)g(a V()

isin Co and [Alc, < 1111, llgllcy- Let fi = u(t, Li(1)) f and set

ht(p)Z/Gft(pq)g(q_l)u(dq)-
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We assert that h; = U(t, Cp)h. To prove this we notice that

(4) 1hillcy < Ifellzygwllgllics
< U, La) I 1z o gl
< Ke! || fllz,wllgllco-

Here w and K are some constants and ¢ is greater then or equal to zero.

(id) e = Bllco < e = Fllzagollgllc, — 0ast —o0.

(idi) %ht = %/Gft('Q)g(q_l)ﬂ(dQ)
= G%ft('q)g(q‘l)u(dq)

:/GB(Ll(u))ft(-Q)g(q‘l)ﬂ(dQ)
= B(Co)hy.

The derivatives are taken in the strong topology.

For t > 0 the asserted equality now follows from Theorem 23.7.1 of [7]. By analytic continuation
hy = u(t, Cy)h in the domain common to the two sectors in which they are defined. We may now write

2.16) u(t,Co)h(p):/G{/Gf('r_lpq)u(t,dr)}g(q—l)u(dq)

= [ o ppute.dn).

G

Since functions, h, of the above form are dense in C the theorem is established for C. In order to
complete the proof we must introduce two new spaces of functions. These function spaces are closely
related to the given representation, 7'(p), of G in X. Let Y be the space of continuous functions, f, on
G satisfying

(@ 1l =sup 8 < o0

®) IF ") = fO)lly — Oasp — 1.
For brevity, we have set | T(q)|| + || (¢~ !)|| = A(q). Y is a Banach space and the representation by left

translations of G in Y is strongly continuous. In particular

HmmmyzﬁpM%gm

— up 9] )
a Ap~'g) Ao
<A@y
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for A\(p) = A(p~1) and A(pq) < A(p)A(q). Itisimportant to notice that if z isin X and x* isin X* then
(T(p~")z,z*) and ||T'(p~*)z|| are functions in Y. Moreover, if 2 is in Wy (z) and a is in A, then

p T el %) = (T(a~),07)) — (Tl Alw)a, )
q Aq)

< [l2"[[ 1t~ {T (e(ta))z — o} — (A(a)z| — 0

ast — 0. Consequently (T'(p~ ')z, 2*) isin Wi (Y) and A(a,Y)(T(p~ Yz, z*) = (T(p~*)A(a)z, z*).

The same relation holds between W, (X) and Wk(Y). The converse statement is weaker. If f,-(p) =

(T(p~")z,x*) isin Wy (Y) for every z* in z* and (L(e —1)A(a,Y) fy- = 0(t*) ast — 0 for some
a > 0, then z is in Wy (z). First of all A(a, Y)fx*(o) ( *) defines a bounded linear functional x
on X*. But
1 t
CH(L(e(ta))z — 2,2%) = (w0,7)} = 7 / (L(e(ta)) = I)A(a, Y') fo- (0) dt = 0(t°).
0

Consequently
L(e(ta))z — z

. = 0(t").

X**

Thus zg is in X and zp = A(a)z. The same relation holds between W, (Y') and W, (X).

The second space, Z, to be introduced is, in a certain sense, dual to Y. It is the space of measurable

functions, f, on G satisfying

() /G F@IMa)u(dg) = |1z < oo,

It is essential to observe that A(q) is lower semi-continuous and therefore measurable. The representa-
tion by left translations of G in Z is strongly continuous. Z is a subset of L (1) and || f||z > || fll £, (u)-
Moreover, if f € D(B(Z)), then f € D(B(L1(p))) and B(Z)f = B(L1(p))f. Thus a solution of
normal type of the abstract Cauchy problem for B(Z) is a solution of normal type of the abstract Cauchy
problem for B(L1(x)). Again, Theorem 23.7.1 of [7] allows us to assert that U (¢, z) f = U(t, Ly (u)) f.

We make use of (2.15) to write

(2.17) Ut Z)f(p) = /G F(a )t da).

This is a weaker assertion, in this case, than that of the theorem. We have not yet shown that

fG u(t,dq) exists as a Bochner integral. Let f be in Z and g be in Y. Consider

/ fpa)g(q™)u(dg).
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Then
Pl < / F0a)] 19(a ) luda)
G

< lglly /G | ()| A(q)(dg)

< llv /G F@IMNp a)u(dg)
< A@llglvIfllz

In other words, ||h|ly < |lglly||f]|z. We remark another simple fact, which allows us to assert that

functions, h, of the above form are dense in Y. If f has compact support and [, f(p)u(sp) = 1 then

h(p) —g(p)| _ 1 »
Ap) _A(p)‘/c;f(pq){g(q )—g(p)}u)(dq)‘

< ﬁ /G F@)9(a'p) — 9(0)u(da)

< swp llg(a) - gO)lly /G |F(@)lu(da).

g€ supp f

Using the same technique as before, we set f; = U(t, Z) f and then set

/ft pa)g(q—)p(dg).

Again the uniqueness theorem for the abstract Cauchy problem assures us that h; = U (¢, Y')h. Making

use of (2.17) we may write

(2.18) U(t,Y)h /{/f Ypg) tdr)} (¢ Hu(dq).

Formally changing the order of integration, we obtain

Ut Y)h(p) = /G B p)pt, dr).

However, we have not yet provided that the integral in (2.18) is absolutely convergent and we are,

consequently, unable to justify the change in the order of integration.

Cypisasubsetof Y and ||g|ly = ||g]|c,. Consequently, U(t, Cy)g is a solution of normal type of the
abstract Cauchy problem for B(Y"). The uniqueness theorem again implies that U (¢, Cy)g = U(t,Y)g.

Making use of (2.16), we write

Ut Y)g(p) = /G o(q~ pult, dg).



Semi-groups and representations of Lie groups 34

Then

p)u(t,dq
\ / o 9 DIEAD] e vy gy

By the usual argument it follows that

lg(a”"p)| |pl(t, dg)
A(p)

But if f(¢) isin Y we can find a sequence {g,,(¢)} in Cy such that g,, — |f|. Consequently

<[U&Y)I gy

/Glf(q‘lp)l |l (&, dg) < AU @Y1 ]ly

In particular, setting f(q) = || T (¢~ *)x|| and setting p = 1, we obtain

/G 1T @)z 1t da) > 21U, V)] ]l

We are now able to justify the inversion of the order of integration in (2.18). We apply the last inequality

to the space Z and to the representation L(p) of G in Z.

/G /G £ pa) a(a™)] Jul(t, dr)u(da)
7“_1 T
< /G /G £ ) M)Al ¢, dr)a(dg)
— ) /G VL)l 21t )

< oQ.

We now show that if z(t) = [, T(p)xu(t, dp) then z(t) = U(t, X)x. We first observe that

(T(q)a(t), 2*) = /G (T(q~ )T (), ") u(t, dp)

N /c (T(q'p)a, «*)pu(t, dp)
=U(t,Y) (T(q_l)x’ x*)

We know that ||z(¢)|] < 2||U(t,Y)]| ||z|| < Kie“tt||z||, with some constants ¢; and w; when ¢t > 0.
If 2 € Wy,(z) then (T(¢~'z,2*) is in W,,,(Y) and, taking ¢ = 1 in the above equality, it follows
that ¢~ '{(x(¢),2*) — (z,z*)} converges to (Bz,z*) as t — 0. In particular, applying the principle
of uniform boundedness, ||z(t) — x| — 0ast¢ — 0. Since U(¢,Y) is a holomorphic semi-group,
(z(t),z*) is a holomorphic function and z(¢) is a holomorphic function. Moreover (T'(g~*)z(t), z*)
isin D(B*(Y)) for any k; the work of the next paragraph shows that (7'(g~')z(t), z*) is in W (Y") for
any k. Consequently x(t) is in Wy (x) for any k. We observe finally that % (x(t),:z;*) = (B:v(t),:z:*)
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and, thus, %x(t) = Bz(t). Another application of the uniqueness theorem for the abstract Cauchy
problem shows that z(t) = U(t, X)x when zx is in W,,,(X). Since W,,,(X) is dense in z, the equation

is valid for all z in X.

6. In this paragraph we establish the basic analytical properties of U(t)x and of (¢, dp). U(t)x is

an analytic function of t and

d* k! U(C)x

B Uz = L Ut)e = ~— Aty
2mi |p—t|=r(t) (C - t)k+1

- dtk e

We observe that B*, as a power of B, is the operator associated, by Theorem 7, with the elliptic
form (—1)"“(2(—2‘)‘“'%%)’“ for it is equal to that operator on W,,,;, and its adjoint is equal to that
operator’s adjoint on W' , . Let v be a right-invariant Haar measure on G and let K (p) be an infinitely

differentiable function on G with compact support. If z is in W,,,;, then

kl’ * Vv — x.T* v
| K@@ T o) vdn) = [ Ko) Y bl Ao T )" o(dp)

ol <mik
= [ { - 0 Lk ) .7 o),

{L;} is the set of left-invariant differential operators introduced in Chapter I. This formula remains
valid for z in D(B¥). As above, by Lemma 5, if z in D(B¥) then x is in W,,,;_1. In particular, U (t)z
is in NyWy, and T'(p)U(t)z is an infinitely differentiable function of p. A,U(t)z is defined for all
in X; we show that it is a bounded linear function of z. If |a| = 1, A,U(¢) is a closed, everywhere
defined linear operator on X; consequently, it is bounded. By induction, it is apparent that A, U (t) is a
bounded linear operator. Consequently || A, S(t)z|| < No(t)||z[|. T'(p)U(t)x is infinitely differentiable

as a function of p and ¢ and

d* _ || K AU (¢)z
HﬁAaU(t)$ - ' % /K_t':r(t) WdCH S N(k,a7t)||x||
The equation
2 (r)(te.a”) = (1) BU(Da.2")

== (=)an Lo (T(0)U (t)2, %)
when written in an analytic coordinate system, {s;}, about the identity is a parabolic equation with

analytic coefficients. We now apply the results of [3]. The facts which we need from this paper are not

explicitly stated as theorems and the proofs are not given in complete detail. However, since the proofs
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are quite complicated and the assertions to be derived from these facts ancillary to the rest of the thesis,

we prefer not to perform the calculations in detail here.

The work in the paper shows that (T'(p(s))U (t)z,2*) = u(s,t) may be extended to an analytic
function in a complex neighborhood, N (t) of the origin in s-space. N (t) may be taken locally in ¢, to
be independent of ¢; and the upper bound of |u(s,t)| in N(¢) depends only on upper bounds for the
absolute value of u(s, t) and a certain number of its derivatives for real s. Thus u(s,t) may be extended
to an analytic function of s and ¢ in a certain open set, M, of complex (s, t)-space, which contains all the
points (s, t) with ¢ in the sector in which U (¢) was shown to exist and s real and close to the origin. Ina
neighborhood of any point (sg, o), |u(s,t)| is bounded by an expression K (sg, to)||z| ||=*||. For fixed
x and varying z*, u(s, t) defines a bounded linear functional v(s,¢,z) on X*. v(s,t,x) is an analytic
map of M into X**. But v(s,t,x) isin X for s real and close to the origin; so v(s,t,z) is in X for all
(s,t) in M. In particular, U(t)x is a well-behaved vector, in the sense of [5], in the interior of the sector

in which U (t) was shown to exist. Since U(t)z — x ast — 0, we have
Theorem 10. The well-behaved vectors are dense for any strongly continuous representation of G.

We now show that there is a function, h(t, p), analytic to ¢ and p such that u(t, dp) = h(t, p)u(dp).
w is a left-invariant Haar measure on G. If f(x), in Ly(p), is infinitely differentiable with compact
support and {s;} is an analytic coordinate system in a neighborhood of the identity, then there are

analytic functions, a;;(s), independent of f such that, for small s,

881 Z aij(s

Consequently, for small §,

6
83,

/|S|§5

_Z IZEL

< KlZ||Ljf||L1(u).
=1

Theorem 1’ implies that if f is in Wy (L;(x)) then it may be approximated by a sequence { f,} of
infinitely differentiable functions with compact support in such a manner that L; f,, — L; f in Ly (p).
Thus, if fisin Wy (Ll(ﬂ)), its distribution derivatives, with respect to {s; }, in a neighborhood, N, of

the origin are in Ly (i, N') and

J

ft(

oo fi()|ds < Ku Y |ILif |z, (w)-
% Jj=1



Semi-groups and representations of Lie groups 37

Similar remarks apply to the higher-order derivatives. Since, when fisin Ly (u), fr = U(t, Ll(u))f is

/|S|§5

It is well-known [1] that this implies that f; may be taken as an infinitely differentiable function in a

in Wy (Lq(w)) for any k, we have

6—aft(3)

< .
S $i(9))ds < Ca(0)]1]

neighborhood O, of the origin and that

@) fe(s) < D@ S]]

() |5eg )] < 2200011

in O. Consequently, for every p = p(s), s in O, there is a bounded measurable function ¢(, p, ¢) such

that
f(p) = /G F(@)g(t,p, Q)u(da).

Moreover ||g(t,p, ) — g(t,1,-)|| L. (x) — 0asp — 1. If f is continuous with compact support

flp) = [ Fla Pt da)
G
=/ fl@u(t,pdg™).
G
Consequently yu(t, pdg—t) = g(t, p, q)p(dq). In particular (cf. [4], p. 265)

p(t,dg) = g(t, 1,4~ ) A(g ) uldg) = h(t, q)u(dg)p(dg - r) = A(r)u(dy).
Then
pu(t, pdg) = h(t,pq)u(dq) = g(t,p,q~")A(g~")u(dg),
so that h(t,pq) = g(t,p,q) "1 A(g1). h(t,p) satisfies the following two conditions.
(@) [|h(t,-)|lv = ess—sup,|A(q)h(t,q)| = ess—sup,|g(t, Lg )| < oo
(i) ess—sup,|A(q){h(t,p~"q) — h(t,q)}| = ess—sup,lg(t,p~',q" ') — g(t,1,¢" )| = Oasp — 1.

As anticipated in the notation, we call the Banach space of functions satisfying (i) and (ii), with
the norm given by (i), V. The functions in V' are equivalent to continuous functions so we take V' to
be a space of continuous functions. The representation, L(p), by left-translations of G in V' is strongly

continuous. In order to use this fact we must observe that

/G Bty g~ p)h(te, q)pu(dq) = h(t + ta.p).
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To prove this we notice that for f in Cy

/Q(f(q‘lr)h(tl-%t2,q)u(dq):= ulty + ta, Co) £ (1)
= u(t1, Co)u(tz, Co) f(r)
/Up LU h(ty, p)a(dp) Yh(t, @) a(dg)

/{/ Fp~'r)h(tr, ¢ p)u(dp) h(ta, ) p(dg)

= [ 170 [ g pitea dutda) utan)

However, setting u(to, V)h(t1,-) = he,(t1,-), we also have hy,(t1,p) fG (t1,q7 tp)h(ta, ) uu(dq).

Consequently h(t; + ta,p) = hy,(t1,p). Then h(ty +t2,q 1) = L(q)hs,(t1,) is an analytic function

of t5 and g with values in Z. Applying the linear functional which evaluates a function at the identity

we see that h(t, p) is an analytic function of ¢ and p.
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